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PREFACE. 



"WiTHis the last few years have appeared many valuable 
works on Coordinate Geometry, involving a variety of new 
and elegant methods of Algebraical investigation. Several of 
these treatises are enriched with numerous incidental problems, 
and to the solution of problems of a miscellanoons character 
some of them are principally devoted. The tendency of even 
detached and desultory problems is no doubt to sharpen the 
intellect of the learner, and to give him a true conception of 
the signification of corresponding and more abstract proposi- 
tions; the classification however of problems by some law of 
affinity is, in my opinion, calculated not only to produce the 
same result in a still higher degree, but also to qualify him 
by an enlarged comparison for becoming skilful and judicious 
in effecting his own solutions. In this conviction has originated 
the composition of this work. 

In preparing this collection of Problems for publication, 
I have been guided by two principles of arrangement, the one 
depending upon similarity of geometrical properties, the other 
upon analogy between methods of solution. In Algebraic 
Geometry the latter principle seems to be usually the more 
important, and, excepting where its application would have 
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been disadvaiitageously at variance with tlie former, has been 
in this treatise adopted as the basis of claasification. 

The obligations under which I am placed to various 
authors, for so much of what is comprised in this volume, 
have been particularly acknowledged throughout its pages. 
The methods of solution, however, which I have given, are 
rarely even similar to those which are developed In the works 
where the geometrical properties were originally enunciated. 
The greater number or all of the aoiutions contained in many 
of these works are purely geometrical. The advantage, it is 
proper to add, which I have derived from the various Ex- 
amination papers published in the University of Cambridge 
and its various Colleges, is very considerable. 



Camhridge, SOlh Jan 
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ERRATA. 

5 from bottom, y = - x, y - s - la, ?/ = - ■'- 

7, 4a, 2a. 

7 from bottom, + 6ity cot^ = 'M. i Iny ti 



5 from bottom, 



7;^' 



h' 



ADDENDUM. 
Pige -iO If « 0, u = be the equations to two stiiigbf Imes, then, 
r cos J + V =™ E = •* being the geneial type of the equation to a straight 
Ime, the two biscctmg Imes will be denoted by the equat:oni M + ii = 0. 
This uaelnl proposition is due tn Ml Ruthetfoid, Annah of PhUomphy 
for May, 1843, p 3o3 



It IS intended to pTiblish an addjtion\l tible if Eirita "ihould it b 
fonnd desirable, in JanuMJ 1852 
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ALGEBRAIC GEOMETRY. 



STRAIGHT LINE. 

Section I. 
I Prohleins. Hectangular Axes. 

1, The distances of a certain point from the three lines 
3;coaa + ^sina=8, acoBa'+^sina'=8', a!cosa"+^sina" = S", 

being respectively c, c', c", to find the relation between the 
quantities a, a, a, B, S", S", c, c, c". 

By the conditions of the problem, we have 

X cos a + ^ sin a — S = c, 

X cos a' + !/ sin a — 5' = c', 

X cos a" + y sin a" — S" = c"; 

or, putting S + c = X, S" + c' = X', §" + (:" = X", and eliminating 

X and ^ by cross mviltiplication, 

X (cos «" sin a — cos a' sin a") + X' (cos a sin a" — cos a" sin a) 

+ X" (cos a sin a — cos a sin a') = 0, 

sin (a — a") sin (a" — a) sin (a — a) _ 

2. To find Hie coordinates of a point, the ^stances of which 
from two given straight lines are assigned. 

Let X, Y, be the coordinates of the required point, and 
let the equations to the given straight lines be 
Ix + my = S, 
I'x + my = S\ 
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2 STRAIGHT LINE. 

{I, m) being the direct! on- cosines of tlie former, and {l\ in) of 
the latter line. 

Then, the algebraical symbols of the distances of the point 
(X, Y) from these lines being respectively \, X', we have 

IX+mY-h^X, VX+wiY-h- = X\ 
X, X', being positive or negative accordingly as the point (X, Y) 
is, relatively to the origin, on the more remote or on the 
nearer side of the corresponding lines. 

From these two equations we get, for the coordinates of 
the rcqnired point, 

X= (g + \)m'- (g- + X') m 
ml — ml' ' 



3. To find the equation to a straight line such that, if 
perpendiculars be drawn to it from n proposed points, the 
sum of the perpendiculars on one side of it may be equal to 
the sum of the pei-pcndiculars on the other. 

Let (^., 2/,), K, J/J, (a;,, y^, ... {x^, y,), be the n pomts, 
and suppose the equation to the straight Hne to be 

Xx + fty = B (1), 

X, fi, being its direction-cosines. 

Then the algebraical expressions for the distances of the 
n points from this line will be 
XtCj + fiy, — 8, Xx^ + fiy^ — S, Xx^ + fiy^ — S, ... Xx^ + /iy^ — S. 

But, since the geometrical sums of the two opposite groups 

of perpendiculars are, by the condition of the problem, equal, 

it follows that the algebraical sum of all the perpendiculars 

must be zero. Hence 

X{x^ + x^ + x^ + ... + xJ+iJ,{y^ + y^ + ^^+...+yJ=nS...{2). 

Eliminating S between (1) and (2), we get 
X{x^ + x, + x^ + ... +x^-nx) + (/,{->/, +y^ + y^ + ... + y^-n^) = (l, 
as the equation to a line satisfying the hypothesis. 
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ELEMBNTAJiy PROBLEMS. EECTANGtILAR AXES. O 

Since the ratio of X to /t is not determinate, it follows 
that there is an infinite number of such straight lines, all 
passing through a point of which the coordinates are 

- {x^ + a?, + ^, + ... +a^„}, - (2/, + y, + 3'8 + ■■■ +yJ- 

Puissant: Remeil de diverses propositions de GSomitrie, p. 192, 
troisi^me Sdttion. 

4. To determine the position of a point in a given straight 
line, such that the difference between the squares of its distances 
from two given points may be equal to a given area. 

Let the origin of coordinates coincide with one of tlie given 
points, and let the axis of x contain the other. 

Let a be the abscissa of the latter point, and let the equation 
to the given line be 

X cos a + */ sina = S (1). 

The coordinates of the required point being (a;, y), we have, 
by the condition of the problem, 6' denoting the given area, 



.(2). 



The ordinate y is known from (1} and (2), the intersection 
of the two lines, which they represent, being the required point. 
COE, Suppose the lines represented by (1) and (2) to be 
coincident: then 

COSH 2a 
Bin a = 0, — tr— = -i s , 

whence a. — ii. S = — - — : 

and the value of y cannot be ascertained. 

If then we restrict a. and 8 respectively to the values 0, 

and — , the problem becomes indeterminate, every point 

in the given sti-aight line satisfying the condition of the problem. 
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4 STKAIGHT LINE. 

This example affords an instance of the i 
a determinate into an indeterminate problem, in consequence 
of our restricting the data by particular conditions, and belongs 
therefore, according to Playfair's mterpretation of iJie ancient 
signification of the term, to a class of propositions called, hy 
the old geometricians, Porisms. Playfair* says tliat " a Porism 
may be defined a proposttton a^rming the posstbtUf^ of finding 
suok conditions as vnll render a certain problem, indetermirtate, 
or capahle qf innttmerable solutions." 

5. A straight line, inclined to the axis of a; at an angle 
of 30°, cuts the positive axes of coordinates in A and B. To 
find the equation to a straight line bisecting AB and passing 
through the origin. 

The required equation is 

6. To find the equations to the four sides of a square, the 
coordinates of two of the angular points being (2, 3) and (3, 4). 

The required equations are 

^ = 2, ^ = 3, ' « = 3, !/ = 4. 

7. To find the equation to a line which cuts the two lines 



at distances 3, 4, respectively, from the axis of ^. 
The required equation is 

x = y+\. 

8, To find the equations to the straight Imes which paf 
through the intersection of the lines 

y = 2iC + 4, )/ = Sat + 6, 
and bisect the supplementary angles which they include. 
The required equations are 

y={l±^2).{x + 2). 

• TTtmsactioiia of the Boyal Society of Edinburgh, Tol. in. p. 170; 179*. 
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ELEMENTARY PROBLEMS. EECTANGULAE AXES. 5 

9. To find the distance of the point of intersection of the 
lines denoted by the equations 

3a; + 2y + 4 = 0, 2« + 5?/ + 8 = 0, 
from tho line denoted by the equation 



10. To find the tangent of the angle between the lines 
represented by the equations 

2ie + 3j + 4 = 0, 3ic + 4^ + 5 = 0. 
If (^ denote the angle between them, 
taii<ft = J, 

11. To find the distance of the origin of coordinates from 

the line, tlie equation of which is 

X y 

- +'i = 1. 



Required distance — 



^(13) ■ 



12. To find the equation to a line passing through the inter- 
section of the lines 

x = a, x + y + a = 0, 

and through the origin: also to the line pacing through the 
point of intereectlon of the same lines and perpendicular to 
the latter of them. 

The required equations are respectively 
y = — X, y = x — 2a. 

13. To find the length of the perpendicular fi-om the veiiiex 
upon the base of a triangle, the coordinates of the vei'tex being 
(3, 3), and those of the extremities of the base (0, 2}, (2, 1), 

Eeqnired length = v'-''' 
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6 STRAIGHT LINE. 

14. To form the equation for determining tlie ! 
a point, in the straight line 

;+! = '• 

the dista,nce of which from a given point (a, ^) shall be S, 
and thence to shew that there are In general two such points and 
that, in the particular case in which those two points coincide, 
^. {a' + V') = {a^ + ha- abf. 

15. To find the abscissa of a point in the axis of ic, such 
that its distance from a point (0, k') may exceed its distance 
from a point (ft, &), by a given length c. 

K as represent the required abscissa, 

where e' = \{(^ + ]c^ — I^ — k^). 

Newton : Ariihimtica Univerealis, Prob. xi. 

16. If ABODE is a regular pentagon ; to find the equations 
to its several sides, AB being the axis of x, and a lino through 
A, at right angles to AB^ the axis of y. To find also the 
equation to the line joining E^ B, and to the line joining A, G. 

The equations to the hnes AB, BO, CD, DE, EA, EB, A 0, 
are, respectively, 

^=.0, j/ = tan~(£c-ff), 

y^ — tan - (a; - «) + 2a sin - , ^^ = tan - . a; + 2o sin - , 
y=— tan — ■ ic, y=— tan - (a; — a), y = tan ■- . a?. 

17. To prove that, if the distances of a point from two 
points (a, h), (a, b'), are e, c, respectively, the point wiU lie in 
a straight line, the intercepts of which on the coordinate axes are 

i[a +a) + — ■ 2(a - a) ^ ' 

.„d l('/ + *) + 4 — jfr^j^ '-■ 
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ELEMENTARY PROBLEMS. OBLIQUE AXES. 7 

18. K the ordinates of a straight Kne, drawn perpendicularly 
to the axis of x, he all turned about their intersections with this 
axis, so as to make an angle 6 with it; to shew that, the equa^ 
tion to the original line being 

y = X tan a, 

the angle tj> between this line and the rectilinear locus of the 

extremities of the inchned ordinates, may be found from the 

equation 

, sin a + tan a . sin (a — 0) 

tan A = ■ — —4— — gf ; 

cosa + tan a . cos (a — a) 

and that the new line will coincide with the original one, pro- 
vided that 

6 = ^^ + 2a. 

19. To prove that the equation 

2/ - 3a;^ - aar" - ?/ + 2ic = 
represents two straight lines perpendicular to each otlier. 

20. To shew that the equation 

y — a^ — 23^ + 5a; — 3( — 2 = 
represents two straight lines inclined to each other at an angle 
tan-' 3. 

21. To prove that the equation 

y — 2xy . sec a + 3^ = 
represents two straight lines, including an angle a. 

Section II 

Elemoitaiy PiobJema Oth^w Axes 
1. To determine the geometncil signification ct the equation 
4/ - 8aj/ + a -^4y^-2^-2-0 
Completin{> the '-quaie with legaid to y, we have 
1^2*/ + \ - ix) - 3 (1 - '■) , 
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O STRAIGHT LINE. 

and therefore 2*/ + 1 - 2a; = ± V3 (1 - «), 

or 2»/ + (+ V3 - 2) ^ = + V3 - 1, 

the equations to two straight lines, 

2. To determine the geometrical signification of tlie equation 
3? + if -\- Xlf = 0. 
Multipljang the equation by 4, wc have 

{x + 2yy + 3a^ = 0. 

This equation cannot be true, unless each of the squares be 
separately equal to zero. Hence 



and X + 2y = (}, 

and therefore x and y must be simultaneouBly equal to zero. 
The proposed equation therefore represents the origin of co- 
ordinates, 

3, The axes of coordinates being inclined to each other at 
an angle of 60°, to determine the equation to a line parallel to 
a Unc, the equation of which is 



and at a distance from it equal to J«\/3. 

Let OA = 3« = OB) then AB'\s the line represented by the 
equation 

x + y = Za. 

Draw OPQ at right angles 
to AB, and take QP=^a\f^. 
Draw HPK parallel to AQB. 
Then PQ = AHcoim°, 

HA = a^ KB. 
Hence OH = 2a =^ OK^ and the equation to HK is therefore 




y Google 



EI-EMENTAEY PROBLEMS. OBLIQUE AXES. 9 

If we hsLd taken a point F' on the other side of Q, so that 
P'Q = ^«V3, we ahoTild evidently have got as the equation to 
the required lino 



4. To detennine the conditions that the equation 
ax" + hi^ + 2cx^ + 2a'x + 'iVy + c' = 
may represent two parallel straight lines. 

If the equation represent two parallel straight lines, its left- 
hand member must be resolvable into two factors of the forms 

Xa; + (U-y + V, Xic + /i^ + v'. 
Hence, identically, 

03^ + %' + 2ccCT/ + 2ffl'a; + iV-ij ■\- c = (Kx + i^y + v) {Xx + jj-y + v) . 
Equating the coefficients of ic^, */°, 2a;(/, x, y, on both sides, 
we have 

V - a (I), li' = h (2), V = c (3), 

\{v + v) = 2«' (4), f.[v + V) = 26- (5). 

From (I) and (4), we have 

a _ \ 
27^1- + /' 
and, from (3) and (5), 



whence ~^k ^^^' 

Similarly, from (2) and (5), combined with (3) and (4), there is 

I^J ">• 

The equations (6) and (7) constitute the required conditions. 
6. To prove that the lines of which the equations are 
J/ = 2a; + 3, ?/ = 3,r + 4, y = 4a! + 5, 
all pass through one point. 
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10 BTRAJGIIT LINE. 

6. To find the value of a that tlic line 

may pass tlirougb the intersection of the two lines 

y = x + \, »/ = 2a; + 2. 
The required value of a is 3, 

7. To find the equations to the two straight lines which, 
passing through the origin o£ coordinates, divide into three equal 
parts the distance between the points, in which the axes of 
coordinates are intersected by the line 

x + y = \. 
The required -equations are 

2x — y and iy — x. 

8. To find the equations to tlie diagonals of the parallelogram 
formed by the four lines 

x — a^ X = a, y = hy y = h'. 
The required equations are 

(a -a)y-{h-~h)x=^ ah - ah', 
and (a - d) y - {7/ ■^b)x = ab^ dV. 

9. The equations to two straight lines referred to oblique 
axes, inclined to each other at an angle w, being 

y — mx = 0, and my + a; = 0, 
to find tJie angle between them. 

The angle between them is equal to 

tan'' i —J — — tan w | . 

10. If the straight lines denoted by the equations 

Ix + my — S, Tx + my = 8', 
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ELEMESTAEY PROBLEMS. OBLIQUE AXES. 11 

be perpendicular to each other, to prove that, w being the inell- 
na-tion of the axes, 

W + mm = llm + Im) cos w. 

11. To prove that the group of straight lines defined by the 
equation 

ah — ah' ( b — h'\ 



where X is arbitrary, are identical with the group of straight 
lines dehned by the equation 

where /t is arbitrary. 

12. What are the geometrical significations of the equations 

a^ +f = 0, xi/ = 0? 
The former represent the origin, and tlie latter the axes of 
coordinates. 

13. A straight lino passes through a given point; to deter- 
mine the magnitudes of its intercepts on the axes of coordinates, 
the product of the intercepts being given. 

If «, J, be the coordinates of the given point, and c^ the given 
product ; then, m, n, representing the required ii 



Puissant: Becueil de div&rses j?ropositions de Geoinetrie., p. 141, 
t/roisihnA 6dil/i<m. 

14. To determine the position of a straight line, which passes 
through a given point, and cuts two given straight hnes so that 
its intercepted portion is of a given length. 

If the two given lines be taken as axes of coordinates ; then, 
to denoting their included angle; ^, &, the coordinates of the 
given point, and c the given length ; the intercepts a, h, of the 
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12 STJtAIGHT LINE. 

straight line on the axes of coordinates will be detennined by 
the two equations 

&' - 2 (4 + ^ cosw) &' + (F + A" - c" + 2M eosoj) b^ + Sc^Ai-c^'r^^O. 
Newton; Universal Arithmetic, prob. 24. 
Gergonne : Annales de MaiMmatiqms, torn. 10, p. 205. 

15. Through a given point in a g^ven angle, equidistant 
from its two sides, to draw a straight Une terminated at the two 
sides of the angle, so that this point may divide the straight 
line into two parts the sum of the squares of which shall be 
of a given value. 

Let a, a, be the coordinates of the given point referred to 
the aides of the angle as axes ; let m denote the given angle. 
Then the equation to the required hne will be 

•m. being determined by tlie equation 



^w + - 4 



the four values of m. corresponding to four different lines which 
satisfy the conditions of the problem. 

" Ce problfenie est un de ceux qui turent proposes en 1819 au 
eoncours g&^ral des colleges royaux de Paris," 

Gergonne : Annales de MathSmatiques, tom. x. p. 73. 
Puissant ; Reoiml de diverses pn^ositions de Geometrie^ 
p. 142, troisihne Sdition. 

16. To ascertain the geometrical signification of the equation 
f - cci/ + ^x" - 2x + 1 = 0. 
It represents the point of intersection of two straight lines 



17. To determine the geometrical meaning of the equation 

x' — Ad'x — 0. 
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ELEMENTARY niOBLEHS. OBLIQUE AXES. 16 

It represents three parallel atraiglit lines, viz, the axis of y, and 
two equidistant lines on each side of it. 

18. To intei-pret tlie equation 

x^ — 2ay + Zax — 6a* = 0. 

It represents two straight lines, one parallel to the axis of y, 
cuttmg the axis of x at a distance + 2a from the origin, and tlie 
other parallel to the axis of a;, cutting the axis of y at a distance 
— 3oi from the origin. 

19. To assign the geometrical signification of the equations 

{x + y + o).{x - y + c) = 0, {x + y + cy + {x~y + cf = 0. 

The former equation denotes two strjught lines, the intercepts 
of which on the axes of coordinates are respectively (— c, ~ c) 
and (— c, c). The latter equation denotes a point, viz. the 
point of intersection of the two Unes. 

20. To ascertain the geometrical signification of the equation 

The equation represents two straight lines, the equations 
of which are 

24 



„ „ ■». :;-* + ' = »■ 

21. If the equation 



represent two diiferent straight lines ; to prove that, either c 
zero and c^ > ab, or c is finite, and c" = ab. 

22. To prove that the equation 
represents two strMght lines, and to find their equations. 
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14 STRAIGHT LINE. 

The equations to the two lines sxe included in the single 
equation x-a_ y - ^ 

I m ' 

tie two values of the ratio between I and m being detennina-ble 
from the quadratic 



Section III, 
Polar Equation. 

1. AB and BC are two right lines perpendicular to each 
other; A i&a, fixed point, B moves along 
a ^ven right line EF, and AB is to BC 
in a given ratio ; to determine the locua 
of C. 

From A draw AE at right angles to EF. 

Let LGAE^e, lGAB=<x; 

a being a constant quantity, because the 
ratio of AB io BO is constant. 

Let AE=a, AG = r. 

Then r cos a = AB — a sec {0 - a), 

)■ = a sec a sec {0 — a), 
the equation to the locus of C, which is therefore a straight 
lino. 

2. To iind the polar coordinates of the point of interaeetion 
of the straight lines represented by the equations 

r = 2(Tsec(e- ^w), r = a sec (5 - ^tt}, 

and the angle between them. 

The polar coordinates required are (Jtt, 2a), and ^tt is the 
angle between the two lines. 
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RECTILINEAR LOCI. 15 

3. To find the polar equation to a straight line which passes 
ttrougli the two points (*■„ a^), {r^, a^). 

The required equation is 

sin (a^ - g,) _^ sin (g - a^) ^ sin (a. - ) ^ ^^ 

4. If, from a point taken arbitrarily in the plane of a 
triangle, atrfdght lines be drawn to its summita A, B, C, and 
then, through the same point 0, perpendiculars be drawn to the 
three lines OA, OB, OC', to prove that the intersection of 
these perpendiculars with the sides BC, CA, AB, respectively, 
will lie all three in one straight line. 

If being taken as pole, and the coordinates of A, B, C, be 

respectively (a^, j"j), (Oj, '•j), (0^1 ''3) i then, putting for brevity 

Oj — Oj = Ej, «i — «a = £ji '*s ~" *i — ht ^'^ shall obtain for the 

equation to the line containing the three intersections, 

2 . . . sui2e, , „ , sin 2s , ., 

~ . sm £,.sin Sj.sm s^ + — i . cos (0^ - 0) H — ^ . cos (a^ - e*) 

, sin2E„ . -, ^ 

+ — — -5 .cos (a, — 0) =0. 

Bobillier: Gergoniis, AnnaUs de MatMmatiques, torn. SViii. 
p. 185. 

Section IV. 
RecfAUnear Loci. 
1, To find the locus of a point equidistant from two given 
straight lines. 

Let the equations to the given lines be 
X cos a + ^ sin a = S, 
and a: cos «' + J/ sin a — ^. 

Then a;,, y,, being the coordinates of the point, its distances 
from the two lines will be 

± {x^cosa, +^, aina - 8), 
and ± {x, cos a + y, sin a' - ^). 
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16 STRAIGHT LINE. 

Since tliese distances are equal, we must liave 

a:, cos a + )/j sin a — ^ = ± {x^ cos a + y^ sin a — B") ; 
this result shews that the required locus Is two straight lines at 
right angles to each other and passing through the point of 
intersection of the two given lines. 

2. AGB, DOE, are two right lines of given lengths, is the 
middle point of AB, and the line through E and B meets that 
through A and D in a point P; supposing AB to move parallel 
to itself, while BE remains fixed, to find the locus of P. 



the axis of a!, and 




Let xEO, parallel to BA, be taken 
i/A 0, parallel to BE, as that of y. 

Let 
AG==a = BC, OE=b, BE^c. 

Then the equation to AP, which 
passes through the points {0, h) and 
(o, o), is o ' - 

oj, - ra = S (o - ») (1). 

The equation to .EP, which passes through the points («, 0) 
and (2a, h), is 

ay^'h{x-a) 

At the intersection P, of (1) and (2), we hav 
the two equations, 

2«j/ = ex, 

the equation to the locus of P, which is therefore a straight line 
passing through 0. 



(2)- 

adding together 



3. A straight line BB' is drawn 
of a triangle AOA. From P, P', 
are erected perpendiculars upon OA, 
OA', respectively ; to find the locus 
of the intersection of these perpen- 
diculars. 

Take Ox, parallel to A'A, as the 

axis of X, and Oi/, at right angles to AA, 

LAOy = e, LAOy = 



parallel to the base AA' 



pV — ~ -y^ 



3 that of ^. Let 
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then the equation to GA will bo 

x = 2't'»Ji^ {^)- 

The equation to PF' wUl be of the form 

' = !) (2). 

The coordinatea of P will therefore be 
c tan s, c, 
and the equation to the peipendicular through P wilJ be 

y ~ c = ~ tane.(3! ~ ctans) (3). 

Similarly, puttmg — s' in place of e, we shall have for the 
equation to the perpendicular through P", 

y — c, = tan£'(a^ + ctajis') (4). 

At the intersection of (3) and (4), 

X (tan e + tan e') = c (tan' e — tan^ s'), 

ic = c(taii£ — tans'), 

and therefore, from (3) or (4), eliminating «, we shall readily 

get, for the equation to the locus of the intersection of the two 

perpendiculars 

_ ^ 

^ " tan (e ~ s') ' 

the required locua is therefore a ati-aight line through 0. 

Puissant: Eecueil de diversea propositions de Geom^trie, 

p. 124, troisthne Edition. 
Lardner: Algebraic Oeomeiry^ vol. I. p. 29. 

4. AB^ CD, are two given parallel straight lines; through 
G and D are drawn two straight lines PCF, PDQ, cuttmg 
AB in F, (?, so that the ratio of AF to S(? is invariable. To 
find the locus of the point P. 

Let AB, produced indefinitely, be taken as the axis of x, 
and a line through A, at right angles to AB, as that of j/. 

Let (A, ft), (A', h), be the coordinates of G, B, respectively; 
{x, y) those of P. Let AB = c. Also let 

n.AF=n.BG (l), 

n, n\ being constant quantities. 
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18 STRAIGHT LINE. 

The equation to PF, which passes through the two points 

O, P, will be 

{k-y)x -[h-x)y=^kx-hj (2). 

Similarlj', the equation to P&, which passes through the two 

points Z>, P, will he 

{l,-y)^:-[h'-x)y' = hx-Ky (3). 

Putting / = in (2) and in (3), we get, from (2), 

, Ti . kx — hy 
AF=x = ■ ■■ - ^ , 
k-i/ 

and, from (3), AG =: x ^ kx~Ky ^ 

K — y 

whence BO = 



k-y ' 
Hence, from (1), 

n {kx — hy) = no {k — y) — n {kx — h'y), 
{n + n')kx — {nh + n'k' — no) y = nck^ 
the equation to the locus of J*, which is therefore a straight line. 
Leyboum's Mathematical Mf^ository^ Nmv Series, vol. i, p. 45. 

5. A, S, are two given pouita, CD, CF, two given straight 
lines. From any point F in GJ) 
is drawn the straight line FBG, 
cutting CF in G ; from G is drawn 
GP parallel to BA, and meeting 
FA m P. To find the locus of P. 

Let GB, GF, produced inde- 
finitely, be taken as axes of x, 
respectively. Let a, 6, be the co- 
ordinates of A; a', b', those of P. Also let CF = 

Then the equation to GBF is 

y. „ i^ - ■^ 
b' a -m' 
and thence, putting x = 0, and y = C'G, we have 
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Hence the equation to GP, whicli passes through G in a 
direction parallel to BA^ is 

hm _ h- - b 

or {a-7a){{d-a)y + hx]=h'{x{d^m)^m{a-a:)}...(l). 
Again, the equation to FP, which passes through F and A^ is 

f'l^ <^)- 

Eliminating y between (1) and (2), we have 
{S („•_„)_ J- (._„) [.[a, („•_ ™) _„(„■_„)[_ 0, 
and therefore 'x(a' — m) — m {d — a) — 0, 

and therefore, hy (1), («' - a) y + bx = 0, 

the equation to the required locus, which is therefore a straight 
line passing through 0. 

Lejiboum : Mathematical R^ository, New Series^ vol. i. p. 143, 

6. The sides containing a given angle are in a given ratio 
and the vertex is fixed ; supposing the extremity of one of the 
sides to move in a given straight line, to find the locus of the 
extremity of the other. 

Let OA^ OB, be the two sides ; let z ^ 0^ = a, L AOx = 9, 
LBOx^e, Ox being a fixed straight line ; OA ^ r, OB = r, 

Then, since A moves in a straight line, 
»-cos{^-^) = g, 
where /3 and 8 are constants. 

Hence ,/ ^os {0 - &) = nB, 

/ cos (^ - a - ^) = mS, 
the equation to the locus of B, which is therefore a straight line 
at a distance nB from 0, the inclination of this distance to Ox 
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20 STRAIGHT LINE. 

7. From a fixed point A a straiglit line AB is drawn to 
a variable point ^ in a given straight line Ox^ and upon AB 
is described an equilateral triangle ABP, To find the locus 
of P. 

Let yAO, drawn through A at right angles to Ox^ be taken 
as the axis of y, Ox beiag that of x, and let AO = c. Then 
the required locus will be a straight line represented by the 

8. To find the locus of a point, the distances of which from 
two lines x if x v 

a Ti '' a b' ' 
referred to rectangular coordinates, are always in the ratio 
of n : n. 

The required locus is a straight line defined by the equation 



' /l \\k /I I\l 



Lhuilier: EUmens d^ Analyse 

AlgSbrigue., p. 122. 
Puissant: Becueil de diverges prc^sittons de 

p. 190, troisihne idition. 
Gramier: G4om4f/rie Analytique^ p. 438, deuxieme 



9. To find the locus of a point, the algebraical sum of the 
^stances of which from the sides of a given 
constant. 

If the equations to the sides of the polygon be 

X cos a + 5" sin a = 8, x cos a + ysma = S", 
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RECTILINEAR LOCI. 
tlie equation to the required locus will be 
X (cos a + cos a' + cos a" +. . .) + ?/ (cos /3 4- cos jS* + cos ^' H 

= c + 5 + 8' + 8-4- , 

wliere e. is tlie constant quantity. 

Timmermans: Gergonvs, Annates de 
torn. SVIii. p. 217, 

10. Having given the positions of two points C, C\ to find 
the locus of a point P under the condition that 

{PCy — [PCy = a constant quantity. 

Let a, J, be the coordinates of G; «', &', of C ; and ai, ^, of P. 
Then, the axes being supposed to be rectangular and c" de- 
noting the value of the constant quantity, the required locus 
will be a straight line at right angles to GG\ defined by the 
equation 

{a - a').{2x ~a-a') + (b- l}').{2y - b - b') = 6\ 
Lhuilier: EUmens d^ Amdyse G4<ym4irique et d''Analyse 
AlgSbrique^ p. 121. 

11. A parallel to the base of a triangle being drawn, and 
its points of intersection with the sides being connected with 
the extremities of the base, to find the locus of the intersection 
of the connecting lines. 

The required locus \h a right line bisecting the base and 
passing through the vertex. 

Lame: Examen des diffirentes mSthodes employees pour 

r^oudre les prohli'mea de GSomMrie^ p. 47. 
Puissant: Pecueil de diverses propositi<ms de G&>m4trie\ 

p. 122, iroistSme Mition. 
Lardner : Algebraic Geometry^ vol. i. p. 28. 
Giamier: QSorrdtrrie Analytigue, p. 436, deMxii.me edition. 

12. Ox, Oy^i are two fixed indefinite straight lines; from 
a point P are drawn PA^ PB, cutting Ox, Oy, respectively in 
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22 bTRAIGHT LINE. 

A, B: suppoaing the angles PAx^ -P-S'j/, ^'^^ the ratio of PA 
to PB to be given, to find the locus of P. 

Let Ox, Oi/, be taken as axes of x, y. Let L PAx — a, 
L PBy = /9, and let PA be to PBasmio n. Then tlie equation 
to the locus of P wiU be 

mx wa.a = ny sin (S. 

L'Hospital: TraitS Analytigue dea Sections Coni'ques, p. 249. 

13. A straight line BCH, passing through two given points 
Z>, G, cuts a given straight line AB in IZ, in such a maimer that 



AH n 




and n being constants. In tlie line AB, : 

jints _F, G, such that 

AF All 
BG Btf 


are taken any two 



To find the locus of P, the intersection of FG, CW, produced 
indefinitely. 

Let HB, HOD, produced indefinitely, be taken as axes of 
(Sj y, respectively ; let HG = h, HD = k'. Then the required 




locus will be a straight line, parallel to AB, tlic equation of 
which is 

(f-i) » + "■-»-»• 

Leybourn: Mathematical Repository, New Series, vol. i. p. ■i.'j. 
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14. AB, AC, are two straight lines given m poation; a 
straight line DE meets them in Z>, E, respectively, so that 

AD + AE = a constant length ; 

also BE is divided in a point P, so that DP bears a constant 
ratio to ED. To find the locus of P. 

Taking AD, AE, produced indefinitely, as axes of x, y, re- 
spectively, let the constant value of AD + AE be denoted by c, 
^^^''^ a.DP=0.EP; 

then the required locus will be a straight line defined by the 
equation ^ ^ 

Leyboum : Mathematical Be-pository, New Series, vol. II. p. 7. 



15. A GB is a given triangle, H, K, L, given points in the 
side AB; through H is drawn 
any straight line EHF, cutting 
AO^ BC, in E, F, respectively; 
through E and F are drawn right 

lines EL, FK, intersecting in P. _^^_^__ 

To find the locus of P. "" ~^ ^^^^ 

Let JIL = a, KB = b, BK=e, AL--=d, AB^m, AC^n; 
and let CE, produced indefinitely, and an indefinite line tlirough 
C, parallel to AS, be taken respectively as axes of x and y. 
Then the locus of P will bo a straight line defined by the 
^1"^*'°^ mcdx=(ai + cd).ny. 

Leyboum : Matkematioal Beposttory^ New Series, vol. ii, p. 89. 

16. The loci of two points A, B, are two parallel straight 
lines. To find the locus of a third point P, such that PA, PB, 
are inclined at given angles to the loci of A, B, respectively 
and bear to each other a constant ratio. 
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HTRAIGHT LINE, 



Let a, |Q, be the two ^ven angles, aiid c the distance between 
the two parallel liiies ; also let 

PA : PB :: m : n. 
Then, the locus of A bemg taken as the axis of x, and that 
of y being at right angles to it, the equation to the required 
locus is j^jg gjj^ jj 

m sin a + ra sin ;3 ' 
L' Hospital : Traits Analytique des Sections Goniijues^ p. 251, 



Section V". 

Ea^lioit Parameters. 
The word l/ransversal is thus defined by Camot, in his Essai 
sur la Tkdorie des Traasversales ; 

" J'appelle transversale une ligne droite on courbe qui traverse 
d'une manifere quelconque un syetfeme d' autres lignes, soit 
droites, soit courfees ; ou m^rae un systferae de plans on do 



in the 



1. BAG is a triangle, and ^, C, are points bo taken 
sides ABj AC, respectively, or these sides produced, that 
AB' + AC = AB -^ AG. 

To find the locus of the in- 
tersection of BC' and B'C, pro- 
duced indefinitely. 

Let AB, AG, produced in 
definitely, be taken as axes of 
a;, y, respectively. 

l^et AB=a,AG=h,AB' ' 



AG'=h'. Then thee 
B-GmWl 



ition to 




md tliat to BG' will be 



■■(1), 
..(2). 
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h' = a + h (3). 



Also, hj hypothesis, a ■ 
From (1) and (2), there is 



.(4). 



and therefore, by (3), 



But, from (1) and (2), 



and therefore, by addition, attention being paid to (4), 

x + ^ = a + b, 
the equation to the required locus. 

2. If A, B, 0, be two fixed lines and a fixed point; then, 
drawing any two lines Oba, Ob'a, through 0, and joining the 
points a, h\ and a, b, the locus of the point G, in which ab' 
and a'b intersect, is a fixed line paj^sing through the point of 
intersection of A and B. 

Let the intersection K of A, B, be the ongm of coordinates, 




A and B being the axes of x and y. Let Ka = «, Kd = 
Kb = t, Kb' = h' ; and let {X, fi) be the coordinates of 0. 
Then the equation to ah' is 
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At their intersection <7, 

But, since ah, a'/j, both pass through 0, 





« 


^i '' a^V 


and therefore 


K; 


I 1\ /I 1 


whence, by (1), 




.--!=». 



the equation to the locus of (7, which is therefore a straight hne 
through K. 

3. If two lines AB, CD, intersect in 0, and if the Imes 
A C, BD, meet, when produced, in E, and 
AI), BG^ in F', to determine the condition 
that the line EF may he parallel to AB. 

Let OA, OG, be taken as the axes of 
a;, y^ respectively. Let OA = «, OB = S, 
00 = c, OD = (?. Then the equation to 
^Cia 



and the equation to BD is 




hence, at the point .E, / — ~\y — a-i 
Again, the equation to AB is 

ad' 
and the equation to 5 C is 
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hence, at the point F^ 



In order that EF may be parallel to AB, the values of y in (1) 
and (2) must be equal ; hence 



Thus the required condition is that AB be bisected in the point 0. 
F : Gamhridge Mathematical Journal, vol. i. p. 87, 

4, To prove that the perpendiculars from the three angles 
of a triangle upon the opposite sides all meet in one point. 

Let (a, (9), («', ^'}, (a", y3"), be the three angular points. The 
equation to the side through (a, ^), (a", yS"), is 

(a -a)y- {&' ~ ^) x = « ^ - «'/9'. 
The equation to the perpendicular upon it through the angle 

{«., ffl » 

(a- - »■) (»!-«) + {(!■ - ,?•) (y - « = 0, 
or («■-«) X + iff - /9-) j,= a(a - a) + /3 (/?' ^ ff)...[\). 
The equation to the pcrpendicttlar through {«', /3') upon the 
opposite side is, by symmetry, 

(« - «■) a, + (,3 - ;?') y = «• (a ^ a") + ^- (,3 - ffl ...(2). 
At the intersection of (1) and (2), we have, adding together 
their equations and changing signs, 

(a -a)x + {^--^)y = a" (a - a) + ^' [/S' - /3). 
This equation coinciding in form with what we know by sym- 
metry to be the equation to the third perpendicular, we see that 
the intersection of any two of the perpendiculars lies in the 
third. 

Puissant: Beeueil de dwers&s propositions i 
p. I2t 
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5. To prove that lines drawn from the three angles of a 
triangle to bisect the opposite sides, all meet in a single point. 

Let the coordinates of the three angles be (a, /3), {a, ^), 
(a", jS"). The equation to the line through (a, /3), and through 
the middle point between («', /3'), and («", ^S"), of which the 
coordinates are ^{a 4- a"), i(/3' + ^, is 

^ + 8' -W «' + a" - 2a ' 
or (a+a"-2a)3r-(;ff' + /3"-2^)3: = a/9-a^+a";3-a/3"...(l). 
The equation to the corresponding Hne through (a, ^) ia 
(a'' + a-2a')^-(j3" + ^-2^)iC = a"^-a'/y+ai&'-a'^...(2). 
At the intersection of (1) and (2), we have, adding and changing 
dgns, 

(a + a'-2a)^- + ^-2/3") a; = a^-a^+a'^-a"^,- 
a result which shews that the lines through (a, /S), {«', jS"), cut 
each other in the line through (a", ^). 

6. In every quadrilateral, the three lines which join the 
middle points of the opposite sides and the middle points of the 
diagonals, pass through the same point. 

Let ABA'B' be any quad- 
rilateral, the diagonals of which 
intersect in 0. 

Let OAx^ OBy, be taken as 
the axes of coordinates. 

Let OA=a, OB=h, OA'^a, 
OS' = b'. 

Then the coordinates of the 
middle points of AB, and A'B\ 
are respectively 



(ia-. 



and 




Hence the equation to the line joining these middle points 
will be (a +a)ff-{b- ^ I) x = ^{a'h - aV) (1). 
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Again, the coordinates of the middle points of AS', A'B, are 
respectively 

and therefore the equation to the line joining these points will be 

(«• + a) y + (6- + 6) I = i(a6 - .-S-) (2). 

Subtracting and tuJding the equations (l) and (2), we shall get, 
for the coordinates of the intersection of tiie lines they represent, 

Again, the intercepts on tiie axes of x and ;/ of the line 
passing thi'ough the middle points of AA\ BIf, are 

i(«-«), *(«-«•)■ 

These intercepta are accordingly twice the magnitudes of the 
coordinates of the intersection of (1) and (2) ; the intersection 
of (1) and (2) lies therefore in the line joining the middle points 
of the diagonals of the quadrilateral. 

Gergonne : Annahs de MathSmafiques, torn. I. p. 353, 

7. In every frustum of a triaiigle, with parallel bases, the 
intersection of the two diagonals is in a right line with the 
middle points of the bases of the frustum and the summit 
of the triajigle. 

Lot the angle of the summit of the triangle be taken as 
the angle of the coordinates. 

Then the equations to the bases of any frustum wiU be 

M- (')■ 

5+S- <^)- 

The equations to the two diagonals will be 



■!- 



,. (4). 
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At the intersection of (3) and (4), 

^('-a-f('-a-' 



-t 



■ (.'■), 



which is the equation to a lino which passes through the origin 
and through the intersection of every pair of diagonals. 
Combining (1) and (5) we have 

X = \a^ 1/ — ^b; 
combining ('i) and (5) we have 

X = ^Xa, y = |Xi. 

These results shew that the line (5) bisects the bases of 
every frustum, 

Fr^gier : Gerrjonne^ Annates dp, Matk&matique-'i., torn. VII. p. 167. 

8. Let AB, A'B\ A"B", be any three parallel lines. Let 
C, G\ G", be the points of concourse respectively oi A'A", B'B"; 
of A' A, B"B\ and of AA'^ BB'. Then the three points 
0, C\ (7", will lie in a right line. 

Take the axis of x parallel to the three lines AB, A'B', 
A"B". Then the equations to the extremities of these three 
lines will be, 

^■■■(;::). ^••■•(;:::). MTJ)- 
-■■C:r"). -■■■(;:t'% -■■■(::tn 



Hence we get for the equations of AA' 



(^-a), 
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whence we have for the equations to the point (7", where these 
two linea meet, 

_ dc — ac 

^ c~ c 
By symmetry we have also, 






Let the axis of y he so chosen as to pass through C aiid C: 
e shall then have 



whence also ac — ao, 

and consequently -,-■ — : 

the point C" will therefore lie also in the axis o£y. 
Durraude: ffergon-m^AnnalesdeMa^Smattques, torn, vri.p. 183. 

9. If, from any point t? in a given line of indefinite length, 
equal distancea OP^, PjP^, P^^, ... he measured off, and other 
equal distances OQ^, Q,Q^, Q^Q^,... in the opposite direction; 
and if P„ P^, Pj, ... be joined by straight lines with a point 
B, and Q^, Q^, Q^^ ... with a point F, E and F lying m a 
lino parallel to the g^ven line ; then the intersections of lines 
of the former with lines of the latter group will all lie in 
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strjught lines forming two gi'oups of lines converging to two 
points in the line passing through E^ F. 

Let OPP„ ... be taken as the axis of x,. and a line OA 



through 0, perpendicular 
of ^. 

Let OP, = a, 0^, = . 

Then, the intercepts of 
be readily seen from simi] 



hence tlic equation to E'P^ 



o the two parallel lines, as the axis 

OA = c, AE=m., AF=n. 
the line through £, P^ are, as may 
lar triangles. 



Similarly, putting s for i-, -- J for a, —n for fl^, we have 
for the equation to ^ft, 



..(2). 



At the intersection of (1) and (2) we have, adding their equations, 
!\ \\ . ( . _ m n\ y 



and, subtracting. 



'hlc~ 



■ (*)■ 



The equations (3) and (4) shew that the intersections of 
the two groups of lines always take place in one of a single 
pair of lines so long aar + 5 0rr-sis constant, there being 
as many such pairs as there are values of r + s and r — s. 
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Suppose y — c: then, from (3), 



and, from (4), 



These values of x, as not involving r or 5, shew that the lines 
of intersection (3) and (4) all pass through two points in EF, 
at distances 



1 1 ' 



Z+T 



from the point A. 

F : Gamiridge Mathematical Jou/mal, vol. I. p. 88. 

10. To prove that the middle points of the diagonals of the 
thi-ee simple quadrilaterals, foiming a complete quadrilateral, 
lie all in one straight line. 

The figure, of which A, B, C, D, A', S', are the angular 
points, is a complete quadrilateral, consisting of the three simple 



quadrilaterals, 

ACBBA, of which the diagonals are AB, CD; 

A'J)B'OA\ of which the diagonals are GB, A'B'; 

AB'BA'A, of which the diagonals are A'B', AB. 
Let CA = a, CA' = a, GB - 6, GB' = h'. Let M, jW, be 
the middle points respectively of the diagonals AB, A'B', 
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Through these two points draw a straight tine cutting CD 
in N. 

Let the lines GA!, GB\ bo taken as axes of x^ y, respectirely. 
The equation to AB" is 

and the equation to A'B is 

The equations to the point D are therefore 
- i- 



y-'by-- 



' ab - ab' ' "^ ' ab - db' ' 

The equation to GB mil therefore be 

W(i-S') J. Si- («,-.>. 
The equations to M arc 

and those to M' are 

x = ^a\ y^\b\ 

Henee the equation to MM' is 

2{a-d)y-^{b-b')x^ aV - ah. 

Combining this equation with that to CB, we shall have for 

the equations to JV, 

1 . h — h' ^^,, a — d 

x-= \aa.^; 777, y = ^bb. --.t. . 

' ab — ab ^ ^ ab — ab 

The coordinates of JV" are therefore respectively half of those 
of B. The point N is accordingly the middle point of GB. 
Thus the middle points of the three diagonals are in a single 
str^ght line, 

Rochat: Gergonne, Annates ^ MathemaUques, torn. I. p. 314. 

11. Having given the position of a point relatively to a 
known angle and in the same plane with it, to find in this plane 
two other points such that if we draw through them, in an 
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ai-bitrary direction, two parallel straight lines catting the two 
sides of the angle, the given point shall always lie in the 
direction of one of the diagonals of the trapezium intercepted 
between the parallels and the two sides of tlie given angle. 

Let the two sidea of the angle be talten as axes of coor- 
dinates. Then the equations to a pair of paralleis will be, (ic', y") 
and {«", ?/") being the two requu'ed points J", P", 

and y-y ^a{x-x). 

The abscissa of the intersection of the fomier of these lines 
with t!i6 axis of X will be 



and the ordinate of the intersection, of the latter with tlie axis 
of y will be ^j _ a,^\ 

Hence, (^, /c) being the given point G^ which by hypothesis 
lies in the line joining these two intersections, we have 
ah h 

ax ~ y y - ax ~ ' 
or x.{x - h).a' ~ {y {x - h) + xy - fe'} a^y [y ~ k) = 0. 
Since a is indeterminate, this equation resolves itself into the 
three following : 

3!" {a} - A) = 0, 
y{y-k) = 0, 
y (x — h) + xy — kx' = 0, 
The problem is therefore indeterminate, since there are only 
three equations between the four coordinates cc', /, x\ y. 

The fii-st two equations can be satisfied by one of the fonr 
systems of values : 

fx=(i\ !x=<y\ (x^hA /«.- = /A 

\y = 0/ , \y = ^A V = oA ■-■y = ^/ ■ 

It is easily seen that of these systems only the first and tlie 
last can satisfy the thii-d equation. 
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The first, which shews that the point i*' is in the axis of ic, 
and the point P" in the axis of y, reduces the third equation to 

x iy" -h) - hy" = ; 
from which it appears that the two points F', P", are in a right 
line with the point C. Thus the required points will be the 
intersections of the two sides of the given angle with any line 
whatever drawn thi'ough the given point. 

The last system, which indicates that the required points 
lie in lines drawn parallel to the two axes through the point C, 
reduces the third equation to 



which shews that the points F', F', are in a right line with the 
origin. Thus we see that the points sought will be the inter- 
sections of a straight line, drawn arbitrarily through the su mmi t 
of the given angle, with parallels to its two sides passing through 
the given point. 





Schumacher: Gergonne, Annates deMaikimatigues^ torn. i. p. 193, 
Gramier : GSomStrie Analytique, p. 53. 

12. The equations to two lines being 

1+1=1, 1+1 = 1, 

to find the equation to a line passing through tlieir point of 
intersection and through the origin of coordinates, a, h, a, V, 
being subject to the relation 

a-^h = d + h\ 
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Tiie required equation is 

m, hb' ' 

13. To fintJ die equations to the diagonals of the parallelo- 
gram, the sides of which are defined by the equations 

x = a, X = a, y — ^1 y = ^'i 
and to determine the coordinates of the point of their inter- 
section. 

The equations to the two diagonals are 

and {a — d)y - ah =^ {¥ - S) a; — a'b' ; 

and the coordinates of their intersection 

i(» + «), 1(4 + 5-). 

14. To find the condition that the three linea 

a (> a, a 

may all pass through a single point. 

Tlie condition is expressed by the following equation, 



Lam^ ; Gerffcmm, Annates de MathSmatiques, torn. vii. p. 230. 

15. If Pj, ^j, p^, denote the perpendicular distances of any 
point in a side of any quadrilateral from the three other sides ; 
and a, h, assigned lengths ; to prove that the equation 



will represent one of a family of lines winch all pass through 
a single point. 
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16, To find the equation to a straight line passing through 
the intersection of the two lines 



a;coae + s/smE = 


S, a; cos e + y sin 


i = S 






and cutting at right angles the lino 








^coss" 


+ j,i„.-.y. 








Tlie required equation is 










a; cos £ + y sin £ - 


B !Scoss+yslne 


■-y 






cos(s"-£) 


coa (s" - e'; 






O'Bner 


i: Plane Coiyrdinate 


Ge<mii 


iln,, p. 


31. 



17. If, on the three sides of a triangle, taken in turn as 
diagonals, be constructed parallelograms, the sides of which 
are parallel to two given straight linea, to prove that the other 
three diagonals of these parallelograms will pass through a 
single point. 

Sturm, Veoten, Querret: Oergonne, Annates de MatM- 
matiques, torn. xv. p. 103. 

18. If, through the extremities of the base AB of any 
triangle ABG, be drawn straight lines AP, BQ, of arbitrary 
length, and respectively parallel to the sides BG, AC; and 
if, through the pouita P and Q, be drawn, parallel to S§, AP, 
r^pectively, straight lines meeting in a point D ; to prove that 
the three lines A Q, BP, DC, will pass through a single pomt. 

Gergonne : Annates de Ma^hnatiques, torn. XV. p. 88. 

19. If any two straight lines be drawn, one of which bisects 
the other, and the straight lines joining their extremities be 
produced to intersect, to prove that the line joining the two 
points of intersection shall be parallel to the line bisected. 

20. If OAA'A", OBB'B", be two straight lines, harmonically* 
^vided, the former in the points A, A', and the latter in the 

» A stiaiglit line ABOD is saii 
S, C, if the whole AD : either e 
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points B, B', to prove that tlie straight lines AB, A'B\ A"B'\ 
will, produced indefinitely if necessary, either pass through 
a single point, or be parallel to each other. 

De La Hire : Sectiones Gomcw, lib. I. prop. 18. 

21. From three points A, B, D, in a straight line ABCD, 
straight lines are drawn through a single point P; through G 
is di-awn a straight line ECF, parallel to AP^ cutting PB pro- 
duced in -E, and PB in F. To prove that 

AD.BG : AB.OD :: OE: CF. 
De La Hire : Sectiones Oonicce, Appendix, prop. 3. 

22. From an angle G of a parallelogram ABCD, a per- 
pendicular GE \\ drawn to the diagonal BD; to prove that 
perpendiculars drawn to jIB, AD, at the points B, D, will 
intersect each other in the line GE. 

Leyboum : Mathematical Sep>sit<^, New Series, vol. ill. p. 179. 

23. APB, GQD, are two parallel straight lines. Also 

AP:PB::DQ: QO; 
to prove that the right lines PQ, AD, BC, meet in a single 
point. 



24. Euclid I. 47. In the figure AL is perpendicular to BG; 




to prove algebraically that DB, EO, intersect AL in the same 
point. 
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25. If through the three angular points of any given tri- 
angle, lines be drawn parallel to the opposite sides, to prove 
that the straight lines joining their points of intersection and 
the opposite angles of the original triangle will Intersect each 
other in a single point. 



Section VI. 
Transversals. Implicit 1 

1. To prove that the three lines bisecting the angles of a 
triangle all pass through the same point. 

Let the equations to the three sides be 
tt = 0, w = 0, iw = 0, 
where *(, ii, w, are of the form 

X cose + y sine — S. 
Then, the origin being anywhere within the area of the triangle, 
the equations to the bisecting lines will be 

these equations shew tliat the bisecting lines pass through a 
single point,* 

2. If lines be drawn, bisecting the angles of a triangle and 
the exterior angles formed by producing the sides, those lines 
will intersect in only four points besides the angles of the 
triangle, 

Taking tc cos s + y sin e — S = as the general type of the 
equation to a straight line, we may represent the equations to 
the sides of the triangle by 

M == 0, W = 0, Ml = 0, 
and the equations to the six bisecling lines by the equations 
v + w = 0...(1), w + u = 0...(2), M + w = 0...[3), 
v-W = 0...(1)', w - M = 0...{2)', w - V = 0...{3)'. 

« Sec prohlein (6) of this section. 
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The paira of lines (1) and (1)'; (2) and (2)'; (3) and (3)'; meet 
reBpectivcly at the angles of the tnangle. Also the triple 
* of liiioa 



f(l), (2), (3)'l, m, (3), (l)'l, {(3), (I), Wh ((1)'. (2)', (3)'}, 
meet each in a point. 

Now, generally, ^e number of intersections of six lines is 
equal to 15 : hence, in the present problem, deducting from this 
number the number 3, for intersections at the angles of the 
triangle, and the number 2, for each of the triple systems which 
pass through only one point instead of three, we have, for the 
greatest numher of interaectiona, 

15 - 3 - 8 = 4. 

3. From the angles A, B, C, of any triangle ai'e drawn three 
straight lines AA\ BB^ CC\ bisecting the angles of the tri- 
angle: through Aj B, G, are also drawn three straight lines, 
respectively perpendicular to AA', BB', CO', to meet the sides 
BO, OA, AB, produced, respectively in G, H, K. To prove 
that G, H, K, lie in a right line. 

Taking O! cos e + J/ sin s = S as the general type of the equa- 
tion to a sti'aight line, the equations to the several lines of the 
figure will be 

BO M = 0, GA 7; = 0, AB m = 0, 

AA ...v~w^<), BB' ... w - M = 0, CO' .... u-v = % 

AO ...v + w^Q, BR....w + u = 0, OK u + v = 0. 

From the equations to BO and A G, it is evident that G wiU lie 
in a line, of which the equation is 

u + v + w = 0. 
Symmetry sliews that this line must contain also II and K. 

Vecten : Gergontie, Annaha dp, Mafh&matiques, torn. x. p. 202. 

4, To find the equation to a straight line which passes 
through a proposed point and through the intersection of the 
two lines 
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The general equation to a line passing through the inter- 
section of these two lines must be 

u = Xv (1), 

\ being an arbitrary constant. This is evident when we con- 
sider that the vahtea of x and y, which satisfy the equations 
w = 0, u = 0, must also satisfy the required equation ; or, which 
is the same thing, that whenever m = and v = 0, simultaneously, 
the required equation must be identically satisfied. 

Let w„ Vj, be the values of m, v, when the coordinates of the 
proposed point are substituted for x, y. Then, since the equation 
(1) must be satisfied by these values of a; and y, we have 

w, = X«, (2). 

From (1) and (2) we have 



the equation to the requbed line. 

Suppose for illustration the two proposed tines to be 

a b 'ay 
and the propOKcd point to be a, /3. Then the required line wilt 
have for its equation 



5. To prove tliat any tiu«e lines, which intersect in 
point, may be represented by the three equations 

Let the equations to any two of the lines be 

p = 0, 5 = 0: 

that to the third will be 

j> + X5 = 0. 
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Hence any three lineB whatever, which cut each other in one 
point, may he represented by the equations 

^ = Oj Xq — 0, —p — Xq = 0; 
or, putting p — v — v^, Xq = w — u, 

hy tlie three equations 

■«-«; = 0, «!-M=0, w-w = 0. 

6. Three straight lines A, B, G, pass through a single point; 
X, T, Z, are three other straight lines such that Y, Z, intersect 
in ^ ; Z, X, m B'j and X, Y, in 0. To prove that the lines 
A, B, G, X, Y, Z, may he respectively represented by the cor- 
relative system of equations 

V -v} = 0, w -u = 0, u-v = 0, 

V + w =X, w -\- -u —X, u + V =X. 

The first three eqnations, as we know by problem (5), will 
always represent A, B, G. 

Again, since F, Z, intersect in A, the equations to Y, Z, 
must be of the foi-ms 

_^ = 0, ap + V — V} = ; 
or, putting ap = X ~ u ~ V, of the forms 
u + v^X, 
w + u^X. 
Again, it is obvious that a line of which the equation is 



i Y in £, and Z in G: this line must therefore neces- 
sarily be X. 

Hence the system of equations is 

I ^ I i "^ I i ^ i 

I Z I I Y \ \ Z \ 



7. -ffiCL, Piji?, are two triangles ; to prove that if the straight 
lines HP, KQ, LE, meet in one point 0, the intersections of 
KL, QB; LH. MP; HK, PQ; lie in a straight line. 
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Since OP-ff, OQK^ OSL^ all meet in a point, their equations 
may be expressed respectively in the forms 

Again, since XL, LH; LH, HK; HK,KL; intersect respec- 
tively in ORL^ OPS, OQK, the equations to KL, LH, HK, are 

X = v-\-w, X = w + u, X = u + V. 
For a like reason, the equations to QB, iJP, PQ, are respectively 

X' = v + w, X = w + u, X' = u + v. 
Hence KL, QE; LR, BP; HK, PQ; all intersect in a straight 
'in« X = X. 

Gergonne : Awitales de MatMmatiques, tom. VII. p. 187. 

Vincent; Oours de Geomstrie, p. 210. 

Greathead: Gamhridge Mathematical Journal^ vol. i. p. 171. 

Frost: ib. vol. iv. p. 113. 

8. From the angles A, B, C, of a triangle, lines are drawn, 
through a point 0, to meet the opposite sides in £!, F, G, re- 
spectively : FG, GE, EF, are produced to meet BG, OA, AB, 
respectively, in P, Q, B. To prove that P, Q, B, lie in one line. 




Let the equations to BG, GA, AB, be 

M = 0, J) = 0, w = 0. 
The equations to GG, BE, arc respectively 



and _ = ._ ^ 

where m,, v,, w^, are the valnes of w, v, w, at the point 0. 
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The equations to the points G, F, are therefore, respectively, 



Hence the line GFP is defined by the equation 
Hence the equations to the point P are 



P therefore lies in the line 



Symmetry shews the same to be true ot (j and B Hence 
P, Q, E, lie in one Ime defined by this la's! equation 
We subjoin also anothei solution of this pioblem 
Since AS, BF, C'fi, meet ui a point, thou equations may be 
written respectively m the torm"* 

AE w-w = o ,,.{I), 

BF w~ i( = (2), 

GG u - v = (3). 

Since AB, AC, intersect in (1) ; BG, HA, in (9) ; GA, GB, 
in (3) ; the equations to OA, AB, BG, wUI be respectively 

CA w+ M = 2X (4), 

AB M+ v = 2X (5), 

BG v + w = 2X (6). 
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Since FQ passes through the interaoctioiis of CA, BF, and 
of AB, GG; GF, FF, passing through analogous points; the 
equations to FG, GE, FF, will be respectively 

FG u = \ (7), 

GF i)-\ (8), 

FF w^\ (9). 

Hence P, Q, B, the intersectionB of (6), (7) ; (4), (8) ; (5), (9) ; 
all lie in a line 

M + D + w = 3X. 

F : Gainhridge Mathematical Journal, vol. i. p. 87. 

9. To prove that, the cireumstances of the preceding problem 
remaining unchanged, the lines joining B, Q\ C, B; -d, F; 
meet In one point, as also those joining C, M; A, P; B, F; 
and those joining A, P; B, Q; 0, G. 
The equations to GF^ BC, AB, GA, being 
GF u = \ 

BC v + w = 2\, 
AB u+ v = 2\, 
CA M) + M = 2X, 
it ia plain that the line denoted by the equation 

2if + w 4- w = 4X 
passes through the intersection of GF, BC; and of AB^ CA', 
the line is therefore the line joining A, P. 

The equations to AP, BQ, GG, arc therefore, regard being 
paid to symmetry, 

AP 2m + w + w = 4\, 

BQ 2« + w + M = 4X, 

GG u-v^a. 

Since any one of these equations results from the otlier two, 

these three lines must all pass through one point. The same 

thing must, by virtue of symmetry, hold good respecting the 

intersections of the similarly related lines. 
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10. Let tliere be any complete qua^Jrilateral ; let its sides 
be produced indefinitely; let its three diagonals be also in- 
definitely produced: the diagonals wiil intersect, two and two, 
in three points. Through each of tliese points let there be 
drawn straight lines to the two extremities of the diagonal 
in which it does not lie ; we shall thus have six straight lines, 
each of which will determine two points on two sides of the 
quadrilateral ; so that we shall have in all twelve of these points, 
distributed, three and three, on the four sides of this quadrilateral. 
It is required to prove that these twelve points will lie, two and 
two, on twelve new straight lines, meeting, four and fom-, in the 
three points of intersection of the diagonals of the proposed 
quadrilateral. 

Let AA'A"B'BB" he the proposed quadrilateral, of which the 
diagonals are AB, A'B', A'B", intersecting, AB and A'B' in *7", 




AB and A"B" in C, A'B' and A'B" in C. Let the point G be 
joined to the points A, _B, by two straight lines, of which the 
former cuts the sides BA", BA', in w, q, and the latter the sides 
AA", J_B', in m, p. Since the construction would evidently 
be tlie same for the point C, relatively to the diagonal A'B', 
and for the point C", relatively to the diagonal A'B"\ it will 
be sufficient to prove, first, that the lines jy?, mj, meet in the 
point G', and, secondly, that the lines mm, y^, meet in the 
point C". 

Since the three lines AB'^ A'B, A"C', meet in one point, 
we may take for their equations 

AB' u- « = 0, 

A'B w-«' = 0, 

A'C w-u^O. 
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Again, since A"B, AA", AB, intersect, two and two, in 
AB\ A'B, A'G\ their equations will be 

A'B u + ti = 2X, 

AA' w + w = 2\, 

AB w + u = 'lX. 

Since J!B' passes through the intersection of AA', A'B, 
and of A'B, AB', its equation will be 

AB' v = \. 

Since An passes through the intersection of AB, AA', and 
of A'B', AG', its equation will be 

An - M + 2d + w = 2\. 

Since Bm passes through the intersection of A'B', AC, 
and of AB, A'B, \\a equation will be 

Bm u + 2u -lu = 2X. 

Since vrm passes through the intersection of Bm, AA' , and 
of An, A'B, its equation will be 



Since pq passes through the intersection of AB', Bm, and 
of A'B, An, its equation wd] be 

pq — M + 4ii — iw = 2X. 

At the intersection of mn, pq, we have, from their equations, 

V + . . 2Xf ' 
their intersection therefore coincides with G", the intersection 
of AB, A'B'. 

Again, since np passes through the intei-seetion of A'B, An, 
and of AB', Bm, its equation will be 

np 3w — w = 2X,. 

Since mq passes through the intersection of Bm, AA, and 
of AB, An, its equation will be 

m^ — u + 3w = 2X,. 
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At the iiitersectjon of np and «!§, we have, from theii- equations, 



their interaection therefore coinuides with C, the intersection 
of ^^, A"C'. 

Cor, If »*, t, be the intersections of mn, pq^ with A'B", and 
s, D, those of np, mq, with A'£' ; rs, vt, will intersect in 5, 
and rv, st, in A. 

Availing oureelves of the preceding equations, we shall easily 
obtain for the equations to rs, vt, rv, st, 

rs 3u + iv - w = 6\, 

vt w + 4w - 3m = 2X, 

rv — M 4 iv + Sw = GX, 

St ~ 3m + 4v + w = 2\. 

From these equations the truth of the proposition asserted 
in the corollary is easily seen. 

The truth of the corollary is also evident from the con- 
sideration that the four points r, s, t, v, have the same relation 
to the quadrilateral mnpq, which the four pointe m, w, p, q, have 
to the quadrilateral A"A'B"B'. 

Legrand, Eochat, Penjon: Gergonm, Annales de MathS- 
mattques, torn. ii. p. 369. 
The reader is referred also to a memoir by Vecten, in the 
15th volimie of the Annales, p. 146, where he wiU find other 
properties of the complete quadrilateral. 

11. Let AB, AB', A'E\ be any three parallel lines. Let 
G, (J, 0", be the points of concourse respectively of A' A", B'B", 
of A" A, B"B, and of AA, BB'. Then the three points 
0, C, G", will lie in a right line. 

The lines AB, AB', AB", A A, B'B", AA, BB', may be 
represented by the system of equations 

AB u = c, AB- M-c', AB" u = c; 

AA V = 0, B-B" w = 0; 

AA u -v = c:, BE u -w = c. 
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The equations to the points A, A", will then be 



Hence the equation to the line A"A will be 
Again, the equations to the points B, B", will 1: 



tw = c-c'f ' " [w = 0} ■ 

The equation to the line B'B will therefore te 

-B-S (c- - c) « + (c - C-) V, - 0- (e - c). 

From the above equations it is plain that the intersections 
of A' A", B'B"; of A" A, B"B; and of AA', BB'; will all tlirce 
lie in a line of which the equation is 

Durrande : G&rgorme^ Annohs de MatMmattqnes, torn Vii. p. 183. 

12. Let ASB, A'S'B', A'S'F', be three angles of which the 
sides are respectively parallel. Let 8'A\ 8''B'\ meet in M, and 
8'B', 8"A", in N: let 8"A', SB, meet in M, and S"B~, 8A, 
in ^: let 8A, S'B', meet in M'\ and SB, S'A, m JT. Then 
the three lines MN, M'N', M"N", wHl meet in one point. 
Let the equations to the sides of the three angles be 

AS. M-a, BS v^/3; 

A'S' M-a', B'S' v = ^; 

A'8' u = a", B'S' V = ^. 

Then the equations to the pouits M, JV, will be 

M. I" = 11, N. I«=il. 



The equation to MVwill be, therefore, 
MN. (,?-/?•)«+(«■-»■)» 
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By similarity, for the equations to M'N', M"N", we have 

MN- {^" -0)u+ (a ~a)v = a^' ~ a^, 

M'N" (/3 - /S^ M + (a - a> = a/3 - ajJ. 

Adding together these hiat three equations, we obtain an 
identical equation ; the three lines MN, M'N\ ifiV", therefore 
all meet in one point. 
Durrande : Gergonne, Annates de MatMmatiques, torn. VII. p. 183. 

13. If three straight lines, drawn from the summits of a 
triangle, meet in one point, their respective parallels, drawn from 
the middle points of the opposite sides, also meet in one point. 

The equations to the three former lines may be written in 
the forms 

V-W^fi.~V OJ, 

w- u= V - X 05, 

M- «= X- li. OG; 

and the equations to the three latter, being respectively parallel 
to tlie three former, in the forms 

.-«, = !.. .(4), «, - « - m...(5), «-,.« (6). 

In these six equations m, w, w, are supposed to denote linear 
functions of x and y without constant terms; ^, m, w, \, ^, j', 
being all constants. 

Let i),, w)^, be the values of f, w, at the middle point of BG\ 
w^, M^, those of ID, M, at the middle point of GA ; and m^,^, v,^, 
those of u, V, at the middle point of AB. 

Also let (u, v, w), {u, V, M)"), {«'", v", io'"), be the values 
of (m, ?!, w), at the points A, B, (7, respectively. 
Then it Is plain, from the geometrical conditions, that 
2v^ =v + v"\ 2w, = w" + w" ; 
2w>_ = w" + w', 2u^ = u" + u ; 
2w„, = m' + w", 2«,„ - v + v". 

But, from (4), (5), (6), we have 

2 (i + m + «) = 2 («), - w.) + 2 (w,, ~ tij + 2 (m,„ - vj ; 
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hence 2 {I + r.i + n) - v - w + v" - w" 

+ u' -v -^-u -V 
= v" - u" + w - V + u' - w". 
But, from the equations to OA, OB, OC, 
v — w = ji — V, w — u = V — \ u" — v" = X — /J. : 
hence 2{l + m + n) = iJ.-X + v-iJ, + X-v, 

and therefore I + m -{- n ^ 0. 

This result shews that the lines (4), (5), (6), pass tlirough one 
point ((/). 

CoK. It is easily seen that the equation to the Hue joining 

Of (7, if we put I = fi — v\ m = v —X', n = X' — fi, is 

(V - X) (/. - v) + (/ ~f>){v^X) + {v -v){X- ^) 

= (V -x){v-w) + (j.-- ^) {w-u)^ (v -y){u- v) 

= {V - X) O' - v) + (ji'-/J.) (v - V) + (v ~ v) (V - //). 

Fre^er: Cferffonne, Annaha de MalMmattques, torn. Vii. p. 170. 

14, To prove that the sides A, A', A'\ A'", ... of any 
polygon, and the sides X, X', X", X"', ... of any polygon in- 
scribed withui it, may be represented by the system of equations 
I ^ I I ^- I I -4" I I ^'" I 1 ^1"' I 



X... 

X'.. 

x\. 
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Let the sides A, A', A", of the polygon be represented 

by tJie equations 

J. = 0, ^' = 0, ^" = 0, , 

and the sides X, X', X', by the equations 

X=0, X = 0, Z" = 0, 

Since A, X, X'"', pass through a single point, 
X'"' = -kA + fiX, 
X and fi being constants. In like manner 

X = x^A- + fi.,x; 

X' = \A' 4 fi^X\ 
X" =M'" +/*^"', 



Multiply these w + 1 equations in order by 

1, ^, /i/x,, /t^jA'si /'/^.Mai ^„-iJ 

tlien, representing 

X^"\ IJ.X, fA,/l,X', H-H'if^i *"'n-l-^""'\ 

by F'", F, r-, F"-", 

and XA, M,-4'i M/^,\-^"; j^/^i/^s /^n-i\-^'" 

by w, w', m", ......... w'°', 

we have, putting a for /i/^j^j ;■*„.,) 

F"" =w + y, 

F =-,(' 4- F', 
F' = m" + F-, 
F" -m'" + F"', 
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STU(i(GHT 


Fro 


tn those equations we have 




(1 - a) ¥'•• - » + !.• 




(1 - cc) F . m + «• 




(l-«)r -cc» + »»- 



- h) 7"-' = au H 



Since M, m', w", are constant multiples of ^, A\ A", 

and the riglit-hand members of the last n equations are constant 

multiples of Ff>, T, T, and therefore of X"", X, X', , 

the truth of the proposition is established. 

Ex. Having given the equations to the sides of any quadri- 
lateral, to find the equations to the sides of an inscribed quadri- 
lateral the opposite sides of which intersect in two ^veii points. 

Let the equations to the aides of the original quadrilateral he 
7c = 0, ; = 0, m = 0, « = 0. 

Then, since m, m', m", m'", must be some constant multiples 
of ky I, m, n, respectively, the equations to tlic sides of the 
inscribed quadrilateral will be of the forms 

ah + ffl + ym+ Sm = (1), 

a{k + 0l)+ym + 8m = (3), 

a{k + 0l+jm) -^ &i = (3), 

k + ^l + rym-i- Sn = (4). 

Let the values of k, l^ m, m, be \, ?„ »«„ k^, and \, l^, m^, n^, 
at the two given points. 

Then we shall have, for the determination of the constants 
«) /3, 7, 7, 

ah, + /3/, + rpn^ + Sm, = (5), 

a (i, + /3g + r"\ + H = (6), 

a{k^ + 0l, + jm,) + 8n, = (7), 

k^ + 8\ + 7m, + hi^ = (8). 
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From (6) and (7) we have 

^\ + 7JW, = 0, OL^, + Sw, = ; 
and, from (6) and (8), 

k^ + ^\ = 0, rym, + S», = 0. 
Substituting the valuea of a, ^, 7, S, given by these four equa- 
tions, in (1), (2), (3), (4), we shall obtain, for the required equa- 
tions to the sides of the inscribed quadrilateral, 
Wj/c — 4jM \m — mj _ 

^l^dA + ^ML^U^^o 

hi mn ' 



m^M — n^m kj, — ij>^ _ ^ 
OamMdge and Dublin Ma&emaUcal J&umal^for May 1860. 

15. If the Ibies m = 0, ?' = 0, be parallel, to shew that, 
le being an arbitrary constant, 

„ + Jy = 
is parallel to each of them, 

16. If, through the three angles of a triangle, straight lines 
be drawn at right angles to the base, to prove that, the general 
type of the equation to a straight line being 

(^s -■^i)y-^,- 2/1) ^ = ^^y. - ^i^.> 

the equations to the three sides of the triangle and to the three 
perpendiculars may be represented by the system of equations 



17. A BtrtHght line paaaes through the intersection of two lines 
M = 0, i> = ; 
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and through thiit of two lines 



To prove that it is impossible to express generally the equation 
to this fifth line in terms of u, v, u, v. 

18. If lines be drawn through any two of the points A, B, C, 
&c,, and other lines through any two of the points a, 5, c, &c. ; 
to prove that the intellections of AB with ab, of AG with aoj 
&c. will lie in one striught line, provided that the lines through 
the intersections of any two of the first series of lines and the 
corresponding intersections of the second series all pass through 
the same point. 

19. The four angles of a quadrilateral ABf!D are bisected 
by four straight lines : the bisectors of A, B, meet in a ; of B, C, 
in ^ ; of C, i>, in 7 ; and of D, A, in B. To prove that the 
directions of ^S, ay, pass through the Intersections of the direc- 
tioi« of AD, £0, and of AB, CD, respectively. 

20. In any quadrilateral ABB' A', let the diagonals AB, A'B, 
be drawn, intersecting in B", and the sides AA', BB", produced 




to meet in A" : also let A"B" be drawn, catting AB and A'B' 
in G' and G respectively. To prove that, a being the intersection 
of the diagonals of the quadrilateral AC'GA', and ,8 that of the 
intersection of the diagonals of the quadrilateral BG'GB', the 
three points a, B'\ /?, will lie in one straight line. 
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21. ^18 any point whatever 
in the plane of a triangle BOD : 
from A are drawn to jB, G, i), the 
three straight lines AB^ A G, AD. 
On AB^ A G, AD, are taken any 
pomtB m, n,p, r^pectively ; and 
Bn, Cm, Q(, iM, !>*», Bp, are 
joined : through the points of 
intersection i)', B", C" are drawn 
the transversals Ad, Ah, Ac. 

To prove that '' 

(1). The transversals Dd, Bh, Oc, cut each other in a single 
point A'. 

(2). The four transversals AA', BB\ CG\ DD, pass all 
through a single point. 

This is a particular case of a theorem in Camot's Essai sur 
la ThSorie des Transversales. 

(kmr^yridge and Dublin Mathematical Journal, for Feb. 1850. 



Section VII. 
Rectilinear Areas. 

1. To find the area of the figure inclnded hy the lines defined 
by the equations 

^ — _^ = 0, J -^ 1/ = Oj J- — t/ = a, X + 1/ — b. 

The construction of the four hnes shews that they form a 
rectangle, the first and third heing two parallel sides. Now 
the distance between the first and third, which is the same thing 

as the distance of the origin from the third, is equal to -r- . 

Similarly, the distance between the second and fourth is ei]ual to 
h 
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2. From tlie origin of coordinates, 0, perpendiculars OG, 00', 
are let Ml upon two straight lines 

respectively : the points <7, C, are joined : to iind the area of 
the triangle COG'. 

It is plain that 
sin zCOC- = sin ^C'OA: mlCOA 

-nnLGOAmLd-OA, 
= COS ^' sin ^ - cos ^ ain A', " ^ -^'" 



Also 






OB alB 



GO. OA.- 
and, similarly, GO = 

Hence area COG - i 



AB {/ + 


W 


o'/S- 




(a- + r)i 




ci/Sa/S- (a-/3 


-«/i-) 



V + «(a- + /J 



3. To lind the area CG'C", included between the three linos 
AB, AB', A'B', the equations to which are respectively 
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From the geometry we sec that 

cc'C" = ao"a--ac'oa; 

^ao"a' + a'oa~~a"ca. 

Now a,i-es, AC" A' = ^AA' x ordinate of C" 

1 1 

111 the same way it may he proved that 

,,^ .„ , , „ ,.„ h'b" 

axGH,ACA =%{« - a)' . „, : — ,,„ , 



and areaji"C'-4 = i(«" — aV . ■ „ ■ . • • • ;.. ■ 

Hence area. GG'G" is equal to 

This area may similarly be shewn to be equal also to 



4. To find the area of a triangle, the coordinates of tlio 
angular points of which are given. 

Let ^i^a^j (fig- 1) he the triangle, the 
coordinates of A^, A^, A^^ heing respectively 
(«o 9,). (*B y.). fe ».)• 

Then the area of the triangle is equal to 
AA-'W + A,Aflfi, - A,A,H.^H, 
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whencfi, P denoting the required area, 



Had the figure been siich as fig. (2), we might have shewn in 
a similar way tliat 

2P = x^y^ ~ x.^y^ + x^y^ ~ x^y^ + x^y^ — x^y,^. 
Thus we see that the area of any triangle, the angular coordi- 
nates of which are (ai„ y,), (3;^, y^), {ic„ y^, is equal to 

the + or — sign taken accordingly as the point A,^ and the 
indefinite point x are on the opposite or on the same side of the 
indefinite line through j4„ A^. 

Puissant: Secuetl de diverses propositions de QSomUrie, 
p. 115j trotsi&me edition. 

5. To find the area of a polygon the angular coordinates 
of which are {x^,y,), {x^,y^), h,,y,), {x„,y,)- 



:^: 



l>. 



/I 



Taking a qnadrilateral, we have, for the area of the triangle 
A^A^A^, in fig. (1) and (2), the expression 

^{x^y, - x^y^ + x,y, - x^y, + x,y^ - x^y,), 
and, in fig. (3), the expression 
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AgfwD, the area of tlje triangle A^A^A^ is equal, in fig, (1) 
and (3), to the expression 

J(ar^j, - x,i/^ + x^y^ - x,y^ + x^y^ ~ a:,y,} ; 
and, in fig. (2), to the expression 

Hence the quadrilateral area A^A^A^A^ is eriiial, in fig. (1) 
and (2), to the expression 

^{x^y^ - x^y^ + x^y^ - a;,?/, + x^y^ - x^y^ + x^y^ - x^y,), 
and, in fig, (3), to this esproasion affected by the negative sign. 

Thus we see that the area of a quadrilatoral A^A^A^A^ is 
equal to 

the + or the — sign being taken accoi-dingly as the point A^ 
Euid the indefinite point x are on the opposite or on tlie same 
side of the indefinite line through A^, A^. 

Proceeding in the same way, we shall evidently obtain, for 
the area of the proposed polygon, the expression 

± ^{x^y, - x,y^ + x^y^ - x^y^ + x^y^ - x^y^ + + x^y^ - x^y^). 

De Stainville : Gergonne, Annates de MatMmatiques, torn. I. 

p, 190. 
Puissant : Mecueil de dtverses propositions de CfSomStrief 
p. 116, troisibme Edition. 

6. To find the area of the quadrilateral tlie equations to the 
sides of which, taken in order, are 

2/ = l> (1), 

y-" (2), 

t,,-a)^i = x-a (3), 

V^x- c (4). 

At tlie iiiterseetioiis of (1) and (2), (2) and (3), (3) and (4), 
(4) and (1), respectively, wo shall have 

cV3 



Q-«), Vyl=»''. 



V3 - 
' V3 - 
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But, P denoting the required ai-ea, 

2P = x^y^ - x^y^ + x^y, - x^y^ + x^y^ - x^y^ + x^y^ - x^y, : 
hence, putting for the coordinates in tiiis expression their proper 
values, we have 



-(«- 



cVS 



7. To find the area included between the lines 

--0, s-0, l + f-1- 

Required area = 3. 

8. To find the area of the triangle formed by the three lines 

ic = a, y = msc, y — — *>i-^- 
Required area = ma^. 

9. To find the area included between the four lines 

x-= a, X = a, y = h, ?/ = 5'- 
Required area = {a — a}.(b' — h). 

10. To find the area of the triangle included by the three 
""^^ y — i, y — ax, y = dx. 



Required area — \1^ [ — ■ — ,] 



11. To find the area of the triangle formed by tlie line 

x + y=\, 
?i perpendicular upon it from the oiigin, and the axis of x. 
Required area — ^. 

12. To find the area included between the three lines 

a: = 0, OCX + y = 0^ 2oix + y = 20. 

Required ™a. I . 
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13. To find the area of the triangle included between the 



three ! 



= 5, 2a! + ^ = 7, y - 
Required area — % 



14, To find the area included between the lines of which 
the equations are 



The required ai-ea is equal to 



Wh\ 



■ {0 + haUoS + ho) • 

15. To find the area included between the lines of which 
the equations arc 

a; = 0, i/ = 0, X — a, V — i- 
The area is equal to oS. 

16, To find the area of the quadrilateral included between 
the four lines x = a as — d y = ose, y = ax. 

Required area = \{d^ -■ a'^).(a' -a). 

17. To find the area included between the lines of which 
the equations are 

x = % y^Q, ^ + U = 1, 1+1 = 1. 

The area is equal to 

i(a5 - db'). 

18, To find the area of a parallelogram, the 
the sides of which ai-e 

Ix + my ± S = 0, 
rx + my±^ = 0, 
0) being the angle between the coordinate axes. 
The required area is equal to 

48S' sin ft) 
Im - Pm ' 
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19. To find the area of the quadrilateral included between 
the four lines 

^ = ctE, y^ao}, tf^mx + c^ y = mx + c. 

Required area ^ ± ^ (a - a), j^— -^--.^ - ^_-^^^_-^^^} . 

20. To find the area of the quadrilateral included between 
the four lines 

X + y = 'i^ — 3a: + 2«/ = 5, 12a; + 7^ = - 35, ix — by = 25. 
Hequired area = 30"8. 

21. If ic„ y,; x^, y^; x^, y^; [x^^, yj ; denote the coor- 
dinates of the angular points of a polygon taken in order, the 
axes being inclined to each other at any angle a, to prove that 
the area of the polygon is equal to 

± ^siii a> {x^y, - x,y^ + x^y^- 'C23'a+3;^?/3-^3?4 +■- ■+ ^iV^r^Ji)- 

22. To find the equations to straight lines passing through 
a given point and including a given triangular area between 
given axes of cooi-dinates. 

Let «, J, be the coordinates of the given point, a the angle 
between the axes, and <? the given area. Then the equations 
to the lines, which satisfy the conditions of the problem, will be 
±2<?{x- a) {y-h)+ sina {a{y-l)-h{x- a)Y = 0. 
Pui^ant; MecvsH de dvuerses propositions de OiowMrie, 
p. 139, troisihne Sditton. 

23. To bisect a trapezium A OBC, the angles A, 0, of which 
are right angles, by a straight line at right angles to OA. 

Let OA = a, CA = h, BO = A', and, the lines OA, OB, 
being taken as axes of x, y, respectively, let x be the abscissa 
of the bisecting line. Then 

Puissant: Becueil de diverges propositions de GSomStrie, 
p. 160, troiai^me Mition. 
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24. A^ 5, are two given poinis ; P is a point ao placed that 
the sum of the squares of the distances PA^ PB, bears to the 
area of the triangle APB the ratio of / to ^, and that the angle 
APB has a given value. Supposing the middle point be- 
tween A and S to be the origin of rectangular coordinates, 
OA produced indefinitely being the axis of x, to find the 
coordinates of P. 

Let p^ = a = 05, £ APB = a. Then 

x = ± J-. ?" . [f sin' a- 16/)*, 

/ sm a — Ag cos a 



^ /sin a — 4^ cos a ' 
L' Hospital : TraitS Analytiqne des Sections Conigues^ p. 362. 

25. To find the lengths of the sides AA, A'A'\ A"A, of a 
triangle and its area, the equations to its sides AA', A'A", AA, 
being respectively 

3;cosa"+J/sina"=S", iccosa + 2/sina = S, a;cosa'+J/sina'=S'. 
The required lengths are 

... _ 6" sin {« — a) + B sin [a ~ a") + S' sin fa" — a) 
sin (a — a"),sin (a — a") ' 

. _ a .In (.- - »-) + 8- «. (J - «) + r .i. (. - .■) 
^^ - .in (.•^. )..;„(,•-«) 

y sin (»• - ») + S- an (. - g) + 8 .in (.' - a") 
'*^- .in («--.-)..in (,-.•) 

and twice the area of the triangle is equal to 

{S .in (»■ - .-) + 8' .in (a- - c.) + 8' .in (» - g) f _ 
sin (a — a'). sin (a — a"). sin (ct" — a) 
Lhuilier: EUmsns d' Analyse GSoniStrique et d^ Analyse 
Algihrique^ p. 116. 



y Google 



CIRCLE. 

Section I. 
Referred to two Perpendieidar Diameters. Tangents. 

1. To find the relation among the quantities a, b, c, that 
the line ^ y 

may be a tangent to the circle 

x' + f^ c\ 
If a be the inclination of the radius of any point in tlie 
circumference to the axis of a:, the equation to the corresponding 
tangent is a; cos a + ?/ sin a = c. 

In order that this equation may coincide with that to the 
given straight line, we must have 

cos a _ 1 sina _ 1 

~r~a' ~r~i' 

Squaring and then adding tliese equations, we get, for the 
required relation, 111 

2. Tangents are drawn to a circle 

at two points (a;', y), {x", y") : to find the distance of a point 
(A, h) from a line passing through the centre of the circle and 
the intellection of the two tangents. 
The equations to the two tangents are 
XX + yy = c', 
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Subtracting one of these equations from the other, we get 
for the equation to the hne, which passes through the centre 
and the interaection of the two 1 



X {x - x) +yiti ~ y") = 0. 
Let S denote the distance of (A, k) from this line ; then 
{k{x-^')+lclj/-y)Y 

•- {>,--ir + (y-yr ■ 

3. To find the equations to straight lines touching the circle 

^?-\-f^ 10 
at points the eommon abscissa of which is unity. 
The required equations are 

x±%y = 10. 

4. To find the equation to a circle, the centre of which is at 
the origin of rectangular coordinates, and which is touched by 
the line j = 2a! + 3. 

The required equation is 

5. To find the intercepts on the axes of coordmates of the 
tangent to a circle drawn parallel to a given straight line. 

If c be the radius of the circle, and I, nt, the direction-cosines 

of the given line, the required intercepts are equal to - , — , 

Puissant: Eecueil de diverses proposiHons de CfSomStrte, 
p. 148, trotsihne idition, 

6. If, from a given point £f, a perpendicular 8Y be drawn 
to the tangent PY at any point P of a circle of which the 
centre is (7, and, in the line MP at right angles to CS and 
produced if necessary, a point Q be always taken such that 
MQ= SY ia find the locus of Q. 
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Let be the origin of coordinates, CS, produced indefinitely, 
being the axis of x; then, denoting OS by «, and the radius 
by r, the equation to the locus of Q will be 



Section II. 
Referred to iwo Perpandicular Diameters. Chords. 

1. If a chord he drawn parallel to a diameter of a circle, 
and from any point in the diameter lines be drawn to its 
extremities ; the sum of their squares will he equal to the sum 
of the squares of the segments of the diameter. 

Let the chord QB be drawn parallel to the diameter AB; 
let Q, R, he joined by straight lines to any 
point P in AB. Draw QM, BN, at right 
angles to AB. 

Let QM=y = RN, OP=a, r= the radius of 
the circle, CM=x= ON. Then 

PQ' + PR' = f+{x~ay + f+ix + a 
^2{x^ + f + a") 
= 2 (r^ + «') 

= {'■ - «)= + ('■ + ^y 

= PA' + PB\ 

2. To prove analytically that the angle in a semicircle is 
a right angle. 

Let («, h), be the coordinates of one end of the diameter of 
the semicircle ; (— a, — V) wiU be those of the other end. 
The equations to the two chords will be 
x-a _ y -h 
I m ' 
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At the intersection of theae two lines 

ir mm 

But, c being the radius of the circle, 



and tJierefore ;c" -«" + /- Z-'' = (2). 

From (1) and (2) we see that 

IV + mmi = 0, 
the condition for the perpendicularity of the two chords. 

3. C is a fixed point in the diameter BA^ produced, of a 
circle ; from G any line CLK is 
drawn cutting the circle in two points 
t, K-^ AK, 3L, are joined, inter- 
secting in P; to find the locus of P. 

Let OCx be taken as the axis 
of X, and Oi/, at right angles to it, 
as that of?/. Let a denote the radius of the circle. 

Then the equations to AK, BL, will be, respectively, of the 
forms y = m{x~a), 

y=n{x + a); 
both of these equations being comprehended in the following one, 

(^ - mx + ma) .{y - fix - no) =0, 
or /+ mnx'- {m + n) xy + a{m-n) y ~mna' = (i...{l). 

The equation to the circle is 

^' + y' = a' (2). 

Eliminating y' between (1) and (2), we get, relatively to the 
points of intersection of AK^ BL, with the circle, 

;/ - mnf -~ {m ->r n) xy + a{m - n) y ^ ; 
whence, dividing by y, we have 

(I - nin) y-(m + b) x + (m ~ ■«) « = (3), 
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as the equation to the chord KL. 

Let OG = c; then, since KL, produced, passes through 0, 
we have, from (3), 

(m -,)«=(,» + »)« (4). 

At the point P, in which AK^ BL, intersect, we have 

».(a^<.).n(i + o) (6). 

From (4) and (5) there is 

„{(^ + „)_(^_„)).,{(^ + „) + (^_<.)}, 

whence a; = — , 

which ia the equation to the locus of P, being therefore a straight 
line at right angles to the axis of x, passing through the point 
at which a tangent from touches the circle. 

4. To find tlic length of a chord of the circle 
a-' + f^ 0% 
the equation to the chord being 

2 + 1 = 1. 



The required length = 2 ( 



b~ 



5. If 2a, 2a', be the inclinations of two radii of a circle 

a? + 1^ = (f 
to the axis of x, to find the equation to the chord joining the 
extremities of the radii. 
The required equation is 

X cos {« + «')+{/ sin (a + a') = c cos (a - a). 

6. From any point Q in the circumference of a semicircle 
two chord? are drawn to the extremities A, B, of its diameter. 
From any point 21 in this diameter a perpendicular to it is 
drawn, which cuts AQ uv H^ BQ m K, and the curve in P. To 
prove that j^/f . mK = [MPf. 
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7. If H represent the harmonic mean oetween the e 
and K that between the ordinates, of the points, in which a circle 

^■^ + / = c= 
is cut by a chord Ix + my = 8, 

where I, m, are the direction-cosines ; to prove that 

8, To determine, in the circumference of a given circle, 
a point -P, such that, if it he joined to two given points A, B, 
the lines AP, BP, may intersect the eircuinference in the ex- 
trenaities A\ B\ of a chord A'S" parallel to AB. 

The equation to the circle being 

^ + / = c% 
and (a, (3), (a, ^), being the coordinates of A, B, respectively, 
the required point P will be determined by the intersection of 
the given circle with the straight line defined by the equation 
ax + fy^ ^ a x + ^!/-c' 
a' + 0'- c" a'' + ^'-o' " 
This is a particular instance of the more general problem, 
" To inscribe in a given conic section a triangle the sides of 
which are subjected to pass through three given points." 

Lam^ : Examen des diffirenUs mSllwdes evrtployiea pour 
rhoudre les pr6blhw.s de G^mStrie, p. 74. 



Section III. 

Referred to two Perpendicular Diameters. Points. 

1. Having given two points A and B, to find the position 

of a poult P in the circumference of a given circle, such that, 

if AP, BP., be joined, and P be joined to the centre G of the 

circle, gin CPA m 

mTCPB^Ti' 



yGoosle 
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Let Ox, parallel to AB, be taken as the axis of x, and Ci/, 
at right angles to Cx, as that of y. 

Let (a, 0), (a, 0), be the coordinates of 
A, B, respectively, and x, y, those of the 
required point P. Let c he the radius of the 
circle. 

Then the equation for determining x ov y 
will he an equation of the sixth degree resulting from the 
elimination of j/ or a; between the two equations 

and n.{ay~M{{a.-xy + {0-yyy^ 

= r^.[-a.y + 0x) {(a - xY + (/3 - yy}K 
Descartes; Lettres, Lettre 65, torn. III. p. 357. 
Puisaant : Seoueil de diverses propositions de Gioitiitrie., 
p. 168, troisihne edition. 

2. The distances of a given point C from two points P, §, 
in the circumference of a circle 

are each equal to nr : to find the equations to the two lines 
PC, QC. 

If (a, b) be tlie coordinates of C, the equations to PC, QC, 
are included in the equation 
[a^^h^+{n^-l)^)\{{x-dy+{^-hy} 

= i',^r\{aix^a)+b[y^b)Y. 



Section IV. 
Sefcrred to any Beotangular Axes. 
1. To determine the relation among the constants of the 



Ix + my = S, 

(«-«)' + (•/-*)' = <=■ 

a order that they may touch each other 
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73 



The coordintites of the centre of the circle are a, S, and 
therefore the square of the distance of the centre of the circle 
from the straight line is equal to 

But this distance, the line being a tangent, must he equal to the 
radius: hence 

which is the required relation. 

COE. If Z, m, be the direction-cosines of the straight line, 
f + m= = 1, 
and the relation is reduced to 

± {al + bm — S) = c. 

2. To find the equation to a circle havuig for a diameter the 
line joining the points of intersection of the line y = ax and the 
circle / = 2ar - x'. 

At the intersections of the line and circle 
0.^0? = 'icx — ^^ 
and therefore the coordinates of these two points are 
0\ 



e::) 



= 0, 

2c 

1 + a' 



Let x, y\ be the coordinates of the centre of the new circle, 
and c its radius. Then 
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Hence tiie equation to the new circle is 

or (1 + a^) . {a? + y') = 'ic{x + o.y). 

3. A straight line cuts two given circles in such a e 
that the parte of it intei-cepted by them are of given lengths : 
to find the point in which this line cuts the line joining the 
i of the two circles. 



Let the line joining the centres of the circles be taken aa the 
axis of X, and one of their centi-es as the origin of coordinates. 
Their epilations will then be of the forms 

«^'^+y = «° (1), 

{x + af + f^c^ (2). 

The chords intercepted by the two given circles being equal 
and known, the perpendiculars from the centres of the two 
circles upon the intersecting line must also be given : let them 
be represented respectively by p, p. Let the equation to the 
^ line be 

(3)- 



l+l-l 

the distance of the centre of (1) from (3), 

/^^^ 

and, ^' denoting the distance of {— ct, 0), the centre of (2), from (3), 



- = - + 1, 
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■which determines the distance of the required point from the 
origin. 

Lacroix": Application de VAlg^re h la GSometris, No. 109. 

Puiasant : Becueil de diverses propositions de Q^omitne, 
p. 152, troisihne Edition. 

4. Diameters of two circles, the centres of whicli ai-e A, B, 
malte up a diameter of a greater circle, 
the centre of which is C. 

To compare the lengths of the two chords ^ 
EF, EF^ of the greater circle, which touch 
both the smaller ones. 

Let ffl, 5, be the radii of the two smaller 
circles, a + 6 being therefore the radius of 
the larger. Let EF = c, EF' = c. 

Let the equation to EF be 




Then, jp denoting the distance of from EF, 



. [a + I'f ■ 



Again, the distances of the centres of the circles A^ B, from 
EF, being a, b, respectively, we have 



From these two equations we may, by a few obvious algebraical 
processes, ascertain that 



Hence, substituting these values of m" and n^ in (1), and reducing, 
we shall get 
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Again, c denoting the chord E'F", we have 

ic" = 2a.2S, 
or c' = l%ab. 

Hence tlie ratio between the lengths of the chords EF, E'F", 
is equal to („^ + ab + ¥]^ 

5. If three fixed circles be eut by any other, to prove that 
the throe chords will form a triangle, the loci of the angular 
points of which are three fixed straight lines meeting in a 
point. 

Let the coordinates of the centres of the three fixed circles 
be {a, b], [a, b'), (a", b"), and their respective radii c, c', c". Let 
iP) 2) ^^ t^^ centre of the variable cu'cle, and r its radius. 

The equations to the first of the fixed circles will be 
(^ - a)> + (2, - S)> = 0-, 
and to the variable circle 

Subtracting the latter equation from the former, we have 
2a: {p- a) + 2i/ [q - b) + / - c" =y - «' + 5= - &^ 
which is the equation to the chord of intersection. 

The equation to the chord of the second of the fixed circles 
will be, similarly, 

2ce (j> - a) + 2i/{g^-h') + t^ -e^ =p' -a" + ^ - ¥'. 
At the intersection of these two chords, there is, one equation 
being subtracted from the other, 

2ie [a - «') + 2y{b- b') + r} - c' =^ a" - a" + b^ ~ b'% 
which is the equation to the rectilinear locus of one of the 
angular points of the triangle of chords, 

The equations to the other two loci are, by simUar reasoning, 
2x {a - a) + % {h' - b") + c^ - c^ = «'° - a"' + b"^ - b"', 
2x [a -a) +21/ {¥ - b) + c' - c' = a"' - a' + V"' - bK 
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If we add together the equations to tliese three loci, we shall 
evidently obtain an identical equation. They must tiierefore 
pass through a single point. 

6. To find the equation to a circle the diameter of which 
is the common chord of the two circles 



The required equation is 

7. To find the equation to the straight line which passes 
through the centres of the two circles 

x^ + 2x + y' = 0, if + 2y + x' = 0. 
The required equation is 

a; + ^ + 1 = 0. 

8. To find the equations to the cii-cles which touch the three 
lines x = o., y = '2b, y = 25'. 

The required equations are 

(y.^a±b- + by-\-{y-l- hj = ih- - b)\ 

9. To find the equation to a circle which passes through 
three points the coordinates of which are (1, 2), (1, 3), (3, 5). 

The required equation is 

a? - 9x + f - Hy + li =^ 0. 

10. To find the equation to a circle, which passes through 
the three points (0, 0), (- 8a, 0), (0, 6«). 

The equation to the circle will be 

{x + iaf + iy - 3a)° = 26a'. 

11. To find tlie centre and radius of the circle 

x^ + f - &x + iy + i = (). 
The coordinates of its centre are (3, ~ 2), and its radius is 3. 
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12. To find the equation to the common chortl of the two 
circles (3, __ ^y + (^ _ 2)' ^ 6, 

(x - 2r + {y - 3)^ = 8. 
The required equation ia 



13. To find the equation to a circle having for diameter the 
distance of a given point from the origin of coordinates. 

If a, ;Sj be the coordinates of the given point, the required 
equation will be x' + y' ~ ax + ^y. 

14. To find the length of the common eliord of the two 

(^ _ ^f + (^ _ ^f = ,=, (^ _ fff + (^ - ay = 7^ 

The required length = {47" - 2 {a - (if)''. 

15. To prove that all circles represented by the equation 

{x - .)■ + (y - «• - ,• + t {(a, - ■■,)• + (y - fif - -,:} = 0, 
where a, /3, 7, «,, /3,, 7_, are constant, and le any quantity what- 
ever, pass through two fixed points; and to find the equation 
to the straight line which passes through the two points. 
The required equation to the straight line will be 
2 (a - a } iC + 2 (/9 - ySj 2/ + a/ + ^; - a'^ _ ^ = yj - y\ 

16. To find the equation to a straight line passing through 
the origin of coordinates and touching the circle of which the 
equation is a^ + f - Sx + iy = 0. 

The required equation is 

3x = %. 

17. To find the equations to the lines which touch both the 
circles x' + f = c% {x - af + y^ ^ 0". 

The required equations to the four common tangents are 

(B±0>±{.'-(c±or}V-«- 

Puissant: Becmeil de diverses j 
p. 150, troisikne Edition. 
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18. The abscissffi of the centres of two circles are a,, Oj, and 
the lengths of tangents drawn to them from the origin are Z„ l^ ; 
to find the position of a point in the axis of x such that tangents 
drawn from it to the two circles shall be equal to each other. 

The distance of the required point from the origin is equal to 

2 («, - «J ■ 



19. To find the equation to a circle which touches the three 
lines 

a; = 0, «/ = 0, 



M = 



in the positive quadrant. 

The required equation, if we put a^ + 6^ = o^, is 

20. To find the equation to a circle which touches the two 
lines X y ^ X y 

and of wliich the centre lies in the line 

The required equation is 

21. A fixed circle is cut by a series of circles, all of which 
pass through two given points; to shew that the straight lines 
which join the points of intersection of the fixed circle with each 
of the series, all converge to one point, and to determine the 
position of this point. 

If the equation to the fixed circle be 
x' + f^ r\ 
and (a, b), (a, j3), be tlie two given points, the coordinates of the 
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required point will be 



„■ + ^ - „■ _ s> 

(g^{)r--ff(<,- + y) + i(a- + ff) 



Leybouni: MathsmaUcfdR^^ository, New Series, vol.1, partll. p.39. 

22. If P be the point of intersection (not the origin) of the 
circles ., ^ 2x , , 2i/ 

a^+S=— , "+3= J, 

and P the point of intersection (not the origin) of the circles 



to prove that 



(«■ + 4")l.(«" + i-')l 



l(»-«T + (*~«Tf 



23. Two paraDel tangents are drawn to a given cirele A, 
and two circles B, 0, toucli each other and A 
externally, touching also the two tangents 
respectively ; to find the locus of the point 
of contact of B and G. 

Let a denote the radius of A.. Then, the 
centre of A being taken as the origin of coor- 
dinates, and the diameter of A^ which is per- 
pendicular to the two parsitlel tangents, as the 
axis of X, the equation to the required locus 
will be 




Section V. 

Referred to two Tangents as Axes of Goovdinates. 

1 . To find the equation to a circle referred to two tangents 
as axes of coordinates. 
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Let (o denote the inclination of the axes, c the radiua of the 
circle, and «, a, the equal coordinates of its centre. 
Then the equation to the circle will be 

(^ - of + (1/ - «)" + 2 {x - a).[y - «).cos « = c^: 
but from the geometry it is plain tliat c is equal to (tsintj; 
hence the equation becomes 

a;°+23^eos(B + y — 2« (H-cosco).(ai+j) + 2a''(l + cosm)=«'^sin"(u, 
or (x + yf - 2ffl (1+ cos to) {x + y)-V a" (1 + coa wf 
= 2ic^{l — coam), 

or X ^ y ±'1 sin - . [xy)^' = 'Iti, cos' — . 

2. To find the equation to a circle, of which the radius is c, 
and which is referred to two rectangijar tangents as axes. 

The required equation is 

^y + f- 2o {x^y)+^ = 0. 

3. To find the equations to two circles which touch the 
rectangular axes of x and y, and pass through a given point 
[a, h) ; to find also the equation to their common chord. 

The equations to the two circles are 

a? + / - 2 [« + & ± (2ah)''].{x + )/) + (a + ?> ± (2aS)Y = 0, 
and the equation to the common chord is 
a; + )/ = rt + 5. 

4. Supposing the inclination betiveen the coordinate axes 
to be - , to prove that 

x + y - a= ixy) 
is the equation to a circle the radius of which is equal to -y^ . 
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5. To find the equation to a circle touching a given circle 
and the two sides of a given angle. 

The two aides of the given angle la being taken as axes 
of coordinates, let c be the radius and h, &, the coordinates of 
the centre of the given circle. Then the equation to the 
required circle will be 

{;<-. + y -/"«•''%) =4»n'|-»</, 
a being determined by the equation 

{h ~- of + (yfc - a)'' + 2 (A - a) {& - ffl) cos 01 = (c ± « sin of. 
There being four values of a, it is plain that tJiere will be 
four circles satisfying the conditions of the problem. 

Puissant : Reemil de diverses jtroposttions de GfSomStrie, 
p. 159, troisihne Iditwn. 



Section VL 
B.&fefrre.d to any Ohlt^ue Axes. 
1, To determine the radius of the circle represented by the 
equation ^^ ^ ^^ + ^xy (xaw = ax -V hy. 

The general equation to the circle referred to oblique axes 
including an angle w is 

{x - hf + {y- Icf + 2{x-h){y-k) cos w = c^ 

where c is the radius. 

Equating the coefficients of x, y, and the constant terms in 
these two equations, we have 

2(^4-^coso,) =a (1), 

2(i + ^cosm) = J (2), 

c' = ^' + F + 2Jih(iQSo> (3). 

Multiplying (1) by h, (2) by k, and adding the resulting 
equations, we sec that 

2 [h^ + yt" + ^hk cos m) = ah + hlc, 
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and therefore, by (3), 

2c^ = ah + hh (4). 

From (1) and (2) we readily find that 



2 sill ( 
and therefore, by (4), 



which determines the magnitude of the radius. 

2. To determine the indination of the coordinate axes in 
order that the equation 

may represent a circle ; and to find the magnitude of its radius. 
The inclination of the axes = Jtt, fmd the radius = a. 

3. The axes Ox^ Oy, cut a circle in points A, A\ B, B', 
respectively ; to compare the values of x, y, at the intersection 
of the chords AB', A!B. 

Let OA = «, OA' = «', OB = ^, OB' = 0' ; then 



.!/ 



Section VII, 

Folar Coordinates. 

1. From a point (9, without a circle, two tangents OF, 
00, are drawn to the curve; the chord FG is joined. 
From any straight line OPQR is drawn, cutlmg the circle 
in the points P, E, and the chord in Q. To prove that the 
line OR is harmonically divided in the points P and Q. 

g2 



yGoosle 




84- CIECLE. 

Join OC, being the centre of the circle, cutting FG ii 

Let a = the radiua of the circle, OG = c. 

Let LJtOM=0, ana let OP or 
OR be denoted by r. 

Then, by the polar equation to the 
circle, being the pole and G the 
direction of the prime radius vector, 
there 13 

[r cos — cf ~V v'^ sin^ 9 — a', 

or r^ - 2c COS d.r + c" - n' = 0, 

or, since (? — d =/', /denoting OF, 

J-"- 2cco3^.r+/* = 0. 
Hence it appears, by the theory of equations, that 
OF.OE^f, 
and OP+OB^ 2o cos 0, 



whence 



2c c 



OP^ OB 



f 



But, joining GF, wc see by the similar triangles OMF, OFC, 

that fi 

OOcn^ff = 0M=-'—. 



OP'^ OB 
De La Hire 



'' OQ- 



Conicce, lib. i. prop, 21, 



2. If on any three chords, drawn through the same point 
in the circumference of a cii-de, as diameters, three circles be 
described; the points of intersection of these circles lie in a 
single straight line. 

Let the point of the original circle through which the three 
diords are drawn be taken as the pole and the diameter through 
it as the prime radius vector. 

Let c represent the diameter of the original circle, and c' of 
one of the three new ones. Let a represent the angle between 
c and c'. 
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Then the polar equation to the circle, of which c' is the 
diiuneter, will be 

but it is plain that c = c cos a ; 

hence r = c coa a cos (6 — a) 

= ^clcos^ + cob(^- 2c()S (1). 

Similarly, the equations to the other two new circles wLU be 
r — ccosa' co9(^ — a') = Jc{cos^ + cos [Q ~ 2a'))... (2), 
r = ccosa" coa (5 - a") = ^o{cf>ad + cos (^ - 2a")]. ..(3). 
At the intersection of (l) and (2), 

^ = a + a', r = c cos a cos a ; 
this intersection therefore lies in a straight line represented by 
the equation 

r cos (a + a' + a" - ^) = o ooe a cos a' cos a. 
By Hymmctry it is plain that this line will contain also the 
intersection of (2), (3), and that of (3), (1). 

Grcathead : Cambridge Mathematical Journal, vol. I. p. 168. 

3, To determine the magnitude and position of the circle 
of which the equation is 

r''-2(cose + V3sinfl)»' = 6. 
The coordinates of the centre are 8 = ^ir, *■ = 2, and the 
radius is equal to 3, 

4, To prove analytically tJiat if, from a point without 
a circle, two straight lines OPQ, OA, he drawn, one of which 
cute the circle in P, Q, and the other touches it in A, the square 
of the line OA which touches the circle is equal to the rect- 
angle contained by the straight line OPQ which cuts the circle 
and the part of it OP without the circle, 

5, Through a given point to draw two straight lines at right 
angles to each other, such that the parts of them intercepted 
by a given circle may bear towards each other a given ratio. 
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Let c, c', be the lengths of the two intercepted chorda, 
and tf> the inchnation of the former to the diameter pasaing 
through the given point; let r denote the radius of the circle, 
and a the distance of the given point from its centre. Let 
c = jj.a', ;Ur being a constant. Then 





''V1 + 


^■J' - 


V 1 + /*' 


J' 






Bin<^ = 


(r'(l-^-)+;.W)l 






Puissant : 


Iteoueil 


de diverses 


propositions 


de 


Glmrdtri,, 


p. 145 


, t^oisihne edition. 









6. To find the position of the centre of a circle which passes 
through a given point, touches one given straight line, and 
intercepts from another given straight line a chord of given 
length. 

Let the summit of the angle included between the straight 
linea be taken as the pole, the straight line which touches the 
circle being the prime radius vector. 

Let/= the length of the given chord; let [y3, p) be the coor- 
dinates of tho given point, a the radius vector of the point of 
contact, c the perpendicular distance of the centre from the 
prime radius vector, a the angle between the two straight lines. 
Then a and c are to be determined from the two equations 
2cp sin ;S = p" + ffl' - 2ap cos /3, 
p^ (4«^ +/^) sin''^ — [2a/) sin (/3 - a) + {p^ + a^) sin a]'', 
the latter being a biquadratic in «. 
Bossut: GiomiPrie, p. 345. 

Puissant: Recueil de diverses proposiHons de G&>m4trie, 
p. 173, troisihme Mitum. 
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Section "VIH. 
Polar Equations to Tangents and Chords. 

1. If a constant moveable angle has its summit fixed at 
a point in tlie circumference of a circle, tiie chord, which it 
subtends in the circle, is always a tangent to another circle, 
concentric with the original one. 

If J- = c be the equation ia the circle ; X, /i, the angular co- 
ordinates of the chord in any position, and e the constant angle ; 
then, the perpendicular distance of the origin from the chord 

being ccos — 5-^, and — - — being the inclination of this 

distance to the prime radius vector, the equation to the chord 

■will be X- u /. \ + 1/.\ 
ccos—^ = rcos{^0 ^—j. 

But from the geometry it is easily seen that 

X - /t = 2 (tt - s). 
Hence the equation to the chord becomes 

. 00. (.-.)., CO. («-i4-''), 

which is the equation to a series of straight lines, varying in 
position with the value of — - — , the perpendicular distances 

of all of them from the origin being c cos (tt — e). The chord 
therefore always touches a concentric circle, the radius of which 
is c cos (tt — s}. 
BobiUier: Gergonti^jAnnales deMathSmattques, torn. XYIU.yi. 190. 

2, To find the eqtiation to the chord of a given circle, 
supposing it to subtend a right angle at the centre, and having 
given the position of one of its extremities. 
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Let a be the angular coordinate of the given exti'emity, and 
c be the radius of the circle. Then liie equation required is 



Section IX. 
Poles and Polars. 

1. If any m\mber of circles touch each other in one point, 
all their polars, wliich correspond to a common pole, will pass 
through a single point. 

Let the point of contact of the cu'cles be taken as the origin 
of coordinates, tlie common diameter tlirough the ongin as the 
axis of 3!, and the tangent as the axis of ^. 

Tho equations to any two of the circles will be 
x' -'r jf = "ir'x^ 

Let {a!,, y)j be the common pole. Then the equations to the 
polars of these two circles will be 

{a;, -t)x-\- y,y = r'x,, 
and (a^, - r") x-\-y,y = tx^. 

At the intei-section of these two polars, 

(/_, ■)»,.-(,--/)«„ 

Since the values of x and y are independent of the radii 
of the circles, the truth of the proposition is obvious. 

2. To find the locus of the pole, when the polar of a given 
circle alwa.ys passes through a given point. 
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Let tlie equation to the circle be 

^ + ^* = r', 

the axis of x being so chosen as to pass through the given 
point. 

Then (a;_, ^J, being the pole, the equation to the polar 

will be XX + y y ^ r". 

Bnt a; = «, y — 0, simultaneously, a being sonic constant 
quantity. Hence 



the equation to the locus of the pole, which is therefore a line 
perpendicular to the line which passes through the centre of 
the circle and the given point. 

3. A fixed cirtio is cut by a series of circles touching each 
other at one point , to find the locus of the pole of the fixed 
circle, the polar of which passes through the two points in which 
the fixed circle is cut by any one of the series of circles. 

The equation to the hsed ciicle being 

{X - «)■ + (y - ffl- = 7', 
and that to any one of the series of circles 

a? -\- y^ = 2ya;, 
the equation to the required locus will be 

(rf - «= + yS^) (1/ - /3) + 2^/3 + 2«/3 {x-a)^ 0. 

4. The equation to the polar of a circle, denoted by the 
equation a? -\- y" — c' 



to find the coordinates of the corresponding pole P, and, AB 
being the portion of the polar intercepted by the circle, to find 
the inclinations of AF, BP, to the axis of x. 
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The coordinates of P are — , 4- , and, t denoting the tangent 
of the inclination of AB or BP to the axis of x. 



Section X. 
Radical Axes^ Cent/res of Simdlitude, &c. 
1. If three circlea, described in one plane, intei-sect, two and 
two, their three chords of intersection pass through a single 
point. 

Let the equations to the three cii-cles be 

(»!-<>)■+(»-*)■ = »' (1), 

(^ _„■)> + (5, _S'). = ,- (2), 

{x-ay + ls-hj.o- (3). 

Subtracting (2) from (1), we have, for the equation to the chord 
1 of the first two circles, 



2{(^ -a) X + ^{1' -b) y + a' - d^ + &^ - V = c" - c'"...(4). 
Similarly, for the intersections of (2), (3), and of (3), (1), we have 

2(a"-«')a; + 2(J''-6')^ + a'^-«"'+^'^-r=c'^-c'^..(5), 
and 

2{a - «") a5 + 2 (J - J") 3^ + cT - «" + J"' - &" = c"" - <? ...(6). 
The three lines, denot«d by (4), (5), (6), as tlicir equations indi- 
cate, pass through a single point. 

The lines (4), (5), (6), have been called by UauUier the 
radical anxs of the pairs of circles (1, 2), [2, 3), (3, 1), respec- 
tively, and the point of intersection of (4), (5), (6), has been 
called by him the radical centre of the three circles. The terms 
radical axes are applied to the lines denoted by (4), (5), (6), and 
radical centre to their point of intersection, even when the cii-des 
do not cut each other. 

Gaultier-de-Tours: Jowmalde VEoole Polytechnique, Call, xvi, 

Camot : GSometrie de Position, p. 347, 

Burrande: Gevgoime, Annales de MafhSjnatiques, torn, xi. p. 13. 
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2. The tangents drawn to two ciroles, from any point what- 
ever in their radical axis, and terminated at their points of 
contact, are equal to each other. 

Let the equations to the two circles be 

(^ - af + (y - b'T = c'% 
Ix - aj + {y- ¥f = c-'. 
The equation t« the radical axie will be 

2 [a -a')x + 2 [V -h')y + a" - a" + b" - b'" = d" - c\ 
Suppose the origin to be so chosen as to lie in the radical axis ; 
then ^•■' „ ^'^ + f,-^ „ j"^ ^ (,'' - c"^ 

or a"^ + h"' - d' = a' + V - c", 

an algebraic expression of the truth of the proposition. 
Dnrrande: Gergonne, AnTialea de MatMmatigues, tom.Vlll. p. 322. 
Plucker ; Gergonne^ Annates de Maih^atiques^ torn. XVIII. p. 33. 



3. To find the equations to the internal and external polart 
my two circles. 



The term centrre of sirnilitvde was introduced by Monge, 
The external centre of rnntlitude of two circles is the point of 
intersection of the two common external tangents, and the 
internal centre is the point of intersection of the two common 
internal tMigents. Any straight line containing three of the 
centres of similitude of ft system of three circles is called an 
axis of simiUtude ; an external axis, when it contains the three 
extermzl centres of similiiude, and an infernal axis, when it con- 
tains one external and two internal centres of similitude. 

The internal polar of similitude is the polar of the internal 
centre of skmlitvde, and the external polar of similitude is the 
polar of the external centre of similitude. 

Let the equations to the two circles be 

(«-.)■ + (,-*)■-«■ (1), 
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The equation to a tangent to (1), at a point (a;, y), is 

{X^a).{a,-a] + {Y-l).{!l-h) = c' (3); 

and that to (2), at a point [x', y'), is 

(x-^).(^-d) + (Y- v).y - *■) = c" (4). 

If the lines (3) and (4) are coincident, then, the coefficients of 
X, Y, having the same ratios in both equations, we must have 

\{x' -d) =x-a (5), 

and 7l(^' — b') = ?/ — h (6): 

hence, from (3) and (4), 

(a' -.).(>,-«) + (S- - i) . (j - S) . .' - Xc- ... (7). 
But, from (1), (5), (S), 

(a,'-«r + (y-4T-|J, 

and therefore, {:k\ y') being a point in (2), 

c-4, orX.i|,. 

Tlie equation (7) is thei-eforo reduced to the form 

(»'-«) (a,-») + (i'-6)(j-i)-.(c + .'), 
and is equivalent to the two 

(„■ - „) (« - .) + (y - s) (y - J) = „ (o - „■) ... (8), 

and [a' - a) {x - a) + (I' - S) (, - 4) = . (c + o') ... (9). 

Either of these equations, combined with (1), will give two pairs 
of values for the coordinates of contact : they will accordingly 
represent two chords of contact, perpendicular to the line joining 
the centres of the circles, viz, the two polars of similitude re- 
latively to. the circle (1). 

Salmon; Treatise on Come Sectwris^ p. 100. 

4. To find the coordinates of the centres of similitude of two 
circles. 

The centres of similitude evidently lie in the line joining the 
centres of the two circles, the equation to which, if we adopt the 
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circumstances and notiition of the preceding problem, will be. 
Y-h _ X-a 
h' -h~ d -a' 
that to a common tangent to the circles at a point {x^ j), being 

(j:-<,)(»,-a) + (F-S)(y-S).c-. 
From these two equations we have 

(Z - «) IK -a)(x-„) + (y - i) (J, - J)l = «■ («■ ^ a), 
and therefore, if we suppose x, ^, to be a point in the former 
of the polars of similitude, 

From these values of X, F, we see that X — a, Y —h, have 
the same signs as X — «', Y — V, and that accordingly the 
point X, y, lies in the prolongation of the line joining the 
centres of the circles Hence these values of X, Y, belong 
to the external centre of mmthtude, and the equation (8) to the 
extemalpolar ofsumlitude 

If we suppose the point •»■, '/, to be in the latter of the polars 
of similitude^ we shxll get for the coordinates of the internal 
centre of simdlitu.de 

^a^c_-|-_c^ ^^ ^I'c + c'5 
<; + c' ' c + c' ' 

the equation (9) belonging accordingly to the internal polar 
of similitwie. 

Sahnon: TreaPise on Conic Sections, p. 101. 

For further information respecting centres atiAjiolars ofsimi- 
litude, the student is referred to memoirs by Dnrrande ; Ger- 
gonne, Annales de MaASmatiques, torn. II, p. 1 ; torn, xvil. p. 285 5 
and Plncker, ib. torn. XViir. p. 29. 

5. To find the locus of the radical centre of three circles, the 
radii of which are r + p, r' + p, r" + p, where p is a variable 
quantity, the centres of the three circles being fixed. 
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Let (o, S), [a', h'\ {a, b"), be the central coordinatea of the 
three circles: then the required 1och8 will be a straight line 
defined by the equation 

+ [r [h- - 6") + r' (¥ -h]+ r [b - h')] y = 0, 

the position of the radical centre of the three drcles, when p — % 
being taken as origin of coordinates. 

Plucker: Gergonne, Annales dfe Math&matigues, torn. XVIII. p. 35. 

6. To prove that the locus of the radical centre of the three 

[x - a)' + {y - hf = (r + pf, 

(^ - ay + (y - by = (/ + p)% 

{cc-ay+{?,-by={r+p)% 

where p is a variable quantity, is at right angles to their external 
axis of similitude. 

Plueker : O-erffonne, Annales de Matkemattqites, torn. XTIII. p. 36. 

7. The four tangents, whidi are common to two circles 
which do not intersect, and are terminated at their points of 
respective contact, have their middle points on the radical axis 
of the two circles, 

Gergonne : Anruihs de Mathimatigues^ torn. VIII. p. 323. 

8. Let two circles be touched respectively by a single straight 
line AA' in A and A\ and by a single circle B'B Cm B and B' i 
if the straight Hne and the circle touch in the same manner the 
two circles, the point G of the concourse of AB and A'B', will 
lie on the circumference of the circle BB'G and on tlie radical 
axis of the two other circles. 

Durrande : Gergonne, Annales de MatMmattques, torn. VIII. p. 324. 

9. The external centres of similitude of three circles, taken 
successively two and two, all lie in one straight line ; and each 
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of them is situated in a right line with two of the internal 
centres of similitude. 

Fuss : Nova Acta Academic PePropolitanw^ torn, XIV, p. 140. 

Dmrande: Oerg(mne^AnnolesdeMathimatigms,ioTa.'Si.''^.&. 

Puissant : Mecueil de diverses pro^sithns de GSomStrie, 
p. 165, troisihne Mition. 
Fuss says, in relation to the f<)rmer portion of this problem : 
" H y a d^JEl plusieurs aiin^es qu' un jenne Fran<fois, employ^ 
alors au Corps Imperial des Cadets de Ten-e, me parla d' un 
Th^or^me de G^om^trie qui, dans le terns qu' il ^toit encore 
k Paris k V Ecole Eoyale militaire, avolt eu quelque cel^brit^ 
ct qu' on avoit pr^tendn tenir de feu Mr, d'AJemhert. Je lui 
en donnai une demonstration, dont j' ju retrouv^ depuk peu le 
brouiUon en fouillant mes papiers. En relisant cette demon- 
stration j' ai vu que !a belle propriety qui en fait le sujet, peut 
conduire k d' antres non moins remarquables. En rassemfelant 
mes idees sur cctte matifcre il en est r^sult^ le petit M^moire 
que j'ai i' honneur de presenter ici h V Acadi5mie pour la col- 
lection des M^moirea traduits en Ruase, qu' eUe ae propose de 
publicr, ou bien pom* les Actes m^mes, si elle le juge digne 
de cet bonneur. II y fera sans doulc plaisir k plus d' un 
amateiu- de la G^ora^trie, et peut-Stre mfeme k quelque G^om^tre 
de profession." 

10. The three circles 

(r. -«)' + {» - if - r-, (a, - „')■ + (j, - S')" - r", 

(,_. 7 + (y _}■)■ = /., 

are touched by a fourth circle : to prove that the point, in which 
the third circle is touched, lies in the line of which the equation is 

{ a -•>■}■{ "-<•■) + { h-F).{<,-V) + ['-r)r 
(<,_„-)■ + (J -S-f _(,-/)■ 

[d~u).[^- a) + (y - f) . fa - y) + (/ - r-) r- 
{<,■-<,■)• + ('■-*■)'-(•■'-'■■)" 
For full information on the subject of the contact of a fourth 
circle with any three proposed circlea, the reader is referred 
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to Euler/ Fuss,'' 8chi\bcrt,^ Gorg-oiine,* Puissant,^ Moiitucla,' 
Heam,' Salmon.* 



Section XI. 

Inscribed and Gircwmscribed Polygons. 

1. ABOP &-aA A'B'C'P' are two concentric circles, ABC 

and A'B'C any two equilateral triangles inscribed in them. 

If P, P', be any two points in the circumferences of these 

circles, to shew that 

{A'Pf + (B'Pf + {C'Py = [APy + [BPf + [CPJ. 
Let tlie equations to the two circles be 

ar* + ^ = /, 3? + y^ = r^. 
Let [x, y) be the coordinates of P, and {x^',y,'), [^^^yi), (^s'l^,'}; 
those of A', B', C, respectively. Then 
[A'Pf + [B'Pf + {C-Pf 

= x;" + y;= + <= + y^'' + x;' + ^;= + 3[x' + f) 

- 2a: (a;,' + x^ + <) - 2y {^' + y^ + j/;) 
= 3 (j-™ + »^) - 2a; {a;/ + a^^' + x^) — 2y (y,' + y^ + y^). 
But, rV3 being the side of the triangle in the circle A'B'C'P", 
3/" = [x; - xjf + [y; - y^f.= .2r'' - 2 (a:>; + yX), 
2 (a:>; + y,>;) = - r" = - (ar/' + y/'). 
Similarly 2 (a^'aij + ^j'^j') = — [x^' + y^"), 
and 2 (a^/tc/ + j^;^^,') = - [x^^ + y'% 

' Nova Acta Aeademi'f Petropolilanff', torn, vi, p, 96. 

' Ibid. torn. Yi. p. 102, 

s JSid. torn. X. p. 77. 

• ^»nH?es rfe JUiriSftnaiijKBs, torn. vii. p. SST. 

6 Becueil de diverse! propositions de Georaetrie, p. 179, 

« H!»(o*ie des Mathimatiqufs, torn. i. p. 268. 

' Sesearches oa Cterves of the Second Order, p. 22. 

9 Treatise on Conic Sections, p. lOi, &c. 
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Adding together these three equations, we have 

[x; + x; + x;y 4 {y; + y; + y;T - 0, 

and tlierefore 

Hence (^'P)^ + (-B'P)' + {C'Ff = 3 (r^ + r\ 

Also, by syramutry, 

[A'FJ + (-BP')^ + (GP'}^ = 3 (.-^ + r\ 

2. Any quadrilateral heing described about a circle, to prove 
that the line, which joins the middle points of the diagonals, 
passes through the centre of the circle. 

Let the equation to the circle be 

'^ -vf^ e : 

tJiis equation is equivalent to tlie two following, 

a^ + j/V(- 1) = ca, ce-!/V(-l) = -, 

where a is arbitraiy : whence wc have 

The equation 

K-3-v(^(-i)=- (.) 

represents therefore a tangent to the circle, which we will 
suppose to coincide with a side of the quadrilateral. The 
equation 

K--^^)-v(^("'4)-« (^> 

may be taken to represent the next side. 

At the intersection a;^,^, ?/j,j, of these two lines, as may be 
easily shewn, 

_- ^ + ""' ^ //_ 1 \ 1 ~ ««' 

''» « J- fl' ' "l'" ^^ ' tl A- tt ' 
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Similarly, at the uiteraection of tie other two aides, 

1 + a'V" ,, ,v 1 - a"a"' 

^s'l = ^ -^ " ip -^ ^ 7 2/8.4 = ^ v'C" 1) ,^-' ^ ^^" ■ 

If X, Y, denote the coordinates of the middle point of the 
diagonal through these two intersections, wo have 

~ *" V a + a' a" + a!" ) ' 

whence, performing obvious simplifications, 

F__ , g(l - g'a") + a'(l-tt"a"') + «"(!- a"'a) + a"'(l-ac[') 

X"*^^ ^■ffl(l + a'a") + «'{l+a"a"') + a"(H-a'"a)+ «"'(!+ ««')' 
This result, being symmetrical in regard to a, a', a", a'", ahewB 
that in the case of the other diagonal, we shall have the same 
ratio for the coordinates X\ Y\ of its middle point. Hence 
T_Y 
X'~ X' 
which shews that the two middle points ai-e in a line through the 
centre of the circle. 

Durrande : O&rgmine, Annates de MatJiSmatiques, torn. XIV. p. 309, 

3. To prove that the equation to a circle, circumscribed 
about a triangle, the equations to the sidea of which are 

u — X cos a + y sin a —p, 

V = a; cos yS + ^ sin ;S - 2, 

W = cc cos 7 + 3 sin 7 — i-, 
is uw sin J. + WM sin 5 + w sin = 0, 

A, B, 0, being the angles between the sides (v, w), (w,w), [w, v), 



Salmon ; Treatise on Oonic Sections, p. i 

4. If two triangles are the one inscribed in a circle a 
the other circumscribed about it; so that the summits of t 
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inacribed are the points of contact of the circumscribed triangle ; 
to prove that, (1), the points of concourse of the directiona of the 
opposite sides of the two trianglea lie in a single straight line, 
(2), that the lines joining their opposite summits meet all three 
in a single point, and, (3), that this point is the pole of the 
aforesaid straight line. 

Durrande : Gergonne^ Annahs de MatMtnaiiijues^ torn. xiv. p. 45. 

Salmon: Treatise on Conic Sections, p. 94. 

5. The feet of the perpendiculars let fall, upon the directions 
of the sides of any triangle, from any point in the circumference 
of the circumscrihed circle, all lie in one straight line. 

Servois, Gergomie ; Gergonne, Annahs tfe Matkhnatiquea^ 

torn. IV. p. 251. 
Durrande : Ibid, torn, Vii. p. 253. 
Querret: Ibid. torn. xiv. p. 285. 
Salmon : Treatise on Gontc Sections^ p. 94, 

6. The base OA of a triangle I'OA is given, and the triangle 
is such that a circle of given radius may always be inscribed m 
it : to find the locus of P. 

If OP=r, LPOA = e, OA = a, c= the radius of the inscribed 
cii-cle, the equation to the locus of P will be 

sin 0.{asine - 2c) r = 2e{ami0 - c cos 8 - c). 
Tflandcrlier : Quetelet, Corr. Math, et Phi/s., torn. II. p. 320. 

7. To find the radius of a circle inscribed in a triangle the 
equations to the sides of which are 

X cos a + J sin a = S, x cos a, -\- y sin a' = S', 

The radius is equal to 

g sin (k' — «") + ^ sin («" - cc) + g" sin (« — a') 



Lhuilieri EUmens d' Analyse GiomUrtque et d'Analyge 
, p. 119. 
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8. The equations to three sti-aiglit lines are 
u = 0, M. = 0, % = 0, 
xsind — y <xis6 -{■ c = 0, being taken as the type of the equa- 
tion to a straight line : to prove that the equations of the four 
circles, to each of which these lines are tangents, are 



Salmon : Treatise on Conic Sections, p. 94. 

9. Having given the equations to the three sides of a tri- 
angle, to find the equations to the lines joining the angles of the 
triangle with the points in which the escribed circles touch the 
opposite sides. 

The notation of the preceding problem being retiiined, the 
equations to the three lines wiU bo 

fi-e. .,e.-e ,o-e ,0-0, 



Those equations shew that the three lines pass through a single 
point. 

10. If any number of quadrilaterals, inscribed in a given 
circle, have a common side, to prove that the lines which, in 
these quadrilaterals, join the intersection of the diagonals and 
the point of concourse of the sides adjacent to the common side, 
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will all meet in a single point of the perpendicular on the middle 
point of the common side. 

Duirande : Oergonne,^ Aimahs de MathSmattques, tom.xili. p. 308. 

PniBsaut : Eecue.%1 de, diverses propositwns de GSomStrie, p. 137, 



Section XII. 
Circular Loci. 
1, The distances of a point P from two fixed points A, A', 
are r, r. To find the locus of P, supposing tliat nr^ + n'r' is 
equal to a constant quantity c", where n, n', are given quantities. 
Let (a, I), {a, h'), be the coordinates of A, A, respectively, 
(ic, y) being tliose of P. Then 

" !(^ - «)' + {y- m + n' {{X - a'Y -f [y - Uf] = c^ 
{n + «') [x^ + y') -2x{na + n'a') ~^y{nb + rib') 

+ n{d' + ¥) + «' {a" + b'") = c\ 



/ na + nd\' / nb -V n'l?'\ 



the equation to the required locus, which is therefore a circle, 
its radius being equal to 

^ [(« + V) c' - W {(« - »■)■ + (J - *')■)]!, 

and central coordinates to 



Lhuilier ; El&mens d'' Analyse GSomStriqiie et d' Analyse 
AlgShrique, p. 131. 
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2. To find the locus of a point snch that the sum of the 
squares of its distances from any number of proposed points may 
have a given value. 

Let there be n proposed points (a^, ^,), (a^, ^J, (a^, ^J, 

{a^, jS„), and let {x, y) be the ccordinates of the moveable point. 

Also let c^ be the constant value of the sum of the squares. 

Then, the axes being rectangular, we have 

ix - fxj' + fe/ - 0,r 

+ (a, - aj" + {y- ^J' 

+ {X ^ a^" + il, - I3,y 



+ (^ - «J" + (y - ^J^ = c% 
'«' + /- ~ («. + «. + ",+ - +0 «^- ^ (/3x + ;S, + ^,+ - +/3J 3/ 

= ^ {c= ^ « + «;+< + ... + O - {^;+i3:+^:+... +^;)), 

the equation to the required locus, which is therefore a cii-cle the 
centre of which has for its coordinates 

i (a, + a, + a, + ... + aj> ^^i^, + ^. + ^.+ ■■■ + ^J- 

ApoUonii Ferffcei Loccirwm. Manorum lAhri II. Bestituti a 

Moherto Simson, p. 159. 
Montucla : Sisloire des MaiMmatiguea^ torn. i. p.284, 2' 4dit. 
Puissant : Becueil de diveraes propositions de Giomitrie^ 

p. 194, troisibme Sdition. 
Gramier: OeoinStrte Analyttque, p. 183, deuxihne SdiHoTU 

3 There are 2» given stiaight hnes, which make with 
another given straight luie angles c, l3, 7, A point P ia 

taken such that the lum of the squaies of the perpendiculars 
drawn fiom it upon these 2ii hnes is constant To prove that 
the necess^y and sufficient condition, that the locus of P may 
be 1 uicle, is 

H + cos2(a-/5) + u)«J(/:;~7 + LOS 2 (a - 7) + ... = 0. 
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Take tlio fixed line of reference as the axis of y, and any line 
at riglit angles to it as that of x. Then the equations to the 2w 
lines will be of the forms 

a; cos a + ?/ sin a = a, 

X cos /3 + J/ sin yS = 6, 

X coa 7 + ^ sin 7 = c, 



The condition of the problem, A denoting the constant value of 
the sum of the squares, gives us 

{a! cos a + J/ sin a — a)" + (a; cos yS -i- )/ sin ^ — by 

+ (a!C0S7 + ^sm7-c)*+ = A''. 

In order that this equation may represent a circle, it is 
sufficient and necessary that the coefficients of x' and i/^ be equal, 
and that the coefficient of xi/ be zero : hence 

eos2a + cos2y3 + COS27 + =0, 

and sin 2a + sin 2^ + sin 27 + = 0. 

These two equations are equivalent to the single equation 
(coa2a + coB2;9+cos27+...)^+(sin2a + 8in2;8+sin27+...)''=0, 
or, squaring the two members, simplifying and dividing by 2, 
m + cos 2 (a- /3) + cos 2^3- 7) + cos 2 (a- 7) + ... = 0. 
Lhnilier : MSmms d'' Analyse Giomitrigue et d' Analyse 
Alg&hrigue, p. 142. 

4. To find the locus of the intersection of a perpendicular 
from a fixed point upon a line passing through another fixed 
point. 

Let the former fixed point bo taken as the origin of polar 
coordinates : then, ^ denoting the pei-pcndicular and its incli- 
nation to the prime radius vector, the polar equation to the line 
mentioned in the problem will be 

p = r eos(ff — 0). 
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Let r\ 8', Lc the given point : then 

p = r cos {6' — tfi). 

This result shews that jj, 0, arc the polar coordinates of any 
point in a circle of which r is the diameter, this circle being 
therefore the required locus. 

5. To determine the georactrical locus of the point which 
divides into two parts, in a constant ratio, the straight line 
drawn from a given point to any point in the circumference of 
a given circle. 

Let the circle be referred to two diameters as axes of x and y, 
the axis of x being so chosen aa to pass through the given point. 
The equation to the circle wlU be, c denoting its radius, 

x' + f^c' (1). 

Let a be the abscissa of the given point (7, and x', y\ the 
coordinates of the dividing point P. Let OP' meet the circle 
in P, and let GF = n. CP^ n being, by the condition of the 
problem, constant. 

Then it is easily seen, by similar triangles, ic, z/, being the 
coordinates of P, that 

or nx = x + In — 1) a, 

and ny = y'. 

But, from (1), [nxf + [nyY = (w)" : 

hence we have, for the equation to the reqmred loci«, 

K + (»-i)»r+y = w, 

which is therefore a circle, the radius of which is no, its centre 
lying in the axis of 3! at a distance [\ — n) a from the origin. 

COE. Suppose the equation to the locus of P to be given, 
and let it be {.j ^ j/y _|_ y= = ,;". 
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Then, for the determination of the position of C and of the 
magnitude of n, we have 

[m — 1) a = A, c' = nc, 

and therefore n = - , a = -, . 

Remark. Thus, two circles being given, we may find the 
position of such a point and also determine anch a ratio, that, 
if we draw through the point any straight line to cut the 
circumferences of the two circles, the ratio between the parts 
of this straight line, comprised between this point and the 
circumferences, may be ec^ual to the ratio. 

The proposition which constitutes the subject of this re- 
mark belongs to a class of propositions, to which (according to 
Simaon*) the ancients gave the name of porisms. While a 
locus is determined by certain independent conditions ; on the 
other hand, when a locus is proposed, it determines certain 
relations among the conditions hy which it would have been 
itself determined ; so that two or more of these conditions are 
sunnltaneously determined by the proposed locus. Thus, the 
locus of the point F, which is the object of the present problem, 
being proposed, the position of the point O and the ratio of CP 
to GP" are conjointly determined. 

Playfairj" has talten a different view of the nature of a 
porism; he has arrived at the coDcluaion that the ancients gave 
the name of p&risms to those propositions which affirm the 
possibility of finding conditions such as to render a particular 
problem indeterminate or susceptible of an infinite number of 
solutions. 

Simson's definition of a porism is the following: "Porisma 
est Propositio in qua proponitur demonstrare rem aliquaiu, vel 
piures datas ease, cui, vel quibus, ut et cuilibet ex rebus in- 
numeria, nonquidem datis, sed qufe ad ea quje data sunt eandem 
habent relationem, convenire oatendendum est affectioncm quan- 

' De Poriematibu^ JVacioiKJ; Opera gtueilam religua. IJTfi, Glasgow, 
t Tramaoiioia of the Royal Society nf Edinlniigh, \oi.. m. 
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dam coramunem in Propositione descriptam ;" or, in Playfair's 
translation of these words, " a Poriam is a proposition, in wliieh 
it is proposed to demonstrate, that one or more things are given, 
between which and every one of innumerable other things, not 
given but assumed according to a given law, a certain relation, 
described in the proposition, is to be shewn to take place." 

Lhuilier: EUmens d'ATialyse Giom&trtque et d' Analyse 
AlgShrigue, p. 39. 

Lam^: Examen des diffSrmtes MStkodes employees pour 
rSsoudre Us ProhUmes de G4omMrie^ p. 22. 

6. To find on the circumference of a given arcle a point 
such that the sum of the squares of its distances from two given 
points shall be equal to a given area. 

Let the equation to the given circle be 

«■ + ,•/ = «■ (1); 

and let (a, i), («', h'), be the coordinates of the given points. 

Then, m^ represenUng the given area, we have, by the 
condition of the problem, 

(!. - .)■ + (y - hf + (X - »r + (J - sr = m", 

or x'+s-~(» + «>-(J + i')y = J(™'-o--J--<.--i-)...(2). 

From (1) and (2) we have 
{a ^■a)x+{b + h')y = ^ (2(^ - «i= + «^ + J^ + «'^ + 0-(3)- 

Thus the required point will he an intci^ection of tlie circle 
(1) with the chord (2). 

COK. Suppose that 

ffl + a' = 0, 6 + 5' = 0, 
and 2c^ - m^ + d' + J' + a'^ + V = 0, 

or a' + &= + c' = ^m^ = a'" + 6" + c^ 

Then the equation (3) becomes an identical equation, and 
the problem becomes indeterminate ; any point whatever in (1) 
satisfying the conditions of the problem ; the required point 
being thus replaced by a circular locus of appropriate points. 
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This problem affords an exemplification of Playfair'a inter- 
pretation of tke ancient signification of the word ponsm. 

Playfair : Transactions of the Royal Society of Edinburgh, 

vol. III. 
Lhuilier; EUm&m d' Analyse Ghm&trique et d' Analyse 
AlrjSbrique, p. 204. 

7. A and B being two fixed points and F a point such that 
AP = IM.BP, to find the locus of P. 

The locus is a cn'cle, the centre of which is in the line AB 
at a distance from A equal to 



and of which the radius is equal t 



Newton : Arithmettca Universalis, prob. XXVI. 
L'Hospital : TraiU Analytique des Sections Goniques, p. 252. 
Lhuilier: EUmens d Analyse GeomStrigue et d'' Analyse 
Agdyriqvs, p. 129. 

8. To find the locus of a point such that the square of its 
distance from a point («, V) is equal to the rectangle contained 
by its distance from a line 

a; cos a + i/ sin a = S, 
and a given line 3c, 

The required locus is a circle defined by the equation 
|ic-{a+cco9a)}'+{y-(S+csina)}' = 2c{S+(acosa+6sina)+^c}. 
Lhuiiier: EUwiens d' Analyse OSomitrtgue et d Analyse 
AlgSbrique, p. 131. 

9, To find the locus of the intersection of two straight lines, 
which pass thi'ough two given points, and are inclined to each 
other at a given angle. 
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Let tte axes be so chosen that the one point coincides with 
the origin and that (a, 0) are the coordinates of the other point. 
Then, c denoting the tangent of the constant angle included 
between the two lines, the locus will be a circle defined by the 
equation ^ 

:r^ + y' = -[cx + y). 

Puissant; Mecueil de dwerses propositions de G-kmdtrie, 
p. 199, trotsthne Edition. 

10. ABj AC, are two straight lines given in position; 
DJS is a straight line of given length terminating in them at 
5, Sj respectively ; from J}, E, are drawn perpendicidars to 
AB, AG, respectively, intersecting each other in P. To find 
the locus of P. 

Let AB, A 0, produced indefinitely, be taken as axes of x^ y. 

Let DE = c, lBAC ^ (a. Then the required locus will be 

a circle defined by the equation 

■>. ■> c" 

X + y + '2xy cos w = . .^ . 

Leyboum : Mathematical R&pository, New Series, vol. I, p. 115. 

11. Given one side of a triangle and the opposite angle, 
to find the locus of the intersection of the' bisectors of the other 
two angles. 

The middle point of the given side being talsen as the origin, 
and a perpendicular to it through this point as the axis of y, 
the locus required will be a circle defined by the equation 

x' + y^ + &ay cot/3 = 9a'', 
2a being the given side and ,8 the given angle. 

Lardner: Algebraic Georaeiry,^. 110. 

12. Straight lines are drawn from the extremities of a ^ven 
diameter of a circle to the estromitiea of a chord which always 
subtends a given angle at the centre : to find the locus of the 
intersection of the straight lines. 
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Let a — tho given angle, a = the radius of the circle. Let 
the centre of the circle be taken as origin of rectangular coor- 
dinates, and the given diameter as axis of x. 

Then the required locua will he a circle represented hy the 
equation ^ 

x^ + i/''± 2ai/ tan - = a\ 

the + or — sign being taken accordingly as the diameter and 
chord are joined towards the same or opposite parts. 

13. To find the Iochk of a point, such that, if lines be drawn 
from it through the three summits of a triangle, and through 
each summit be drawn a perpendicular to the lino passing 
through it, the three perpendiculars shall always pass through 
some one point. 

Let one summit of the triangle be taken as the ori^n of 
rectangular coordinates; and let the coorduiates of the other 
two summits be {a, i) and (a', h'). Let c, c', be the lengths 
of the two sides which meet in the origin, and a the angle 
between them. 

Then the required locus will be a circle, defined by the 
equation ^c' (a^ + f) sin a + c" {hx - ay) 

- <? {b'x - dy) = 0, 
being therefore the circumscribed circle of the triangle. 

Stein : Gergorme, Annates de Math^atiques^ torn. XV. p. 78. 

14. A straight line is drawn through a given point C within 
a circle, to cut it in points P, P'. If a point p be taken in 
this straight line, such tliat 

(C2^y = 0F.CP\ 
to find the locus of ^. 

If a be tlie distance of C from the centre, and r bo the 
radius of the given circle, the locus of p will be a circle of which 
C is the centre, and of which the radius is equal to (/ — a")*. 
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15. A straight line, drawn tlirough a point 0, cuts two given 
circles, the centres of which are C, C, in P, Q, and P', Q', 
respectively. To find the locna of 0, having given that 

OF.OQ = fhOP'.OQ'. 
The equations to the two circles being of the forms 

(x-«f + f = c; ■(»,-«■)■ + /-<>'■, 

the locns of will be a circle, defined by the equation 

{x -ay+f-c'^f^ {{x - at + y' - c']. 
COE. 1, The centre of tliis circle will He in CC or C'C 
produced aceordingly as /4 is < or > L 

COE. 2. If ;:* = 1, the locus of becomes a straight line. 

16. From a point are drawn perpendiculars upon the sides 
of a regular polygon. To find the locus of the point, supposing 
the sum of the squares of the perpendiculars to be equal to 
a given area. 

Let the centre of the polygon be taken as origin of rect- 
angular coordinates; let n be the number of the sides of the 
polygon, c the distance of its centre from each side, and S the 
given area. 

Then the required locus Is a circle represented by the 
equation /g •. 

x' + / = 2 {^- - c'J . 

Lhuilier; EUmens d' Analyse GSomStri^ue et d' Analyse 

AlgSbrique, p. 136. 
Gamier: GSomMrie Analytique, p. 187. 

17. The equations to the four sides of a quadiilateral taken 
successively a 

= a; cos «' + ?/ sin a' — S' = 0, 
'" — X cos a'" 4 y sin a'" — h'" = : 
the rectangle between the distances of a point P from the first 
and third of these lines is to that between its distances from the 
second and fourth, as n to w'. To find the conditions tbat the 
locus of P may be a circle. 



X cos a+)/sina — S=0, 
ic-cos «"+ y sin a"— 8" = 0, 
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The conditions are n — n, 

and a + a." = a! + a"', or a + o." — 2tt — {a! + a"'). 

Lliuilier: EUmens d^ Analyse GiomAtri^ue et d^ Analyse 
Algibrique^ p. 144. 

18. To find the locus of a point in the plane of a triangle, 
such thatj if perpendiculars be drawn from it upon the directions 
of its sides, the area of the triangle, formed by straight lines 
joining the feet of the three perpendiculars, may be constant. 

If the equations to the three sides of tiie triangle be 
a;cosa + J/sina=S, 3;cosa'+yeina' = S', a;cosa" + J/sina" = 8", 
and /(? be the constant area, the required locus will be two 
circles denoted by the double equation 

+2i-=(^-+2,') .m. .!.«■ an.- f'°.'°--'' + '^-^ + '^^^^^X 
^ ^ ' ( am a sm a em a ) 

+ 5 sin (a' - a") [x cos {a' + a" ~ a) + y sin (a' + a" - ci)} 

+ ^ sin (a" — a) [x cos (a" + a - a') + ^ sin {a" + a - a')) 

4- S" sin (a — a') \x cos (« + «' — a") + y sin (a + a' — a")} 

+ w I '" '° ,,- "'' + ^ '"g- ""' + Jg^^:^'} . 

Querret: Gergonne,AnnalesdeMath^atiques,tora.xiv. p. 280. 
Sturm : Ibid., torn. XIV. p. 286. 
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PARABOLA. 

Section I. 
Refirred to the Axis and its Tangent. Ordinaies. 

1. A parabola, of which the equation is 

y = ^) 

is cut in four points by tlie circle 

(«-.)■+{»-/})■ = /: 
to find the product of the distances of the four points of inter- 
section from the axis of the parabola. 

Eliminating x between the equations to the two curves, we 

get (^« _ i^y + i^y^ ^y = ly, 

or /+ + P{a^ + ^ -y^) =0. 

Wlience, by the theory of equations, the required product is 
equal to p [^^ + 13"- /), 

or, a being the distance between tlie centre of the circle and 
the vertex of tlie parabola, to 

2. Two ordinates of a parabola meet its axis in points equi- 
distant from the focus. If the vertex be joined with the point, 
where one of the ordinates meets the parabola, to find the 
equation to the locus of the point where this line intersects the 
other ordinate. 

The equation to the parabola being 

let the abscissse of the two points be x and x'. 
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Then, by tlie hypothesis, 

X + ^ = 2jk (l). 

The equation to the line joining tho former point and the 
vertex is y 

= 2g)V (^>, 

and the equation to the ordinate of the otlier point is 

^.-■^ (3)- 

At the intersection of (2) and (3), 

a^ + ai' = 4m-V4-iB, 
and therefore, by (1), 

[3m — x'} y^ = ^mxj^ 
tho equation connecting the coordinates of every point of tlie 
curve formed by the intersection of the line through the vertex 
and the other ordinate, that is, the equation to the required 
locus. 

3. The rectangle contained between two ordinates i/^, y^^, 
of a parabola y^ = ^rnx, is equal to m^, the distance between 
these ordinates being equal to »«: to find the magnitudes of 
y^ and y,,. 

y, = m (V5 - 2)\ y,, = m W5 + 2)1 

4. To prove that the area of a triangle inscribed in a 
parabola is equal to 

^^iy' - y")-{y" - /')■(/' ~ y), 

where y\ y'\ y", are tlie ordinates of the vertices of the triangle, 
y* = 4ma; being the equation to the curve. 

5. The absci^a and double ordinate of a segment of a common 
parabola are a and &, and the diameters of its circumscribed 
and inscribed drclee D and d; to prove that 

D ■>rd = a + l. 
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6. If a parabola intersects a circle in four points, to prove 
that the ordinates of the points of intersection, which lie on 
one side of the axis of the parabola, are together equal to the 
sura of the ordinates of the points of intersection, which lie 
on the other side of the axis. 

De La Hire: Sectiones Cmiicce, lib. v. prop. 29. 



Section II. 
he Axis and its Tangent. Tangents. 

1. Two tangents are drawn to a parabola ; the one touclies 
it at a point (a, S), the other at a point («', h'). To find the 
point in which the two tangents intersect. 

If 4m denote tlie latus-rectum, the equations to the tangents 

h'y = 2m{a; + a'). 
At the intersection of these two lines, eliminating i», and 
observing that 6^, &■", are respectively equal to 4wi«, 4wm!', we 
iiave f5 _ //) y = 2m{a- a!) 

= w - n, 

whence g = ^{i + h'). 

Also, eliminating */, we see that 

Thus the coordinates of the required point are 
aV - (^h . l + h' 
6 - &' *^" 2 ' 

2. In the parabola, of which the equation is 

y' = 4wfc», 
two tangents are drawn at points of which the abscissfe are 
in the ratio of 1 : ;[* ; to find the equation to the locus of their 
intersection. 
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If (a;', )/'), {x", i/"), be the two points of contact, tlie equations 
to the two tangents will be 

yy" — 2to33 + \y"^- 
But s/'^ = iriia^, y"^ — im,x" = 4/tjnic', 

and therefore y" = ± fiy' (!)■ 

At the intersection of the two tangentSj we have, from their 

equations, ^ (y _ y) = i(y"^ _ y)^ 

= l(l±/*'')y, by (I). 
Hence, from the former of the equations to the tangents, we 
see that 

2«, = y(2,-iy).j|^.(,,-J^j), 

the appropriate equation to the locus being, by virtue of (1), 
y^ = {fi" + IJ.' J mx, 

or / = - (K - I** y "^^j 

aceorilingly as the points of contact are on the same or on 
s sides of the axis of the parabola. 



3, To find the area of the triangle inchidcd between the 
tai^ents to parabola: 

y' = inue, y' ~ iiJ,x, 

at points the common abscissa of which is a, and the portion 
of the oi-dinate intercepted between the two curves. 

The required area is equal to 

2 [J .^*).«l 
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4. To find the magnitude of. the ordinate of such a point 
in a parabola, that the intercepts, on the axes of coordinates, 
of a tangent drawn to the curve at tins point, may be equal 
to each other. 

The required magnitude = half the latus-rectum. 



Section III. 

averred to the Axis and its Tangent. Magical Eijuation to the 

Tangent. 

1. A straight line, inclined at an angle <f> to the axis of x, 
touches both the cmTres 

^''' = imx, a^ + '//^ = (f : 

to find the value of <f>. 

Put tan (^ = a ; then the equation to the line, since it touches 
the former curve, will be 

)/ = aa; H — , 
and, since it touches the latter, 

4/ = oar + c (1 + d'f. 

Since these two equations represent the same line, they must 
be identical : hence , ™ 

c(l + «-)' = ^, 

whence c sec = m cot <p, 

or e sin = wi cos" ; 

an equation which determines the value of 0. 

2, Two straight Hnes, whlcli are always tangents to a given 
parabola, ai-e such tliat the sixm of the cotangents of their 
inclinations to its axis is constant; to find the equation to the 
locus of their intersection. 
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The equation to cither tangent is 

w = aa! 4 — , 
■^ a ' 

whence -= — — -H = 0. 

a m c ni 

Hence, a', a", denoting tlie two values of a, 

- + - = ^: 

a' a" in ' 

but, by the condition of tlie problem, 

? + ? = ft 

iS denoting some constant quantity. 

Hence y = m^, 

the equation to the required Iocub, which is therefore a diameter 
of the parabola. 

3. If Kj, a^, be the trigonometrical tangents of the incli- 
nations of any two tangents of a parabola to its axis, to find 
the equation to the tangent at the extremity of the diameter 
which passes through their intersection. 

The equation to the parabola being 
y = 4»fcc, 
the equations to the first two tangents will be 



and y = a^x + — . 

At tlieir point of intersection, y^ being its ordinate, 

and therefore ^i ~ ^ '"' "*" °^'' 

which ia the eqiiation to tlie diameter 
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The equation to the required tangent will therefore he 

y = -^ {» + ^i) 
2m , 

2a,a, a, + a. 

or w = '-*- ic + -i ^ )K. 

^ a, + a^ 2a,a^ 

4. From the vertex of a parahola a straight line is drawn, 
inclined at an angle Jtt to the tangent at any point; to find the 
equation to the locus of their intersection. 

Let the equation to the straight line he 

«/ = ^^ (l)i 

then, by the hypothesis, the equation to the tangent heing 

y = aa; + ^ (2), 

I. n\. -, a' - a , 1 + a 

we shall have 1 = ; — . a = :r— — i 

1 + act' 1 — a' 

hence tlie equation (1) becomes 

!/ = [^> (3). 

Obtaining a from (3), in terms of x and s/, and substituting 
its value in (2), we shall get 

y = X ~ 1- m , 

1/ + X 1/ — x' 

or {/ + a?).{^ - tr) = m («/ + x)% 

which is the equation to the required locus. 

5, To prove that the three altitudes of any triangle circum- 
scribed about a parabola all pass through a single point in the 
directrix. 

The eqitations to the three sides of the triangle will be of 
the fonns 
y^ax+''^ (1), y = ax+^ (2), */ = a"a;+J (3). 
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The equation to one altitude, viz. that which passes through 
the interaoction of (1) and (3) at right anglea to (3), will be, 
as may easily be ascertained, 

aa' [x + al'y] = m{X + olo!' + a"a) (4). 

By wmilaiity it is clear that the ctjuation to the altitude, 
which is at right angles to (1), is 

a'a"(a: + «!/) =m(l + a"a + aa') (5). 

At fJie intersection of (4) and (S) 

x = -m, M = — TTT (1 + a'a" + «"" + a«')- 

These results, being symmetrical in relation to a, a', a", 
shew that the thi-ee altitudes all pass through a single point. 
The value of x shews that the point lies in the directrix, whicli 
is therefore the locus of the intersection of the altitudes of a 
variable tangential triangle. 

Steiner: Garffonne, Annaks de Math^mattqioeSf torn. XIX. p. 59. 

6. To find the equation to the tangent of a parabola 
y = Atkc, which passes through the point in which the directrix 
cats ihe axis. 

The required equation is 

1/r^x + m. 

7. To find the locus of tlie intersection of two straight lines, 
which always touch a parabola 

y = imx; 
the product of the trigonometrical tangents of their inclinations 
to the axis of x being a constant quantity k. 

The locus is a straight line of which the equation is 



Rochat : Gergonne, Annales de Math^iatiques, torn. ii. p. 229. 

8. To find the distances of the vertex and focus of a parabola 
from the tangent, in terms of the inclination of the tangent to 
the axis of x. 
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If 1^ denote the incliiiiition, tlio required distances are re- 
spectively equal to 

— ^.— j-^ and -^— T' 

9. If, from the fociis of a parabola, hues be drawn to meet 
the tangents at a constant angle, to prove that the locus of the 
points of interseclioii will be that tangent to tiie parabola, the 
inclination of which to the axis is equal to tlie given angle. 

10. Two tangents to a parabola make angles fl, fl', with it» 
axis. To find the locus of their intersection, having given that 
sin ^.sin & is invariable in magnitude. 

Put sin ^.sin f ' = a ; then, ?/' = 4m3; being the equation to 
the parabola, the required locus will be a circle defined by the 
equation «,= 

11. Two tangents to a parabola make angles ^, Q\ with 
its axis. To find the locos of their intellection, supposing 
cot ^ — cot 6' to be invariable. 

The equation to the parabola beuig f = 4w«c, the required 
locus will be another parabola, the equation to which, a denoting 
cot 8 - cot f, is 

12. To prove that tlie area of the triangle formed by three 
tangents to a parahola, the cotangents of the inclinations of 
which to the axis are successive terms of an arithmetical pro- 
gression, of which the common diiference is \, is equal to W, 
4m being the latus-reetum. 

13. From two points in the diameter of a parabola, two 
paii-s of tangents are drawn to the curve ; the trigonometrical 
tangents of the inclinations of the one pair to the axis are Oj, a,, 
and, of the other pair, a^, a^ ; to prove that 



y Google 



THE AXIS AND ITS TANGENT. NOKMALS. 121 

14. K any hexagon be described about a parabola, to prove 
that its three diagonals will all pass through a single point. 
(This problem is a particular case of the same proposition in 
regard to any conic section). 

Lubbock : Philosophical Magasim,^ August 1838. 
Ellis : Gojmbridge MalJienmticxil Journal^ vol. I. p. 204. 

15. Ifa;,,^, ; x^-,y^\ ^siVa'i ^^ ^'^ coordinates of the 

angles of any re-entering polygon of 2m sides, circumscribing 
a parabola, to prove that 

and y^-y^ + y^- -y^.^o. 

Ellis : GambrirJ^e Mathematical Joumal, vol. ii. p. 48. 

16. To prove that the continued product of the abscissse of 
the points of intersection of any number of tangents to a para- 
bola, is equal to the continued product of the abscissse of the 
points of contact, provided that no three points of intersection 
lie in the same straight line. 

Ellis : Cumhridge Mathematicol. Journal, vol. ii. p. 48, 



Section IV. 
Referred to the Axis and its Tangent. Normals. 
1. In a parabola if' ^ Ix, the ordinates of three points, such 
that the normals pass through the same point, are j/,, f/^, i/^ : 
to prove that „ + „ ^ „ = o 

and to find the equation to the circle passing through these 
three points. 

Let (a;, y) be the coordinates of any one of the three points j 
a, ^, being the common point of the normals. Then 

^-,-f(a-.). 
EHminating x between this equation and ^' ~ Ix, we have 

V-i(2«-i)j + r/3 (!)• 
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The fomi of this cubic shews that 

Let the equation to the circle passing thfough the three points be 
y^ -\- y" + 'Kx + l^y + V = <i. 

From this equation and that to the parabola, we have, for the 
points of intersection, 

y* + l{l+\) f + r^y + rv = (2). 

Multiplying this equation by 2 and attending to (1), we get 
l[2a + l + 2X) y'' + V [^ + 2iJ.) y + 2Pc = 0. 

This equation must be satisfied by y^^ y^, !/,, as roots : hence we 
must have 

2a + ? + 2\ = 0, ^ 4- 2^ = 0, v = 0. 
These three es[uation3 reduce the equation to the circle to the 
form ^^ + ^-(^a + i^T}x- ^0y = 0. 

This equation shews that the circle passes through the vertex of 
the parabola. 

2. To find the locus of the intersections of the normals at 
any two points of a parabola, on opposite sides of its axis, the 
ordinates of which are as 1 to 2. 

The equations to such a pair of normals are 



y_y = _l_ (x-^] (ij, 

^ ^ 2'm\ ion.) ^ " 

M + 2?/' = - [x-^—] (2). 



Multiplying the equation (1) by 8 and adding the result to the 
equation (2), we have, at the intersection of these two lines, 

9» - ey = - ^' », 

^ ^ 2m - a; ■ 
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Substituting this expression for y' in (l), anii reducing, we shall 
get for tlie equation to the required iocus 



which is the equation to the evolute of the parabola. 

3. If BL be drawn from the focus iS of a parabola perpen- 
dicular to the normal at any point P, to find the locus of the 
point h. 

If tan"^'a be the angle made by the tangent at J? with the 
axis, the coordinates of P will be 

m 2m 

Hence the equation to the normal at P will be 



Also, the equation to SL will be 

y — ix[x — m) (2). 

From (1) we have 





aV + ax = m[ 


and, from (2), 


ax-y = 


Hence, at L, 


{l+a')y = m 




m 


and therefore, 


from (2), 



which is the equation to the locus of L. The locus is therefore 
a parabola the latus-rectum of which is one-fourth of that of the 
original parabola and of which the vertex is 8. 

4. To find the equation to the normal of a parabola, which 
is inclined at any proposed angle to tho axis of the curve, 
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If CI = the tangent of tho normal's inclination to the axis of 
the parabola, the equation required will bo 
aa; = J/ 4- (a" 4- 2) am. 

5. To prove that, j/" = imx being the equation to a parabola, 
three normals may be drawn to the curve from any point within 
the area of tlie curve defined by the equation 

27m^ = i[x — 2to)", 
and, from any point without the area, only one, 

6. Two normals to a parabola are always at right angles to 
each other : to find the locus of their intersection. 

The equation to the parabola being if = imx, the required 
locus wUl be another parabola defined by the equation 
f = m{x- Sm). 
Bobillier : fjfergonne, Annales de MaihSmatiques, tom.xVH. p. 281. 

7. To draw, from a ^ven point, normals to a parabola. 

Let (m, h) be the coordinates of the given point, and let 
y' = ^mx be the equation to the parabola. There wlU be 
generally three normals passing through the intersections of the 
parabola with the circle represented by the equation 
^ — (2m + a) x + y' ~ \hy — 0, 
James Bernoulli : Analysis et Oonstructio Prohl&matis Hu- 
geniani, Opera, tom. II. p. 700, 

8. The axis Ax of a parabola is divided into a number of 

auccessive portions AM^, M^M^, ^^^^i equal respectively to 

Z, 3l, 5l, where I denotes the latus-rectum. Circles are 

described with AM^^ ^J^^i ^J^vy ^^ diameters. To prove 

that two radii of every circle, except the first, are normals to 
the parabola. 

De la Hire : Sectiones Comcai, lib. vii. prop. 43. 



y Google 



the axis and its tangent. chords. 125 

Section V. 
Referred to the Axis and its Tangent. Chords. 

1. If chords be drawn to a parabola, all passing through the 
point where the axia meets the directrix, to find the equation to 
the locus of their middle points. 

Let (^Tj, ^J, (a;^, y^), bo the two extremities of any one of the 
chorda. Then, y denoting the ordinate of its middle point, 

y = \[yt + y'^ (i)- 

Now J/„ )/j, are the roota of a quadratic resulting from the 
elimination of x between the equationa 

» = «(»' + «>) (2). 

and / = 4«i.-B ; 

that is, of the equation 

y y + im = : 

hence ^i + .^/a ~ — ) 

and therefore, by (1), 

y = '^ (3). 

Eliminating a. between (2) and (3), we get for the equation to 
the locus, ^' = 2m (a; + w), 

which belongs to a parabola similar to the original one; the 
distances between their vertices being m. 

2. If a circle, described upon a chord of a parabola as a 
diameter, meets the directrix, to prove that it also touches it ; and 
to shew ^at all the chords, for which this is possible, intersect in 
a single point. 

Let (as', y), [x", y"), bo the two ends of the diameter. Then 
the equation to the circle will be 

[x-h {^' + '^"jr + b-W+ f)Y = i {{^" - '^y + if - y'Th 

or x'+f- [x' + x") x-{y' + y") y + x'a^' + y'y" = 0. 
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Let the equations to the chord and parabola be 

^ = ax + ^f i/' = imx. 
At their iiitoracction, 

aV -2(2m-a0)x + ^ = 0, 
and aj/ — Amy + 4m;S = : 

hence x' + ic" = -5 (2m - ayS), a;'a:" = '^ , 

, ,, 4»i , ,, 4»jS 

The equation to tJie circle ia therefore 

If the circle meets the directrix, x = — m, and therefore 

/- — 2/ + -^ + (™ + ^j =0 (1)- 

In order that y may be possible, ive must have 

m + ^ = (2), 

which shews that the equation to the chord is 

y = a{x-m); 
the cliords therefore all pass thi'ough the focus. 

The roots of (l), under the condition (2), are equal, and 
therefore the circle touches when it meets the directrix. 

3. To find the equations to all the common chords of the two 
curves y _ ^cx — a?, y^ = 4mx. 

The required equations are 

3^ = 2 (c - 2m), y = + (— ^Y- x- 



4. To inscribe in a given parabola a chord Pp of given 
length, passing through a given point Q. 
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Let Pp intersect the axis Ax of the parabola in 0, and let 
QJSf be the onJinate of Q. Let AN= «, QN^ i,Pp^c, 0N= z, 
I = tho latus-rectum. Then the value of z will be defined by 
the biquadratic equation 

Pz' - ihv^" + m [4« + i)z'-\- y [4m; - c^) = o. 

Newton ; Artthmettca Universalis, proh. XIV. 

Section VI. 
Referred k) the Axis and its Tangent. Focal Properties. 
1. P', P", being any t#o points in a parabola, and tho 
point of concourse of the tangents at these points, and 8 the 
focus : to prove that 

{FOr _{F'OY 
P'8 ~ F'S ■ 
Let the equations to the tangents at P, P", be 
, m 



Combining these two equations we obtain, for tiic coordinates 
of the point 0, 

Also, combining each of the equations to tlie tangents with that 
to the parabola, viz, if = imx, we have, for the coordinates 
of P', P", respectively, 

I" , _ m "I 

} and ( 
Hence (P Of = (x, - x'f -^ (y, - y')", 
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and [FSy = {x' - my + y" 

We have therefore 



FS ' 



Va ay 
Symmetry shews tlmt we must have ajso 

Hence (^Of . CPIO)" 

Massabieau, GruiUaiime, Gobert, Bc^rard : Oergonne, Annales 
de MathSmatiqvsSf torn. IV. p. 183. 

2. To find the lociis of the intersection of a tangent at ono 
extremity of a focal chord of a parabola with the ordinate at the 
other prodiiced. 

Let x\ y\ be the coordinates of the point of contact of the 
tangent ; and let (as, if) be the point of intersection of the tangent 
and ordinate. Then 

1/1/' = 2m[x + x'), 
yy'^=hri^x + x')% 
xy = m{x + x'f (1). 



But 

whence 



m + X m [m + x]' 
and x' = - — . 

X 

Hence, from fl), — ^ = mlx+ —] , 
' ^ " X \ xj^ 

the equation to the reqiured locus. 
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3. To prove that a series of circles, of which the centres are 
in a parabola, and which pass through the focus, all touch the 
directrix. 

4. PT, PG, are the tangent and normal of a parahola, at 
a poiat P, tei-minating at 7", G, in the axis : 8Q^ SB, are 
perpendiculars upon PT, PG, respectively, from the focus S: 
to find the area of the rectangle 8QPR^ and to determine the 
position of P when the rectangle is a square. 

The equation to the parahola heing y" = Amx, the area of 
SQPR, if a!, y, are the coordinates of P, is equal to 

y [x + m); 
and, when the rectangle is a square, the point P is at an ex- 
tremity of tlie latus-rectum. 

5. If from the locui f a p'vraboli as centii. and T\ith the 
focal distance of a pomt m the piiabola as radius, a ciicle be 
described, to prove thit the mteisectiins of the tangent and 
normal to the parabola at the point, with the axi'>, Viill lie m the 
circumference of the circle. 

6. If 8L he drawn, from tlie focus iS of a parabola, at right 
angles to the normal at any point P: to prove that the abscissa 
of the point L is equal to SP, and that, AM heing the abscissa 

^'^^i [SLY=^AM.SP. 

7. In the preceding problem, to find the locus of the point i. 
The equation to the parabola being y' — Amx, the required 

locm is another parabola defined by the equation 
y^ = m[x- m). 
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Section VII. 
Befirred h a Tangent and 

1. From a point are drawn two lines to tonch a parabola 
in the points P and Q: another line, parallel to PQ, touches 
the parabola in M and intei-sects OP, Q, m S, T, respectively : 
if V bo the intei-section of the lines joining PT, QS, crosswise, 
to prove tliat 0, J?, V^ are in the same straight line. 

Let R T be taken as the axis of ^, and the diameter through B 
as the axis of cc. Since PQ is parallel to 8RT, we may take 
{x\ y') and {x\ — y'), as the coordinates of Q, P, respectively. 

The equations to Q 0, PO, will accordingly be of the forms 

y = —r {x + x') 

y 

and ^"~y {x-\- x). 

These two lines therefore intersect in the axis of x. 
Moreover tiie coordinates of T are 
^1 = 0, 

The equation to P^is therefore 

xy + ly'x = \xy'. 

Similarly, putting —y' for y\ we see that the equation to Q8 is 

x'y - yx = - ^x-y: 

These two lines PT, Q8, therefore also intersect in tlie axis 
of X. Thus 0, B, V, all lie in the axis of x. 

2, From any point 0, in the arc of a parabola, a straight 
line OR is drawn, parallel to the axis of the curve, to meet 
a chord Qq, produced if necessary, in R. To prove that 

RQ.Rq <x SO. 
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Let a tangent PT, and its diameter Pa:, be taken as axes of 
coordinates, PT* being parallel to qQ. 




Produce OR to meet Prin E. 

The equation to the curve ia of the form 

Let h, £, be the coordinat«B of R: then, if we put h for a;, 
and k — yior y^ the valuea of y in the resulting quadratic 

or 1/° — 'iky + k' — Ik = 0, 

wil! be equal to B Q, Sq : hence 

IlQ.Bq ^ Jc^ - Ih, 

= l[OE~BE\ 
= LEO, 
xMO. 
De. la Hire ; Sectiones Conica, lib. v. prop. i. 

3, If two tangents be drawn to a parabola, to prove that 
a third tangent, parallel to the chord joining tlie points of 
contact, will bisect the parts of the other tangents which are 
included between their point of intersection and their points of 
contact. 

K2 
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4. BO^ CD, are two coi^ecutive arcs of a parabola, the 
sagittse of which, hisecting their chords and being paraUel to the 
axis, are equal; to prove that the chord BD is parallel to the 
tangent at C. 

5. I'rom a point B, without a parabola, two straight lines 
are drawn, one touching the curve in P, and the other cutting 
it in Q. A straight line HEF is drawn, parallel to BF, cutting 
in the point H the diameter through B, and the curve in the 
points E, F. HQ is joined. To prove that 

{BPf : HE.EF :: BQ : HQ. 
De la Hire : SecUones Gonicce, lib. ill. prop. 28. 

6. Qq is a chord of a parabola : from any point B in this 
chord is drawn REF, parallel to the axis of the parabola, 
meeting the cuiTe in E, and the tangent, drawn through the 
point ^, in ^: to prove that 

RQ: Rq::EF:EB. 
De la Hire : Sectwnes Canicee, lib. V. prop. 25. 

7. Through a point P in a parabola, a chord is drawn to cut 
in Q, y, another parabola, equal to the former, the axes of the 
two curves lying in a single straight line : to prove that, Qq 
remaining always parallel to itself, the rectangle PQ.Pq will 
remain constant for all positioiiH of P. 

De la Hire : Sectiones Conicw, lib. VI. prop. 13. 



Section VITI. 
Referred to two Tangents as Axes. 

If the parabola be referred to two tangents as axes of co- 
ordinates, its equation will assume the symmetrical form 
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a and h being the lengths of tlio tangents from their intersection 
to the points of contact. 

Puissant; Mecuetl de dtverses propositions de GSomStrie, 
p, 105, troisihrte ^iti<m. 

Gregory : Gamhidge Mathematical Journal, toI, li. p. 14, 

1. To piovc that two parabolas tuimiot touch each other in 
mure than one point. 

If possible, let the tangents at two points of contact be taken 
as axes of coordinates, and let a, b, be the diatanuea of these 
points 1 if contact from the origin. 

Then the er^uation to either parabola will be 

and therefore the two parabolas coincide. 

JJapa^oXi) irapa^okT^ii ovk i^d-Trrerai Kara irXeiova a-ijfteia 

'AnOAAQNIOY HEPrAIOY Kuii-inwi/ to tItoptov, TlpiTams "n- 

2. The equation to a curve referred to oblique axes, which 
are inclined to one another at an angle 8, is 

c^ + y'' = a^: 

to prove that, when the axes are changed into a system of rect- 
angular oneSj of which the axis of x bisects 6, the equation 
will become 

„ 2« sin^ \0 , , , rt. 

Let P be any point whatever. 
Let OM, PM, be the coordinates 
of P in regard to the original 
Ox, Oy ; and OM', PM', 
to the new axes Ox', Oy'. Draw 
M'K, parallel to x 0, meeting PM 
mK. 
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Then 


X- OQ~M'K 




ski* oo»i« 
•" 8in9 " sine 




2cos^^ 2smie' 


Also 


j.jre + i:p = »,'^^* + y'^ 




2cosie ' 2»mi« 


Now 


».i + y = .j, 


and therefore a; + ^ + 2 {xif)i = a : 



y -- 



cos^^ 



. {X- ~ i^a <i<3^i8). 



3, If tliree parabolas be described, having tbeir principal 
diameters in the continuations of the lines bisecting the three 
angles of any plane triangle, and if each parabola touch one side 
of the triangle and the prolongation of the other two : then, if A 



denote the area of the triangle ; <s, S, c, its 
of the sides ; and tt,, tt^, tt^, the 
parabolas, it is required to prove that 

Let HKT be the triangle. If S 
be the focus of the parabola in the 
diagram, T8 will bisect the angle 
A = PTK. If P, ^, be the points 
of contact, it is plain that FT = QT. 
Let TP, TQ, be taken as axes of 
coordinates. Then the equation to 



half the sum 
irs of the three 
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the parabola, if TF = m, wiU be 

a!^ + y = + mi (1). 

Let Tll^a, TK=h. Then 

f +f = 1 (2) 

is the equation to a tangent to the parabola. 
But the tangent at a point x^, y^, is 

^^±^— = ±1 (3). 

Comparing (2) and (3), on the supposition of their representing 
the same line, we see that 

and therefore, by virtue of (1), putting x^, )/„ for x, y, we get 

But, by known properties of the parabola, 

and FT sin' ^A = 2A8 cob ^A ; 

henco TT. = 2^^ ^ (a + h) 5!^^ . 

.-,. ., , ,-, : sin^i-i? 

Similarly tt, = (5 + c) -—f^, 

^ ~ ^ ' ' COS ^ C ' 

Heme iT,jr,^, - '*+"' l»+<')l«+') . I« («-»)(';'') («-c)l^ 
(t + o)(o + »)(» + {) /Ay 

Lady^s and Gentleman's Diartj^ 1844. 

4. From P, the point of concourse of two tangents to a 
parabola, vi?;. PQ^ PQ, a straight line PABG is drawn, meeting 
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the curve in A, G, and the chord QQ' in B. To shew that 
Pj4, PB, PC, are in harmonical progression. 

Let PQ = a, PQ = h. Then the equation to the parabola, 
referred to these tangents as axes, will be 

(f)'^©'— w- 

The equation to QQ' will be 

f + f.l (2). 

The equation to PABO we may take to be 

»-/?« (3)- 

Let iCj, iCj, afj, be the absdssfe of A, B, C, respectively : then, 
from (1) and (3), 

and, from (2) and (3), ~ = " + ^ ■ 

2 11 

Hence wo see tliat — — — A — . 

But it is plain that a;,, cc^, x^, are proportional to PA, PB, PG) 
hence 2 11 

PB^PA'^PG' 
i)e la Hire : Sectiones Conicce, lib. ii. prop. 21. 

5. To determine the magnitude of the latua-rectum of tlie 
parabola represented by the equation 

tlic axes being rectangular. 

The latus-rectum — a^'i. 
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6. 21P, TQ, are two tangents to a parabola : suiy other tan- 
gent cuts these two in points^, §, respectively : to prove that 

TP^ TQ 

7. FT, QT, are two equal tangents to a parabola, P and Q 
being the points of contact. If JT, QT, be cut by a third 
tangent in JS^ F, respectively, to prove that 

PE^FT, and QF = ET. 

8. If there are three tangents to a parabola, the triangle 
formed by their intersections is half of that the angular pomts 
of which are the points of contact. 

Gregory ; Cambridge Mathematical Journal, vol. II. p. 16. 

9. Three straight lines MN, NL, LM, 
produced If necessary, touch a parabola in 
the points P, Q, B, respectively; to prove 
that 

BL : LM:: LQ : QN :: MN : NP. 
De la Hire: Secttones Contcce, lib. iii. 
prop. 20. 

10. Two tangents OA, OB, are drawn to a parabola: in 
the line AB, joining the points of contact A, B, is taken any 
point whatever E: from E are drawn the straight lines EH, 
EK, parallel to BO, AG, respectively, and cutting AO, BO, 
respectively in ^T, .K": to prove that BE will touch the parabola 
in some point P, and that PE is a diameter of the curve. 

De la Hire : Sectioned Oonicm, lib. rii. prop. 21, 

11. Two straight lines OA, OB, touch a parabola in A^ B. 
The chord AB is joined. M is the middle point of AB; OM 
is joined. A third tangent to the parabola cuts OA, OB, re- 
spectively in II, K. 
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li £3I0A=:X, iMOB = ,j., OA = a, 0£ = b, OH=a, 
OK = /3, to prove that the equation to the directrix, OA, OB, 
being chosen as the axes of x, y, respectively, will be 

at cos A. + !/ cos /i = cot [X + ft>).{a sin A. + ^ sin /j.]. 

Cor. It may easily be shewn that the directrix always 
passes through a fixed point of which, m denoting the angle 
between the axes, the coordinates are equal to 

sin^w ^ '' sin* w ^ '' 

12. Two tangents to a parabola, the lengths of which are 
a, b, intersect in at an angle w, and a circle is inscriibed 
between tlie tangents and the curve; to find the distance of 
the centre of the circle from 0. 

The required distance = ■ — -^: , — 7-^-,—,,tt — , - ■ 

Ij Parabolas are desunbed touching two given straight 
line* at light angles to each other; to find the locus of the 
vertices! ot the paiabolai, supposing the chords of contact to 
be all parallel to a fixed bne 

Let tlic two gi^en stiaigbt lines be taken as axes of coor- 
dinates ; then, i, m, being the direction-cosines of the fixed line, 
the locus of the vertices will be a straight line represented by 
the equation ^ y 



Section IX. 
Beferred to any Rectangular Axes whatever. Reduction. 
The most general form of the equation to a parabola is 
ax' + hy' 4- 2oxi) + 2dx + 'ib'y + c' = 0, 
the parameters a, h, c, being subject to the relation c' = ah. 
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The object of the general problem of reduction is to as- 
certain the positions of the vertex of the parabola and its 
focus. This object may be effected by first turning the axes 
of coordinates through such an angle that the coefficient of 
xy in the tramsfomied equation may be zero, and then changing 
the origin into such a position that the final equation may 
consist of only two terms, one term containing the first power 
of one of the coordinates, and the other term containing the 
second power of the other. The equation will then be reduced 
to the more simple form belonging to the axis and its tangent 
as axes of coordinates. 

1. To find the position of the vertex and the magnitude 
of the latus-rectum of the parabola 

i^ ±y^ = ± tt*. 
Squaiing the equation, we have 

X ± 2a^^ + y = a, 
and thence [x + y - of = 4xy, 

or x^ — 'Ixy + y — ^ax — 2ay + «^ = 0. 

If we turn the axes through an angle ^, the equation wLU 
become 
[x cos 6 — ij sin 6)^ — 2 (a;' cos ^ — y' sin 6).{x' sin + y" cos 0) 
+ (ic' sin 6 + y cos &f — ^a [x' cos — y' sin 6) 
- 2a {x' sin ^ + y COB ^) + «^ = 0. 
Assume the coefficient of x'y' to be equal to zero ; then 

- 2 ein ^.cos 61 - 2 (cos' ^ - sm'' 6) + 2 sin ^.cos = 0, 
and therefore cos 20 = 0, 20 = ^tt, f = Jtt. 

Hence, subsdtuting for cos d and sin their common value 
-V-, in the equation to the curve, we get 

^x" + ^f ~ 2 {^x-^ ~ ij'=) + l^'' + ky'^ 
- a {xW2 - yW^] - « (a^V2 + yW^) + «' = 0, 
and therefore 2y" - 2V2 a^' + "!' = 0. 
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Again, changing the origin of coordinates to a point a, /3, 
we have g y + ^^ ~ 3V2.a [x + k) + ^'^ = 0. 

Equating to zero the coefficient of y" and tliose terms which 
involve neither x" nor y'\ we obtain 

4^ = 0, ,e = 0, 



~ 2V2' 



whence <>■ — ^ 

The equation then becomes 

y'"' = ij'i.ax". 

Thus the latus-rectum of the parabola is equal to a>i/2, and 
the coordinates of tlie vertex, referred to the original axes of 
coordinates, are J a, J a. 

The diagram will elucidate the analytical transformations. 
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Ul 



2, To find the magBitude of the latus-rectura of the parabola 
of which tlie equation is 

[y ~ mxf = ex. 

The required magnitude = — — - . 

(1 + .»■)■■ 

3. To find the position and dimensions of tlic curve 

a:' + 2xy + y^ - Zx + y + I = (i. 



and the inclination of the axis of figm'e to the axis of x is 45". 

4. To find the position of the parabola represented by the 
equation ^^ _^ ^^i + («/ + of = 2<^, 

and the magnltutie of its latns-rectum. 

Its vertex is at the origin of coordinates, its axis bisects the 
angle between the axes of x and y, and its latus-rectum is equal 
to 4rtV2. 

5. The equation to a parabola being 

{x + y^J^Y - 8a: (1 + VS) + 8j/ (l - ^3) + 48 = 0, 
to find its latus-rectum and the inclination of its axis to the axis 
of a;. 

The latus-rectum = 4, and the required inclination is equal 



Section X. 
Polar Equation. Focus the Pole. 
1. If, with the focus 5 of a parabola as centre, a circle be 
described, passing through the vertex, to prove that the rect- 
angle under the intercepts PQ, qp, of any focal chord PQSgp, 
included between the cirele and the parabola, is constant. 
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The polar equation to tlie parabola being 

and that to the circle t = m, 

the difference between these radii vectores for any value of B 

is equal to ',n.im^\e. 

The corresponding difference for a value tt + 5 of the 
angular coordinate is equal to 

mcot'^0. 

The quantities mtan'^J^, mcot*|^, are the values of the 
intercepts PQ, pq : the area of the rectangle included by iJiem 
is equal to the constant quantity m". 

2. To find the locua of the vertex of a series of parabolas 
which have a given focus and touch a given line. 

Let EF be the given line, and 8 the given focus. Draw 
BY at right angles to EF. Let P be the point at which one 




of the parabolas, of which A is the vertex, is touched by EF. 
Let EF cut the axis of the parabola PA in T. 

Let LA8Y=e, lA8P=^, YS'^c, A8 = m. 
Then, by the natui'e of parabolas, 

c = /Sr.cos6'= 8Pms0. 
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But SP = 



1 + 




'* 


2j« 


cos 


e 


1 + 




'* 


2m 


00! 


iS 



which shews that the locus of ^ is a circle of wliidi SY is the 
diameter. 

This proposition is easily proved geometrically. Wo knowj 
by a property of the parabola, that c SA T is a right angle ; 
hence the locus of -4 is a circle on 8Y as diameter. 

Lardner: Algebraw: Qmmebfy^ p. 129. 

3. If r, r', be two radii vectores of a parabola at right 
angles to each other, and I the semi-latus-rectum, to prove that 

4. In the focal distance 8P of any point P in a parabola, 
^ is taken equal to the distance PN of P from the axis ; to 
find the equation to the locus of j). 

The equation to the parabola being 

_ 2*" 
1 + cos ^ ' 

that to tlie required locus will be 

r = 'im tan \ Q. 

5. If, from any point P in a parabola, a perpendicular PK 
be drawn to the directrix, to prove that, S being the focus, 
8P, SK, and the latua-rectum, are in geometrical progression. 
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6. If ji be the vertex, 8 the focus, and PSp a focal chord 
of a parabola, to prove that the rectilineal triangle PAp varies 

«, (Pp)t. 

7. From any point in the directrix of a parabola, two 
tangents are drawn to meet the curve : to determine the length 
of the latu3-rectum of the parabola, the lengths of the two 
tangents being given. 

If a, h, be the lengtlis of the two tangents, the length of 
the latua-reotum will be equal to 

8. A chord QSQ' ia drawn through the focus iS of a 
parabola, parallel to the tangent at a point P; to prove tliat, 
L denoting the latus-rectum, 

SQ.8Q' = L.SP. 

9. If P be a point in the radius vector produced of a 
parabola r{l+ cos 6) = 2jw, such that Its distance from the 
foeus is equal to the corresponding focal chord; to find the 
equation to the locus of P, and to shew that in this curve, if 
two radii vectores be taken at right angles to each other, the 
sum of their reciprocals is equal to the reciprocal of the latus- 
rectum of the given parabola. 

The equation to the required locus is 



10. If FT, pt, be the tangents, and PG, pg, the normals 
at P, p, the extremities of any focal chord PSp in a parabola, 
T, t, being the intersections of the tangents and G, g, of the 
normals, with the axis, to prove that 

PT.pa 
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11. Let S be tlie focus of a paj-abola P^P^P^ 
the vertex is A, axis AM, and 
latus-rectum L. Draw any line 
SP^, and make n angles P,SP,^, 

P,8P^, P^8P„ round 8, all 

equal to each other. Draw 8Q 
so that the angle M8Q = n times 
the angle M8P,. It is required 
to prove that 

8P,.8P^.8P^ SP„ = L'^-'.SQ. 

Herschel: Leyhourn^s Mathematical Re/pository, New 8erie3, 
vol. IV, p. 67. 




Section XI. 

Polar Equation. Vertex the Pole. 

1. Two given parabolas have a common vertex A and a 

common axis : P, P', are points in the two curves, such that 

AP, AP\ are at right angles and equal to each other; to find 

the magnitude and positions of AP, AP'. 

Let c, c', be the two latera recta; let AP be inclined to the 
axis at an angle 6, and let r denote its magnitade. Then, by 
the polar equation to the curve AP, 

)*sin*^ = ccoB^ (1). 

Similarly, by the polar equation to the curve AP\ 

TCQS^d = c'em$ (2). 

From (1) and (2) there is 



-©'^ 



which determines the position of AP, AP. 
Also, from (1) and (2), 

r = ccoa0 + c &m0 

ee'^ + c'J , ,v^ , I , ,U 
{c^ + cy 
which detennines the magnitude of AP or AP, 
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2. Having given »-, »■', two radii vectorea of a parabola at 
right angles to ea^h other, the vertex being the pole and the 
axis the prime radius vector, to find the latus-rectum. 

If I denote the latus-rectum, 



J. 



Section XII. 
Polar Equation. Pole anoint in the Axis. 
1, A point C is taken in the axis of a parabola, at a distance 
from the vertex A greater than half the latus-rectmn ; to de- 
tennine the least distance CP of this point from the curve. 

Let GA — c, and 4m = the latus-rectum. Then, being 
taken s^ the pole, the polar equation to the curve, if we piit 
lPCA = e, CP = r, will be 

/ sin'^ Q = 'hn{o — r cos ^), 
whence »■* cos" 9 — imr cos = i^ ^ 4mc, 

[r cos 6 — 2mf = r" — %« (c — m). 

From this result it is evident that {4m (c — m)]'' is the least 
value of r, .The corresponding value of $ is given by the 



equation 



cos 5 = 






the value of cos 9 being always possible, because c is greater 
than 2)M, and therefore c ~ m than m. 

If the ordinate drawn from P meets the axis in M, then, from 

the value — of cos ^, we see that CM is equal to half the 

latus-rectum. 

Apolloniua : Gonicorum Liber Quintus, prop. 8. 

2. In the axis of a pai-abola is taken a point C, at a distance 
from its vertex A equal to half the latus-rcctuni. P is any 
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point ill the cui-ve ; GP is j oined. PM is an ordinate to the axb. 
To prove that GA is the least value of CP and that 
[GPf - {CAf = [AMJ. 

ApoUonius : Gomoorum, lib. v. prop. 4. 



Section XIII. 
Polar Equaiwn. Pole anywhere. 
1. Through a given point within a parabola, a chord is 
drawn ; to find the position of the chord that the rectangle of 
its two segments may be equal to a given square. 
Let ^, &, be the coordinates of the given point. 
The equation to the parabola, referred to its axis and 
tangent, being 

f = Ix, 

the polar equation, (A, Icj being the pole, wiO be 
{j-sin6' + ^)" = ;{j-cos^ + A), 
or »■= sin' e + (2A sin f - ? cos $) v + ]<? - Ih, ^ Q. 

If r,, y^, be the roots of this equation, 



The point (A, k) lying within the parabola, I? — Ik is ne- 
gative : honce, c denoting the side of the given square, we shall 
Iiave, equating c' to the area of the rectangle between the 
i of the chord, 




or sin' 6 

This equation gives two values of 6, or two positions of the 
chord; provided that c" is not less than Ih — k^, when tiie 
problem is impossible. 
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Cob. If the given point were without the parabola, ■ 
should have _ 1^ — Ih 

ein^ 8 = - — -^— . 

De la Hire : Seotvmes Oonicce, lib. v. prop. I 



2. Through a given point 0, within a | 
drawn a chord POQ: to find the inclination of POQ to the 
axis in order that the rectangle PO.OQ may be the least 



The chord must be at right angles to the axis. 

De la Hire: Sectiones Ocmiae, lib. Vii. prop. 28. 

3. If, from a point T without a parabola, two tangents be 
drawn to the curve, meeting it in P and Q, and the axis in 
E and F respectively ; to prove tliat 

PT_ET 

QT~FT' 

Section XIV. 
Linear Equation. 

1. To prove that, in a parabola, the aemi-sum of the focal 
radii vectores which terminate at the extremities of any arc 
of the curve, is always equal to the radius vector which ter- 
muiates at the end of the diameter drawn through the middle 
point of the choi-d, together with the part of this diameter 
intercepted between the are and the chord. 

Let a;, a;', be the abscissas of the ends of the arc, and x^ the 
abscissa of the end of the diameter. Let r, }-', j-,, be the 
corresponding radii vectores. Let also 4m be the latus-rectum. 
Then, by the linear equation to the parabola, we have 



and therefore ^ (r + »■')= m + ^ (a; + x'). 

But ^{x + a!) is equal to the abscissa of the middle point 
of the chord, that is, to a;, + c, where c represents the intercepted 
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part of the diameter : hence 

i (r 4- r) = m + a;, + c 
= r, + c. 

2. The il s sSEe t t 'o points in a parabola, reckoned along 
the axis, j e c 3 c and the corresponding focal distances r, 2r i 
to find the pos t oi of the former of these points. 

The re \\. red point is iii extremity of the latua-rectum. 

Section XV. 
Polar Equatdon to tke Tangent. 
1. If P2\ QT^ be tangents at the points P, Q, of a parabola, 
the focus of whioli is 5, to prove that 

SP.SQ = 8T. 
A being the vertex of the parabola, let /.ASP — a, and 
AS = m. Then the polar equation to PT will be 

— =C08fl + C09(^-a) (1)* 

Similarly, ii lASQ — /3, the polar equation to QT wiQ. be 

^ = cos ^ + cos {0 - 0) (2). 

At the intersection ?", of (l) and (2), 

co8(5-a) = cos(i?-;8), 
whence ^ a = - (0 - ^), ^-i(a + jS), 

and therefore 



cos ^«. cos ^(3 ' 

" This cqiiation to the tai^eat of a yiaxaboia is given by Mr. Daviei 
Vhilosophkal Maganine for 1842, p. 191. 
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Whence, by tlie polar equation to the parabola, 

sr = — ^— "^ 

cos'^H * cos*^;3 
= 8P.SQ. 

2. To prove that a circle, described about tbe triangle fonnctl 
by three tangents to a parabola, wiU pass through the focus. 
The polar equation \f> a parabola being 



' 1+cos^' 
tlie polar equations to three tangents will be 

— = eo8& + cos{^-«) (]), 

?^ = C03 ^ + cos (fl - a'} (2), 

— = coa5 + cos {5 - a") (3), 

a, a', a", being the angular cooi'dinates of the three points of 

contact. 

If ^^,, r„, be the coordinates of the intersection of (1) and (2), 

. , , „ m a a! 

^. = M« + «)) 7= cos-. cos-. 

Similarly, [0, r), {8^, s-J, being the coordinates of the inter- 
sections of (2), (3) ; (3), (1) ; we shall have 

^ = i(«' + 0, 7=eos?;cos^; 
and ^, = h («" + «)i ^ = COS g" cos - . 

It is evident from these results that the three points {0, r), 
{d_, rj, (^„, r„), all lie in a circle of which tlie equation is 
m {. a + a' + a"\ a a' tt' 

~ cos O — — — = COS - COS — COS -— - . 
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The equation to the circle shews that it paasea through the 
focus of the parabola. 

Poijcelet : Gergonm, AnnaUa de MatMmatiques, torn. VIII, p. 9 . 
DavieSj Goodwin : Philosophical Magazine^ vol. SXI., 1842, 

pp. 190, 219. 
Greatliead: Cambridge Mathematical Journal^ vol. i. p. 170. 
Ellis : Cambridge Maihematical Journal^ vol. i. p. 206, 
Haydoii : Cambridge Ma^iemaiical Journal^ vol. IV. p. 192. 

3. To determine the magnitude of the latua-rectum of a 
parabola the equation to which is 



©'■^(f)'-- 



a> being the angle between the coordinate axes. 

The form of the equation shews that the axes of a 
touch the parabola, a, &, being the 
disfeiiices of the points of contact from 
the origin. 

Let Py, QT, touch the parabola 
in P, Q^ respectively, FT being de- . 
noted by «, and QT by h; then 
LPTQ = fa. Join 8P, SQ, 8T, 8 
being the focus ; let A be the vei-tex. 

Put I PSA = a,i Q8A = /?. Then 
the equations to PT, QT, are, respectively, 

— = cos e + cos (^ ~ a , 




2m 



and therefore at 2", the intersection of these two li 

e = \{a + fi)=LA8T, 
whence L PST =^{a-^) = l Q8T. 

But iSPr=i(7r-a), LSQT=^{ir^ 
Hence lPT8=\{-!t + ^), LQTS^^i-K- 
and consequently to = L PTQ = tt ~ ^ (a - ^S) . 
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From the triangle 8TF, 

. a - 

8111—7 

a^ ST 1 



cos ^a. cos 4/9 ' cos^a' 



Similarly, from the triangle STQ, 



From (2) and (3), wc see that 

..a. mh . ,^7na. 

coa -=— 5-,smw, cos ~ = ^jir-svaia: 
2 a ' 2 6 

but, from (1), 

cos^a cos^/3 + sin^a sin^/S = - cos w, 
cos^4aco3'J/3 + 2c03(ocos^acos4(3 + cos^w = sin^s^a sin^^;3 
= 1 — cos^'^a - cos°^/3 + cos^^a cos^^y3, 
cos^^a + Scosw coB^a cos|/3 + coa'J^ = sin'oi; 
hence, putting for cos^a, cosJ/S, their values, we have 

-^ {(*' + 2ah cos w + h') = (sin w) , 
iahf 
and therefore 

id'V^ aitf to 
latus-rectum = ^ . 

[d^ + 2ah cos to + &'')' 

4. If a straight line be drawn from the focus of a parabola, 
intersecting at an angle ^ the tangent at any point of the curve ; 
to find the equation to the locus of the intersection. 

The equation to the parabola being 
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the required locus will be a straight line of which the equation is 

»■ sin S = . ,„ 7^ , 

^ sm [0+ ^)' 

and which is therefore a tangent to the curve at a point of 
which the angular coordinate is tt — 2/3. 

5. A right angle moves in such a manner tliat its sidca 
always touch respectively two confocal parabolas, the axes of 
which lie in the same line; to find the locus of the summit 
of the angle. 

The equations to the parabolas being 

2m , , 2rii' ^ 

— ^ = 1 + cos f, = 1 + cos ff, 

the required locus will be a right line, perpendicular to the axis 
of the parabolas, defined by the equation 
»■ cos ^ = Mi + m'. 
Bobillier : Gergonne^ Annales de Mathhnattques, torn. xix. p. 323. 



Section XVI. 

Poles and Polars. 

1. If, from any point of the exterior of two siuiilai parabolas, 

having the same axis, tangents be di'awn to the mteiior one, 

to shew that they will touch it at the extremities of diameters, 

the distance between which is constant. 

Let the equation to the interior parabola be 

^ = ^Lmx (1), 

and to the exterior if = 4m (^ + c) (2). 

The equation to the polar in tlie parabola (1), corresponding 
to a pole (a!j, y,), is 

yy> = 2Hi [x + x^) 
or ^yifi — ^'"^ + 4w*, •■■■■ (3). 
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At the intersections of (1) and (3), we have 
y' ~ '^ViV + i^mx^ = 0. 
Let !/', ?/", bo the ordinatea of these intersections : then 

f +y' = 23',, y"y' = ^'»t«^>^ 

(y" - yr = %," - IGmic, (i). 

Suppose the point (aij, s/,), to lie in (2) ; then, from (2) and (4), 

{y" ~ y'f — 16™") y" — y' ~ ^ ("*■')) 

which is the distance between the two diameters. 

2. To find the locus of a pole, relatively to a given parabola, 
the portion of the corresponding polar intercepted by the curve 
being constant. 

Let the equation to the parabola be 

1/' = imx (l). 

Then, (S, k) being the pole, the equation to the polar will be 

% = 2m(x + h) (2). 

Let [a;,, j/,) be the middle point of the intercepted portion of the 
polar; tlien, putting in (1) 

X = x, + r cos^, y =y^-^ r sinS, 
we shall have 

r* sva^B + 2r(2/, sin^ - 2)K cos^) + y^ - inix^ = 0...(3). 
Also (2) becomes 

k (r sin 9 + y,) = 2m {*■ COS 9 + x^ + k); 
but, (ajj, 1/,) being a point in [2], 

ki/j = 2m{x, + k) (1), 

and therefore k &m.d = 2m cos0 (5). 

At the intersection of (3) and (5), 6 is common to both, and the 
values of )■ in (3) are c and — c, 2c denoting the length of the 
intercepted portion of the polar. 

Hence, by the theory of equations, 

y^ sin5 = 2m cos^ (6), 

c° &m'9 ~ i-nw, — y^ (7). 
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From (5) and (6) we see that 

y> = ic (8). 

From (4) and (7) 

c' sin^^ + y^ = 2^/^ — 4m/i ; 
whence, by (8), c* ein^^ = W — imh, 

or c" sin*^ = {k^ — imh) (cos^^ + ain^ff), 

and therefore, by (5), 

4mV = (A' - 4mk) {Jc' + 4m^), 
the eqixation to the required locus. 

3. If the normal at one extremity of the latus-rectum of a 
parabola be the polar, to prove that the corresponding pole will 
lie in the diameter through the other extremity of the latus- 
reetum, and to determine ita exact position in this line. 

li^ = imx he the equation to the parabola, the coordinates 
of the pole will be 

a; = — Bni, !/ = — 2wj. 

4. To find the locus of the interaection of a perpendicular 
drawn from the vertex of a parabola to meet a polar, the pole 
of which lies in a similar external parabola having an axis co- 
incident with that of the inner parabola. 

If the equation to the inner parabola he 
y^ = imx, 
then, fj denoting the distance between the vertices of the two 
parabolas, the equation to the required locus will bo 

5. Any number of parabolas are described having the same 
vertex and axis, and any straight line is drawn without the 
parabolas at right angles to the common axis. If any points 
whatever in this line be taken as polos, to prove that all the 
polai-s belonging to all the parabolas will intersect in a single 
point. 
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6. The polar belonging to a pole P, relatively to a ^ven 
parabola, intersects the curve in points E and F: the triangle 
JSPi^ being supposed to have a constant area, to find the locus 
oi£. 

The equation to the parabola being 
/ = fe, 
and c" denoting the constant area, the required locus will be 
a parabola defined by the equation 



Section XVn. 
Intersection ofParabolas. 

1. If two parabolas have their axes perpendicular to each 
other ; to prove that, if they cut each other in four points, those 
four points will lie in a circle. 

The equations to the two parabolas, supposbig the axes of 
coordinates to bo parallel to their two axes, will be of the forms 
y' + ^^ + aic + 7 = 0, 
a:'* + yS'a; + «> + t' = 0. 
At the intersections of these parabolas, we shall have 

a:'' + 3^' + (a + ^') a: + (;3 + a') y + 7 + 7' - 0. 
This equation shews that all their points of intersection lie in 
a circle. 

2. Three parabolas, of which the axes are parallel to each 
other, intersect: to prove tliat the three chords joining their 
points of intersection pass through a single point. 

3. If a parabola, of which the equation is ^^ = ic, be inter- 
sected in four points by a parabola, the diameters of which are 
parallel to the axis of ^, to prove that the sums of the ordinates 
of intersection on opposite sides of the axis of abscissas, will be 
equal to each other. 

Ue la Hire : Sectimies Conica, lib. v. prop. 30. 
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4. Ax is tJie axis of a parabola AB, Ay being tho tiingcnt 
at A. Also Ay is the axis of a para- 
bola AF, Ax being a tangent to it 
at A. To prove that, S, F, being 
the latera^recta of the parabolas AE, 
AFj respectively, 

E:PM::PN:F, 
P being the point of intersection of 
the two eurvcs, and PM, PN, at right 
angles to Ax, Ay, respeetivcly. 

This is one of two methods of finding two mean proportionals 
between two given lines F and F, discovered by Menechmus, 
a geometrician of the School of Plato. His two solutions of the 
problem of the two means afford the earliest instances of the 
application of geometrical loci and conic sections to the solution 
of problems which cannot be solved by means of the rule and 
compass, called by the ancients solid jrrohlems. 

The problem of the two means excited much interest among 
the ancient philosophers by reason of its intimate connection with 
the celebrated Delian problem of the duplication of the cube. 
Many solutions were accordingly discovered by various Greek 
geometricians ; by Eudoxus, Plato, Hero, PhUo, ApoUonius, 
Diodes, Pappus, Sporus, Menechmus, Architaa, Eratosthenes, 
and Nicomedes, The solution of Diodes, as depending upon 
the construction of his cissoid, baa been rendered more complete 
by Newton, who has given In his Universal Arithmetic a method 
of describmg this curve by contuiuous motion. For an exposi- 
tion of the various solutions of this problem the reader is 
referred to the GommenUvries of Eutochius on the Second Boole 
of Archimedes, Tlepl S^atpos leal KvXiySpov ; to the Mathe- 
matvxB Collectiones of Pappus, lib. iii., where he will find an 
accoimt of several of the solutions ; and to Montucla's Ilistoire 
des MathSmatiques, tom. I. p. 186. 

Atpi-ioK yap Xoifim^aaiv, ^^pJ^irev o 'ATToWwr, a-rraXKa- 
j]]i7ao-6ai Tov Xoifiov, el tov ^a/ibv Si'irXaaida-ov(7iv, icv^tKov 
exoVTa a-)(riiJ.a, oi 8' iir^icoBofiijtTav TrpoaOivTe^ T§i irpoTeptp 
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^dsfxtp erepov kv^ov itrov aW r) twv hvo kv^wv avvdi^ic)], 
TO Tov KVJ3ov •Ty(ii/ia riXKolmac yeiyove Bk avrl /ev^ov, 
Soxi^. TOV \oi/j,ov Se /j.f) Trav(7a/j.evov, ej^pijffev o 0eo9 fj,ij 
ireTvoitjKevat avroi)^ to ■n-po/Tra'^Siv. 6 jj-ev jap TTpocr^Tw^e 
StirXafftda-ai tov kvJ3ov' rovTecTi, ^afiov icaTao-Kevdaat 
KvffiKov TOV irpOTipov Bi-TrXda-MV ol Be, kv^ov eVt kv^i(i 
i-jredi)Kav. ^X8ov o!iv tt/jos HXaTccva ^tjTouvTe^ p.e0oBov, 
TTtoi av TOV Kv^ov BfTrXatrida-aiev 6 Be wpo'i auTov^ <p'>icrt,v, 
eoiKev vfilv oveiBl^etv 6 Oeof to? dfieXovffi f^ecofLeTpla,^. 6 Be 
TOV Kv^ov SiirXaiTiacr/ib'i, evpe6ii(7£Tai ^rjcrtv, el Bvo euOei&v 
Svo fiiuai dvdXojov evpe6elev xal tovto to Trpo^Xij/ia Tol'i 
IJ,adi]Tal^ vpoe^dXXeTO- oiTive'; ical irepl tovtov yeypdipaa-tv, 
(JiS SeSvvijTai etcaa-TO^' wj- oiiBivn irepiaoi^eTat f^e^t tov vvv, 
dXX ovB' 6 jew/j.sTpij'i wept Totirou eirearifj/rivaTO' Svo p.iv jdp 
BoOeiaSv ev6ei<Sv, p^eaov dvati-ojov eipelv, e^eOeTo Tt/v uTroSei^iv. 

■IQANNOY TOY rPAMMATJKOr, EIS TA 'TSTEPA 'ANAAYTIKA 
'AP1STOTEA0Y2, TnOMNHMA. Venke, 1531, p. 24. 

K.oju^op.ivoi'i rifilv (itt' AljvTTTOv -TTepl Kapiav Ai}Ximv 
Ttves dTT')]VTr]<rav, Beoftevoi. UXdT<i>vo<i dis yem/j.eTpt'Kov Xvaai 
j(pi}iTp,ov avTOi<; utovov v'jto tov deov 7rpo0e0Xiip,evov. rjv 
Be 'x^p'qap.o'i, AtjXioi^ Kal Toti akXoi'i "EXXyat ■jravXav t&v 
irapoVTccv KaKwv eaea-0at BtirXaaidaaat tov ev A^Xw ^cap-av^ 
ovre Be Ttiv Btdyoiav e/ceivoi (7vp,j3aKKeLV Bvvdp.evot, Kal 
irept t}jv tov ^w/ioO KaTacKevfjv yeXoia •7Td<rj^ovT€';, {kKd<TTii9 
ydp T&v Tea-irdpwv irXevpoii' BiirXao'taZop.evi)^, eXaSov T§ 
av^rjaet totiov OTepebv OKTawXdmov drrepyairdpevoi,, BC 
a-Treiplav dvaXoyla^, t) rp pijaei ht-jrXdmov irape'^eTai) YlXd- 
Tfova Ti)s diropia'i eweKaXovvro ^otjOov. 6 Be, tov AlytrirTiov 
/tvijo-^els, TTpotriral^eiv et^^j tov Oeov "EXXT/aiv, oXiycopovtrt, 
iraiBela';, olov e<pv^pt^0VTa Ti/v dpaQiav rip,iav, Koi leeXevovTa 
yeiopsTpla^ a-trTeaOai fti] irapepyov. oii ydpTOi ipavXov, 
oiiB' dp^ii Siavolai opoxrijt;, aicpax; Be ra? ypafj.p,d^ rjCK^- 
fievi)? epyov elvai, xal Bvolv p-eawv dvdXoyov Xi)ijriv ^ fioyi} 
SfTrXa<7id^eTat <T-)(fip,a kv^lkov o-w/taTos, e« train)'; 6p,oimg 
av^a/ievov Biarrrdrrem'i- rovro p,ev ofif EuBo^ov auToi'i tov 
KviBiov, ^ TOV Kv^iK7}vhv 'EXiKwva, avvTeXia-etv- 

HAOYTAPXOY rftpl To5 SQKPATOYS AAIMONIOT. 
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Section XVIII. 

Parabolic Lod. 

1. A triangle is constructed on a given base, its vertex lying 

in a given line parallel to the base : to find tlio locus of the 

intersection of perpendiculars from the extremities of the base 

on the opposite sides. 

Let AB be the base, and G the vertex. The pcrpendiculara 




AH, BK, CL, from A, B, C, on the opposite sides of the triangle, 
will meet in a single point P. Let Ox, Oy, be the axes of 
coordinates, being the middle point of AB. Then, putting 
AO = a=^BO, CL = b, OL = x, PL = y, we have 



- = tan lPAL = cot z. CBL = 



% — X 
1~' 



the equation to the locus of P, which is therefore a parabola, the 
latua-rectum of which is equal to the distance between AB and 
the locus of (7, and which passes through A and B. 

TPt, are dra^ra through two 




points S, 5", the former of which ia fixed and the latter ai'bitrary, 
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of an indefinite straight line xAx'.' PM Is at right angles to 
ica;'. Supposing that the angles 8PT, STP, are always equal, 
and that, A being a given point, ^2" Is always equal to AM, 
to find the locus of P^ in wliich the two straight lines intersect. 

Let Ax be talten as the axis of a;, and a line through A^ at 
right angles to it, as that of ^. 

Then, denoting A8 \iy m, tiie equations to Tt, 8s, will be 
respectively of the forms 

?/^ax + ^ (1), 

p-^'i^-m) (2). 

Since l8TP^ iSPT, we have 

-^ («^ 

and, since AT= AM, we have 

^ = ^±^ (4). 

From (3) and (4) there is 



a0 = m (5). 

From (4) we have 2a/9 = q.'{B - ma), 

and therefore, by (5), 2)w = a'(/3 — ma) (6). 

From (2) and (6), 

2m{x-m) = y{^-ma) (7). 

From (1) and (7), 

f-'im{x-m) p _ „, / + 2a; (a; - m) 

y{x + m) ' '^ y{x + m) ' 

Substituting these expressions for a and ^ in (5), and simplifying 
the result, we shall get 

{y^ + [x — mf] . (^ — 4ffia;) = 0. 
Rejecting the former factor, the equating of which to zero would 
give Impossible values to t!ie coordinates, we have 
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the equation to a parabola of which A ia the vertex and S the 
focu3. 

Kaymond: Gergonne, Annates de MatMmatiques, torn. III. p. 1 43. 

3. To find the locus of the centre of a circle inscribed in 
a sector of a given circle, one of the bounding radii of the sector 
remaining fixed. 

Let a be the radius of the circle of which OBQ is a sector, 
OH being the fixed radius. Let 
p denote the radius of the in- 
scribed circle i r, 0, the polar 
coordinates of P, the centre of 
the inscribed circle, lPOB be- 
ing equal to and OP to r : 
then, manifestly, < 

r + p- 



the equation to a parabola of which is tlie pole and focus, and 
of which the latus-rectum is equal to twice OB. 

4. Two lines DE, DN, indefinitely produced, are given in 
position : MEN is a given angle, the summit E of M'hich always 





moves along J)E, while the side EN always passes through 
a given point G; moreover EM is a third proportional to 
NG, GE. To find the locus of M. 

Draw GA parallel to NB; and di-aw GB so that iGBE 
= lGEM. From A draw AQ^ meeting the indefinite line DN 
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IbiJ PARABOLA. 

in Q, m that lBAQ = lABC. Draw MP parallel to <?^, 
meeting the indefinite line DE in P. 

Let AD = a, AB-i,BO=c, AF = x, PM=-ij, AE^z. 
Then, by the construction, 

lEPM= LBAQ- LOBE: 
also IFEM+ lCEM- lOEP- ICBE + aBCE 
= ICEM+ IBGE, 
and therefore lPEM=lBCE. 

The two triangles PEM, BCE, are therefore equiangular. 
By the condition of the pi-ohlem, 

[CE)' = EM.NC (1). 

But, by the similar triangles PEM, BCE, 
CE BC _ e 

EM^ EP^ ic-i 

Also, by the similar triangles GAE, NBE, 
gE_^AE^._ 
NC AD a '"'• 

From (1), (2), (3), I = ^° (4). 

Again, by the similar triangles PEM, BCE^ 
PM _BE 
PE " BC 

or ^z^^r ^^'■ 

Eliminating 2 between (4) and (5), we shall readily get, putting 
a + c =/) for the equation to the required locua, 

" Le Comte Roger de Vintimille a propose ce Probl6me avcc 
quelqxtes autres dans Ic Journal de Parmo du mois d'Avril 
de I'ann^e 1693, cc qui a dorni^ occasion au Pfcre Saqucriua de 
tiure imprimer un petit livre k Milan, dans lequel il avouc qu'il 
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r' a pft resoudre oilui-ci, quoiqu' il tasae assoa paroitre j>ar la 
solution deB auti'es qu' il est fort vers^ dans la G^onn5trie." 

L'Hospital: TraiU Arialytique des Sections Coniqves, p. 254. 

5. To find the equation to the locus of a point the distance 
of which from the origin of coordinates is equal to its distance 
from the line 

{y - c) cos^ + X mx9 = 0, 

and to refer it to axes inclined to the original ones at an angle 

The required locus is a parabola th(s equation to which, 
referred to the new axes, is 

f --C cassia cosd - 2x) 

6. In a plane triangle ABC, if 

tan-4 . tan ^B — 2, 
and AB be fixed ; to find the Jocus of C. 

If AB = c, BC^r, lABC^e, the locus of G will be a 
parabola defined by the equation 



i + cos^- 

7. From any point Q, in a fixed ordinate of a parabola at 
right angles to its axis, a diameter is drawn to meet the curve 
in P. A being the vertex of the parabola, and jiB the abscissa 
of Q, BA is produced to G, so that AG = AB. To find the 
locus of the intersection of A Q, CP, produced indefinitely. 

The reqiured locus is the parabola itself. 

8. A is the origin, B a point in the axis of y, BQ a line 
parallel to the axis of ic: in AQ, (produced if necessary}, P is 
taken such that its ordinate is equal to BQ: to find the locus 
of P. 

If AB = 0, tlie locus will he a parabola defined by the 
equation y^ _ ^^^ 
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9. If, from any point P of a circle, PC be drawn to tlie 
centre C, and a chord PQ be drawn parallel to the iMamet«r 
ACB and bisected in B, to find the locus of the intersection 
of GP and Alt. 

If c be the radius of tlie circle ; then, ABO being taken as 
tbe axis of x and a diameter, at right angles to it, as the axis 
of y, the required locus will be a parabola of which the equa- 
tion is f = 2ca; + c=. 

10. OA is a fixed straight line of length «, POP' a straight 
line tln'ough making an angle d with OA. To find the locus 
of P or P', having given that the product of the triangular areas 
A OP, A 0P\ is equal to a', and their quotient to cot^ \ B. 

The locus of P or P will be a parabola represented by the 
equation ^ 



11. Having given one side of a triangle, and tlie snni of the 
tangents of the adjacent angles, to find the locus of the vertex. 

Taking the origin of rectangular coordinates at the middle 
point of the given side, the given side being chosen as tlie axis 
of X, we shall have, for tbe equation to the required locus, 

m (a° — a^) = 2oy, 
2a denoting the given side and w, the given sum. 

Lardner: Alg^aic Geometry, p. 116. 



12. To find the locus of the centre of a circle, which passes 
through a given point and touches a given straight line. 

Let the ^ven straight line be taken as the axis of a;, and 

a line perpendicular to it, through tbe given point, as that of y. 

Let c be the ordinate of the given point. Then the required 

locus will be a parabola defined by the equation 

a;" + c^ = 2oy. 

Puissant: Itecueil de diverse^ propositions de GiomAtrm, 

p. 196, troisi^me Edition. 
Gamier : GiomMrie Analytigue, p. 180. 
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13. To find the locus of the centre of a circle which touches 
both a given circle and a given straight lino. 

Let the given straight line be chosen as the axis of x, and 
a perpendicular to it, through the centre of tlic given circle, as 
that of y. Then, 7 being the radius of the given circle, and ^ 
the ordinate of its centre, the required locus will be a parabola 
defined by the equation 

a^ = {/3 ± t) {2^ ± 7 - ff). 
Paiesant: Becueil de diverses propositions de Ohtnetrief 

p. 197, troisihne Mition. 
Gamier : G^omit/rie Analytique^ p. 439, dewxihne Mition. 

14. If Si' be the perpendicular drawn from the focus of 
a given parabola upon the tangent at any point P\ to find the 
locus of the centre of the circle circumscribing the triangle 8YP. 

The equation to the given parabola being y' — imx, the 
required locus will be a parabola defined by the equation 
1/'" = m(2x ~ m). 

15. A straight line DGE, passing through two given points 
i>, (?, cuts a given straight 
lino BA, produced, in K Two 
points -F, G, are taken in EA, 
such that 

AF _ GE 

BG~ DE' 
and the straight lines CF, BG, 
are produced to meet in B. 
To find the locus of P. 

Let EAB^ ECB, produced indefinitely, be taken as axes 
of X, y, respectively. Let EC = Jc, ED = k', EA = a, EB = a'. 
Then the required locus will be a parabola defined by the 
equation 

{ak'-a'Je){kk' + f)-i-kk'[k-~h')x+{a'Jc^ — ak'^+{a'-a)W}i/ = Q. 
Leybourn ; Mathematical Bepositffry, New Series, vol. I. p. 45. 




y Google 



166 PAEABOLA, 

16. To find the locus of the focus of a parabola, which has 
a given vei-tex, and which touches a given right line. 

Let A be the given vertex : from A draw AB at right angles 
to the given right line, meeting it In B. Let BA, produced 
indefinitely, be the axia of x, and Aj/, at right angles to AB, 
be the axis of i/. 

Then, a denoting the distance AB, the i-equired locus will be 
a parabola represented by the equation 

Tjardner: Algebraic Geome-try, p. 130. 

17. Two straight lines OA, OB, are divided each of them 
into n equal parts. The ends of the j-* and (r + 1)* divisions 
of OA, reckoning from A, are jomed respectively to the ends of 
the r"" and (r + 1)"' divisions of OB, reckoning from 0. If H 
he the middle point of AB, OSx be the axis of x, and Oy, 
parallel to BA, that of ^ ; to prove that, if OH = p, AH = q, 
the locus of the intersection of the two joining lines will bo a 
parabola defined by the equation 

H^y — %n'^x + (ft' — 1) jjq' ~ 0. 
Brianchon : Journal de I' Ecoh Polytechnique, 19' cahim; 



Puissant: Seciteil de diverse^ prt^ositwm > 
p. 201, troisi^ne Sdition. Traiti de TopograpMe, No. 182, 
2* Mition. 

Gamier : 6Som4trie Analyttque, p. 443, deuscihne Edition. 



Section XIX. 
Parabolic Snmlops. 
1, To find the locus of the ultimate intersections of per- 
pendiculars drawn to the normals of a parabola at the points 
where they cut the axis. 

The abscissa of the intei-seetion of a normal to a parabola 
■tf = imx, drawn at a point {x, y) of the ciu-ve, with the axis, 
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is X + 2m: the equation to t!ie perpendicular to this normal 
will therefore be 

^ ^Y 

or iji/' = 2m {x' - 2m) - ^/. 

Differentiating this equation witli regard to the parameter ^^ 

we get y' = -y; 

lieuce the equation to the required locus is 

— y"^ — 2m [x' — 2m) — ^y'', 
or y'^ = 4m (2m - ai) ; 

which is the equation to a parabola similar in form to the 
ori^nal one, its concavity being opposite and its axis coincident, 
and its vertex being at a distance 2m from the origin. 

2, A straight line PQ moves with its extremities P, Q, in 
the sides OA, OB^ of a triangle A OB, so tliat the rectangle of 




the segments OP, Q, is always equal to that of the segments 
AP, BQ : to dcteimine the curve to which PQ m always a 
tangent. 

Let OA^a, OB = h, OP=m, OQ^n. 

Then, OAx, OBy, being choaen as the axes of coordinates, the 
equation to PQ will be 



• (1), 



subject to the condition 

mn ^ {a - m) {b - 
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Differentiating (l) and (2), we have 

m if ' 

dm dn 
a b ' 
whence, X being an arbitrary multiplier, 



whence X I — 1-^1 = — I--. 

\a hj m n 

or, by (1) and (2), X = 1. 

We have, therefore, «i* = ax, n' = hy, 



and therefore, by (1) or (2), 



©* 



N*., 



which ia the equation to a parabola to which OA, OB, are 

tangents at the points A, B. 

Servoia: Gergtmne, Annales de Maih4matiques, torn. iv. p. 156, 159, 

3. Circles are described on anccesaivc double ordinates to the 
axis of a parabola as diameters : to shew that their envelop ia 
an equal parabola, and that, of thia aystem of circles, those of 
which the diameters are less than the latus-reetum, do not admit 
of an envelop. 

4. K P be any point in a parabola, the equation of which 
is y' = Ix, and M, I^f, be the points where the perpendiculai-s 
from P meet the axes of x, y, respectively ; to find the locus 
of the continued intersection of lines MN. 

The required locus is a parabola represented by the equation 
y" = — Mx. 

5. To find the locus of the consecutive intersections of 
straight lines drawn through points K, L, which move in 
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parallel straight lines so as to make OK always equal to OL, 
being a fixed point in the locus of K. 

Let he the origin of rectangular coordinates, the locus 
of K being the axis of x. Let B be the intersection of the 
axis of y with the locus of L. Let OB = 6. Then the required 
locus will be a parabola defined by the equation 
x" = b.[h ~ 2y). 

6. A straight line cuts off from a parabola a segment equal 
to a given area : to find the equation to the curve to which this 
line in any position is a tangent. 

Let d' represent the given area; then, the equation to the 
parabola being ,y- = 4^3,^ 

that to the required envelop wUl be 



j/^ = 4m -j 



XiniJ 



Section XX. 
Miscellaneous Problems. 
1. The equation to a parabola, referred to rectangular axes, 
"^^^S y' + A.ay cot a = ^ax, 

to find its equation when referred to obhque axes incHned to 
each other at an angle a, the axis of x remaining the same. 
The required equation is 



2. P is any point in a parabola of which the vertex is A, 
and focus 8; T is the point where the directrix intersects the 
axis ; TP is joined and produced to cut the latus-rectum in JV"; 
SPQ is drawn to meet NQ, which is pamllel to 8T, in ^ : to 
find the locus of Q. 
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The equation to tlie parabola being y' = 4:irux, the rcqixired 
locus will be a circle represented by the equation 
a? -{-y^ = tn['ix + 3m). 

3. To find the locus of the intersection of the tangent at one 
extremity of a focal chord of a parabola with the ordinate at the 
other extremity produced. 

The equation to the parabola hoing 
y' — imx^ 
that to the required locus will be 

mxf = {x' + ff. 

4. A circle is Inscribed in a parabola, the distance of the 
centre of the circle from the vertex of the parabola being to the 
radius of the circle as ji' + 1 to m^ — 1 . To find the positions 
of the points of contact. 

The equation to the parabola being y' = &, the abscissa of 
the points of contact is 

In 

5. Having given a diameter of a parabola, and a tangent 

through the vertex of the diameter, to find the locus of the 
vertex of the curve. 

The given diameter heii^ taken as the axis of x and a per- 
pendicular to it through its vertex, as that of y, the required 
locus is a straight line of which the equation is 

y — 2x tan a, 
where a denotes the angle between the given tangent and 
diameter, 

Tjardner: Algebraic Geome-try^ p. 132. 

6. Under the conditions of the preceding problem, to find 
the locus of the focus. 



y Google 



MISCELLANEOUS PROBLEMS, 171 

The axes of coordinates being the same as in the preceding 
problem, the required locus is a strtught line represented by the 
equation (, = a;tan2a. 

Lardner: Algehraic Geometry, "p. 132. 

7. The tangent to a parabola, at a point P, meets the latus- 
rectam produced in L, and the directrix in M; to find the locus 
of the centre of the cii'clc insci-ibed in the triangle SML, 
8 being tlie focus. 

The equation to the parabola being 
r =^ nt seo^ ^ 0, 
that to the required locus is 
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ELLIPSE. 

Section I. 
Referred to its Axes. Ordinates. 
1. If a, /9, are the coordinates of the centre of a circle to 
radius 7, which cuts in four points an ellipse 

d'y' + 6V = a%^ (1) ; 

to find the value of the product of the four ordinafes of inter- 
section. 

The equation to the circle ■will he 

[x - «)■ + (y - «■ = /. 
Multiplyii^ this equation hy b^ and subtracting the result 
from the equation to the ellipse, we have 

{a^ -h')f-i- 2i'fy - h'^' + 25''cUT - 5V = V [a" - 7"]---(2). 
Multiplying (1) by 45V we have 

and therefore, by (2), 

ia'b''aY + [6^ (a' + ct" + /3' - 7^) - 25"y3f/ - {a' - b') /}^ = id'bV, 

or (<f - byy' + + b' [(ft' + a" + Z?' - 7T - *«V} - 0. 

Hence, by the theory of equations, y^, y^^ 1/^, y^, being the 
four ordinates of intersection, we have 



(»• - sy 

2. If ordinates y^, y^, divide the major axis of an ellipse 
into two parts ai^, a;,', and a;^, x^, respectively, to shew that, 
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; the latus-rcctum, 



and ^ = -^i^. 

'Edv ev KvXCvSpov rofi^ evSeiai ayOwaiv eVt tov Btd/ierpov 
Terwyiikvaf etyrai to. air avTiav Terpdyava xpo9 ftev Ta 
Treptej^o^eca %wpwt v-7ro t&v aTroXa/i,0avo/^evf»v vir aiiTwv 
irpo^ TOi'i trkpaav t^5 ifKayia^ rov eiSom irXevpd'i, (i>5 tou 
etSovi f/ 6p$ia wXevpa Trphi tjjv "TrXayiaV Trpoi eavrd, Be 
(ti? TO. ■7repie)(pi>,eva %a>pl.a virb raiv, (os etpt]rai, dvoXa/x.^a- 
vo/j,evcov ev9etMV. 

SEPHNOT ANTINSEQS *IAO20*0T Uipl Ki/Xii-^pou To^ij5. nporam^ i^. 

3. A perpendicular AH is drawn to the eemi-axis-major CA 
of an ellipse, through its extremity A, equal to half the latus- 
rectum; an ordinate MF to the axis cuts the straight line CJI 
in Q. To prove that 

{FMy = 2 area QMAH. 

Apollonius' Conicorum lib V prop 1 

4 An ellipse and a circle having the same centie tl 6 axis 
maioi -)i the ellpse m equal to thiee times the iiliis f the 
circle to detcmune the p nts of mteiiection oi the two curveSj 
supposing the tou to uut the distance between the extienutes 
of ^e diimeter and axis m i given i^tio an 1 to letennme that 
lat u when tie ellipse uid cuclejust touch each othci 

Let AE=c, AS — — , A being one vertex of the axis, 
S the nearer focus, E the nearest point of the circle. Then 

a; = + „ ^^ , (4ra"-6m+l)i; 
"" 3™ — 1 

and, when the ellipse and circle just touch each other, 

m = i(3 + v'5). 

Leybourn's Mathematical Repository, New Series, vol. IV, p. 130. 
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5. About the centime of an ellipse 

a 
is described a circle, with a radius equal to the ordinate : to find 
the locus of the intersection of this circle with the ordinate. 



The required locus is an ellipse defined by the eqiiation 

ah h 

Lardner: Algebraic Geometry, '^. 151. 



Section IT, 
Referred to its Axes. 
1. If (a, /3), (a', jff), be the coordinates of two points in s 
diameter of an elUpao, and be subject to the condition 



to find the equations to the tangents at the extremities of this 
diameter. 

If ic, y, be the point of contact, 

3 + F-' W- 

But, the points (a, /3), and (h, ^'), lying in the same line 
with the point (a;, y\ 

X _a. _ k' 



W> »'(?^ + f) = «'. 



hence, from 

and consequently, by the condition of the problem, 

sunilarly ^ = ± {0^'f. 
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KEPEREED TO ITS AXES. TANGENTS. 

Hence the equations to the t: 



2. To find the area of the parallelogram formed by tangents 
at the extremities of diameters 2r, 3r'j of an ellipse, tlie angle 
between these diameters being 0. 

Let the semi-axes of the eHipse be a, /j, and (x, ;/), [x', ?/'), 
the extremities of 2j-, 2j-', respectively. 

Let 1^ denote the angle between the tangents at their ex- 
tremities. Then 




sin" A = 1 — c.^ _ „, . , ^ .. , .., ,„ 

b + iJU + i-J 

^ [xy' -- x'yf _ g,g„ 

S, B', being the perpendiculars from the origin upon the two 
tangents. 

But, u denoting the area required, it is easily seen that 



hence, X, V, denoting the inchnations of r, r, to the major axis, 
xt/' — x'y rr' (sin X' cos \ — cos \' sin X) 
~ rr' sin (V - X) 



3. In the tangent at any point P of an ellipse is taken 
a pomt T, such that the angle PGT, subtended by FT at the 
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centre of tlie ellipse, is always a right angle : to find the locua 
of tLe point T. 

The coordinates of P being a cos 0, b sin 6, the equation to 
Pr will be ^ ,, 

-cos^ + f sine= 1 (1). 

Also, A being the extremity of the axis major, 

T,/v , J ein ^ 
tan L POA = y. . 

Hence the equation to CT, which ia perpendicular to CP, is 

cos^ by ^ ' 

At the intersection T of the lines (1) and {2], the equation 
to the fonncr of which may be written 

- cos ^ + f sin ^ = (cos'^ $ + sin'' ^)*, 
we have ~.hy — ^.ax = {V'-f + «V)*, 

which ia the equation to the required locus. 

4. To find the equation to the tangent of the ellipse 
'J- + 2f = 3, 
at the extremity of the latus-rectum. 
The required equation is 



Ve 3 



+ 1=1- 



5. If Ji, h, repreecnt the intercepts of the axes of coordinates, 
made by any tangent of an ellipse 



to prove that- 
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6. A tangent at any point P of an ellipse meets the semi- 
axis-major, produced, in ?*, and the semi-axls-minor, produced, 
in i; from P are drawn PM^ Pm,, perpendicular to OT, Gt, 
respectively. To compare the areas of the triangles PMT, 
Pmt. 

The coordinates of P hcing a;, y, 

triangle PMT : triangle Pmt : : «y : 5 V. 

7. The circumstances of the preceding problem remaining 
the same, to find the locus of a point P' iu Tt, such that 

PT n 
Pt ~ m ■ 

The equation to the required locus is 

8. If, from a point without an ciiipse, two tangents he drawn 
to the curve, and two straight lines to the foci; to prove that 
the angle contained hy one tangent and the line drawn to one 
focus, will be equal to the angle contained by the other tangent 
and the line drawn to the other focus. 

Leyboum : Mathematical Repository^ New Series, vol, ii. p. 40. 

9. To find tlie locus of the intersection of an ordinate of the 

ellipse s a 

* or V 

with the perpendicular drawn from the centre upon the tangent 
at the extremity of this ordinate. 

The required locus will be another ellipse represented by the 
equation » ,b . 

a a 

Lcntheric, "Vallfes, Bobillier: Gergonne, Annates de MatM- 
!, torn. XVII. p 377. 
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10. AA', BB\ are the iHagonak of a rhombua ABA'B'^ 
which intersect in G. If a, 0, be the aemi-axea of any ellipse 
described with C as a centre and axes in directions AA\ BB\ 
so as to touch the sides of the rhombus ; then a, |S, are coor- 
f a point in the ellipse having AA', BB\ for its axes. 



11. In two ellipses, concentric and similarly placed, are 
taken two points P, Q^ the ahsoissas of which are as their major 
axes ; P', Q\ are two other such points. To prove that, 0, $', 
^, tj)', being the angles which the tangents at P, B', Q, Q', 
respectively, make with the major axes, 

tan 8 ___ tan ^ 

tan^' tani^' " 



Section TIL 
its Axes. Magical Eqimtim 
The equation to an ellipse being 



the straight line defined by the equation 

y = ax -^ [aV + i''f, 
will be a tangent to the ellipse, varying ii 



the Tangent. 



position with the 



value of a. 

This equation may be seen in Leroy's G4om4trie and in 
Waud's Algebraical Geometry : it seems however, together with 
analogous equations to the tangents of parabolas and hyperbolas, 
to have been first employed by Mr. A. Smith for the demon- 
stration of various properties of conic sections. Owing to its 
great utility, particularly in problems of tangency which do not 
involve the consideration of the point of contact, it has been 
called the Magical Equation to the tangent. 

Smith : Cambridge Maihematical Journal.^ vol. I. p. 9, 
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If I, m, be taken to represent the direction-cosines of the 
tangent, its equation may be expressed in the more Bymmetricjil 
'o™i lx-\-my = [Pa' + m%^f. 

1. Two straight lines, such that the product of the tiigo- 
nometrical tangents of their inclinations to the axis of x ia 
constant, touch an ellipse 

to find the etjuation to the locus of their interhection«. 

The cc[uation which connects the coordinates of any point 
in a tangent to an ellipse with a, the trigonometrical tangent 
of the inclination of the tangent to the axis of a; is 

(y - K^)= = aV + h% 
or (j^ - rt") a'' ~ ^x7jo. + / - I' = 0. 

If therefore ^, y, be the coordinates of the intersection of the 
two tangent*, the two values of a in this quadratic will be the 
trigonometrical tangents of the inclinations of the two tangents 
to the axis of x. Hence, m denoting the constant product, we 
have for the equation to the required locna 

y_4- = „(^_,-), 

which represents an ellipse or an hyperbola accordingly as m 
is negative or positive, 

Bochat : Gergonne, Annahs de Math&mattqiies, torn. II. p. 225. 

Gamier : 6f4om4trte Analytigue, p. 275, deu^ihne SdiUon, 

2. To find the locus of the intersection of a pair of tangents 
to an ellipse, at right angles to each other. 

The equation to one tangent being 

a; COS a + y sin a = ± (a" cos^ a. + V aui' «)*, 
that to the other will be 

— a; sin a + ^ cos a = ± (a" sin'' a + &" cos" a) : 
adding together the squares of these two equations, we get 
i^ + y^ = a^ + b% 

N2 
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as the equation to tke required locua, which is therefore a circle 
concentric with tlae eUipse, having (a" + h^)^ for its radius. 

Lam^; Examen Aes diffh-entes m&thodes employees ^owe 

risovdre Us problhnes de GSomStrte, p. 77. 
Puissant: Becueil de diveraes propositions de GSomitrie, 
p. 214, troisi^e Edition. 

3. If p., p\ are the distances of the foci of an ellipse from 
a tangent, to prove that 

p.^ = ¥". 

The equation to a tangent being 

where I, m, are its direction-cosines ; and the coordinates of the 
foci being [[a^ — i'f, 0}, and (— (a" — J")*, 0}, we have 
p = -{ra' + M'b'f + l{d'~I>'')\ 
p- = - [Pa' + m'h")'' -?(«"- b^f ; 
whence pp' = ^a' + m'b^ — ?*(«* — h^) 



4. To find the locus of the middle points of chords in a circle 
which touch a concentric ellipse. 
Let the equation to the ellipse be 

x^ y^ _ , 
^ ■*" F ~ ■ 

The equation to the tangent will be, I, m, being its direction- 
cosines, lx + my=^ {i^a^ + mVf (1). 

Let the equation to the circle be 

»■ + / = <!' W 

At the mtersections of (1) and (2), 

»• - 21 {IV + m"i')'.x + Fa' + mV - mV = 0. 
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Hence, ic, denoting the abscissa of the middle point of the 
chord, and x', a;", the abscissEe of its extremities, 

Similarly y_ = \[y' + y") = 'm[fa^ + m^^f. 

Hence a;,^ + yf = IW + jk^J", 

But also mx^ — ly,, 

and therefore, by virtue of the equation 
I' + m'^ 1, 
wo have P (ie/ + »/,") = x^, m' {xf + y'f) = y,". 

Hence (a;/ + y^f = c^xf + h^y^, 

which is the equation to the required locus. 

5. To find the locus of the summit of a moveable right 
angle, one eide of which touches one, and the other side the 
other, of two confocal ellipeea. 

Let the equations to the ellipses be 

^, + 1=1, 2l+fi = l, 
where a, J, a', b\ will be subject to the condition 

•"-*"-«■"-»" (!)• 

The equations to the two tangents will be respectively 
Ix + my = [Pa' + m^J'), 
~ JHic -]• ty '^ [m'a"' + Pb'^p. 
At the intersection of these two tangents, we have, squaring 
and adding their equations, 

(P + m') [x^ + /) = F (o" + b'") + m" (o" + F) 
= [!!' + m') [a' + 6'=), by (l), 
or ^{P-h m') {«-= + b') : 

thus the locus of the summit of the angle is a concentric circle 
represented by either of the equations 

a' + &" = 3!= + y' = a" + b\ 
Bohillier ; Gergonne, Annales de Maihemattgues, torn. XJx. p. 317, 
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6. To find the equation to a tajigeiit to an ellipse 

33^ + / = 8, 
inclined at an angle of ^tt to tlie axis of x. 
The required equation is 

i/ = a + 2. 

7. To find the distance of the eentre of an ellipse from a 
tangent inclined to the major axis at an angle <^. 

Distance = a (1 — e" cos' <ji) . 

8. To find the distance of the focus of an ellipse from a 
tangent inclined at an angle tf) to the major axis. 

Distance = a {esin ^ + (1 -e^cos'^)^}. 

9. The tangent of an ellipse is inclined to the major axis 
at an angle i^ t to find the area of the triangle included between 
this tangent and the two axes. 

Required area = ^ [a^ tan i^ + ^^ cot (f>). 

10. A tangent to an ellipse 

is inclined to the axis of a; at an angle ^ ; to find the product 
of the distances of the ends of the axis major from this tangent. 
The required product is equal to 



11. To find the equation to the locus of the intersection of 
a tangent to an ellipse with a pei-pendicular upon it fram a 
given point. 

The coordinates of the given point being a, ;S, and the 
equation to the ellipse being 
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the required locus will be defined by the equation 

If the given point be the centre, the equation becomea 

a result given by Vallfea : Ger^onne, Annales <k MathSmatigws, 
torn. XVII. p. 379, 

12. To find the equation to the curve, from any point of 
which if two tangents be drawn to a given ellipse, the angle 
contained between them shall be constant. 

If — denote the value of the tangent of the constaiit angle, 
the required equation to the curve will be 

13. If the two sides of a moveable right angle are always 
tangents to a given ellipse, ita sunnnit will describe a circle 
concentric with the ellipse, the radius of which is equal to the 
chord joinii^ extremities of the major and minor axes. 

Rochat: Gergonne, Annales de MatMmatiques^ torn. Ii. p. 228. 

14. If two straight lines, always touching a given ellipse, 
move in such a way that the product of the trigonometrical 
tangents of the angles which they form with one of the axes 
be constant and negative, the point of intersection of the two 
tangents will describe a second ellipse. If we conceive two 
tangents to this second ellipse, moveable like the first, and 
subjected to the same conditions, the intersection of these last 
will describe a third ellipse from which, following the same 
course, we may deduce a fourth, and so on successively. Then 

(1). The areas of these ellipses will form a geometrical 
progression having 2 for its common ratio. 

(2). The tangents, the intersection of which shall describe 
any one of these elHpses, will be always parallel to two sup- 
plementary chords of the ellipse which shall immediately precede 
in the order of their suceessive generation. 

Rochat: Gergonne, Annales de Mathematiques, torn. ii. p. 228. 
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15. The semi-aseB of an ellipse being a, J ; to find the ai^ea 
of a parallelogram whicti circumscribes it, the inclinations of its 
sides to the major axis being given ; and to determine the least 
of all such parallelograms. 

If tan"' m. and tan"' m' be the given inclinations, the required 
area ■will be equal to 

which is evidently the least possible when 
d mm' + i)' = 0, 
or when the parallelogram is a conjugate parallelogram. 
Durrande : Gergontw, Awnaha de MatMmatiq-ues, tom. xil. p. 142. 

16. If parallelogi'ams, which circimiscribe an ellipse, have 
their areas constantly equal to k times that on the major and 
minor axes; to find the equation to the loci of their angular 
points. 

The equation to the ellipse being 

tlie angular points he in two ellipses represented by the equation 



Section IV. 

to its Axes. Normals. 
1. A normal at a point P of an ellipse, cuts the major axis 
in G. To prove that GP is the shortest line which can be 
drawn from G to the curve. 



The equation to the ellipse being 
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let h be the abscissa of P; then, being the centre, 
GQ = ih. 
Let r be the distance of (? from any other point F' in the 
CTorve ; then, a;, ?/, being the coordinates of P", 

= (a, -«)' + (l -«"){„■-«;■) 

- e" (a! - *)■ + (1 - fl «■ - e" (1 - «") J" 

-^{x-tr + (!-<,•) (<•■-«"), 

and thercfoi-e r is the least possible when a: = A, or when P' 

coincides with P. 

De la Hire : Bectiones Coniom, lib, VII. prop. 13. 

2. P ia a point in an ellipse, I) a point in the major axis, 
such that PZ* is equal to the minor semi-axis : FQ is a normal 
at P meeting in ^ a perpendicular to the major axis through D. 
To find the locus of Q. 

Let {x\ y) be the coordinates of P: then, the equation to 
the ellipse being 

^' , f t 



that to the nonual at P will be 



..(1). 



Again, since FD is equal to 5, we have, x denoting the 
abscissa of i>, f^' _ ^j* ^ y'a _ y 

and therefore, by the equation to the ellipse, 
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Substituting this value of x in (l), we have, x^ ^, denoting the 
coordinates of Q^ 

& = S>-«" + <,(a±S) 

y 

= i(S ± »), 

^-^. W 

Substituting the expressions for a;', y\ given in (a) and (3), 
in tlie equation v^ 5,™ 

we have, for the equation to the required locus, 

x' + / = (<, + *)■, 

which represents either of two circles, concentric witli tlie ellipse, 
and having a — S, a + 5, as radii, 

3. To find the equation to the normal at a point of an 
ellipse, defined by the equation 

2ar' + 3*/" - 4, 
the abscissa of the point being 1. 
The required equation Is 

4. To find the equation to the normal of an ellipse 

? + ^' 

in terms of a, the inclination of the normal to the axis of x. 

Putting cosa = ?, sinOL = m., we shall obtain, for the required 
equation, 



5. To find the length of that portion of the normal to e 
ellipse, which is included between the curve and the major axi 
in terms of the inclination of the normal to this axis. 
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If d denote the inclination of tlie normal, and 2a, 2b, the 
major and minor axes of the ellipse, the length of the normal 
will be equal to i,^ 

{a^ cos^^ + b^ ein^^)^ 

6. To find the tangent of the angle between the normal at 
any point {x, y) of an ellipse 



and the straight line drawn from this point to the ocnti-e of the 
ellipse. 

The required tangent is equal to 

G? -?)"■"■ 

7. Tn find the length of the longer normal, drawn from 
a point in tlie minor axis of an ellipse at a given distance from 
the centre, and intercepted between that point and the curve. 

K c denote the given distance, o the semi-axis major, and e 
the eccentricity, the length of the normal will be equal to 



8. If a right angle moves so that its sides are constantly 
normals to an ellipse, to find the locus of the summit of the 
angle. 

The equation to tlie ellipse being 



tliat to the required locus will be 

(«■ + »■) .(«■ + »■). (<.y + sv)' = (.• - bj . (.y - 6V)-. 

Bobillier : Gergonne^ Annates de MatkSTnaUquen, tom, xvii. p. 277. 
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Section V. 
Meferred to its Axes. Chords. 

1. Chords are drawn from the extremities of tlie transverse 
axis of an ellipse to any point in the curve, and perpendicularB, 
drawn to these chords from the same point, are produced to cut 
the same axis ; to lind the part of the axis which is intercepted 
between the perpendiculars. 

The principal axes of tho ollipse being taken as axes of co- 
ordinates, the equation to one of the chords will be, if x, y, be 
the coordiaatea of the point, 

and that to its perpendicular 

y' -y = - ^~J^ (^' - ^)- 

Putting y' = in the last equation, we have, for tlie intercept 
of tlie perpendicular on the axis of x, 



— X — -;^{a + x). 

Similarly, the intercept of the other perpendicular, ~ a being 
substituted for a, is equal to 



Henee the part of the axis intercepted between the two per- 
pendiculars 

= X — X ~ ■ — 

= the latua-rectum. 
Ivory : Leyhoum's Mathematical R^ository, New Series, 
voL JI. p. 175. 
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2. If, from any point in the circumference of an ellipse, two 
chords be drawn so as to touch the circle described about the 
minor axis as diameter, and if the chord joining the points of 
contact bo produced to meet the major and minor axes in H, K^ 
respectively, to prove that, «, J, being the semi-axes of the 
ellipse, ja ^= ^« 

Let (^, U) be the coordinates of any point in the ellipse from 
which the two chords are drawn. Then the equation to the 
chord of contact will be 

hx ^ky ~ V, 



and therefore CH = y- , CK 

h ' 

but, by the equation to the ellipse, 

i' 'i! - 1 . 

hence ^^^ + ^^^ : 



3. To find the equation to the locus of the middle points of 
all chords of a given lengtii in an ellipse. 

Let M be the middle point of any chord KL. Let x, y\ be 
the coordinates of i, and a;, y, 
those of -M". Al8olet-M£'=r=jKX. 
Then, d denoting the inclination 
of KL to the axis of a;, 



and therefore, by the equation 
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But, if KL = 2c, the two values of r in this equation must be 
each equal to c in magnitude and must have opposite signs: 



From these two equations we get 

^ y^ u <^y^ + ^"^ _ 

which is die equation to the required locus. 

4. P is any point in an ellipse, AA' its axis major, MP an 
ordinate to the point P: to any point Q in the curve are drawn 
the chords A Q, A' Q^ meeting MP in B, 8, respectively. To 
prove that MS.MS = MP'. 

5. If, from a point P in the tangent at the extremity B of 
the axis minor of an ellipse, a tangent PQ be drawn, to prove 
that PQ will be equal to the chord BQ, if 

BP:AC::':/S: I. 

6. If the equation to the chord of an ellipse be 



to find the length of the chord. 
If 2l be the length of the chord, 



p^{e + m-<^'b\ 



{a'^' + hvy 



7. PS, QE, are two normals of an ellipse, cutting each other 
at right angles in li : CPU is a semi-diameter. To prove that 
the tangent at H is parallel to the chord PQ. 
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8. A chord of an ellipse, inclineii at an angle tan'c to the 
axis major, passes through an extremity of the axis minor : 
if a;, !/, be the coordinates of the second point of the chord's 
intersection with the ellipse, to prove that, ra, b, being the 
semi-axes, 

9. To find the locus of the middle point of a chord of an 
ellipse, the equation of which is 

the chord being supposed to touch a concentric circle of radius r. 
The equation to the required locus is 



10. If, through the extremity of either axis 2a of an ellipse, 
any two cliords be drawn at right angles to each other, to prove 
that the chord joining the points in which the two chords cut 
the curve, will always pass through a point in the axis at a 
diatance from its extremity equal to 



11. To find the length of a chord of an ellipse, which is 
a tangent at any proposed point of a confocal ellipse. 

Let X, y, be the coordinates of the point of contact, a, S, the 
semi-axes of the interior, and a, ^, those of the exterior ellipse. 
Then, c denoting the required length, 



12. PQ, PE, are chords of an ellipse, drawn through any 
proposed point P in the curve, at right angles to each other: 
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to find the equation to the chord QR, to prove that QR always 
passes through a fixed point /, and, P being afterwards regarded 
as variable in position, to find the locus of the point /. 

lim, , denote the tancents of the inclinations of PQ, PR, 

to the axis of x ; then, a cos 6, h sin 6, being the coordinates of P, 
the equation to the chord QR will be 

^( m\.{ay cos5 + Sa;sin^) + fa^ 4 V') {ay tinxd -hxco&0) 

+ ah («' -. V) = : 
the point, through which this chord always passes, while m 
varies, is the intersection of the two lines 
ay cos^ + bx daiO — 0, 
{a' + b') . {ay sin^ - bx cosC) + ab {a' - b') = 0, 
and, 9 being now considered variable, the locus of this point is 
an ellipse defined by the equation 



Section VI. 
Referred to iSs Axes. Focal Properties. 
1. FT, QT, are tangents to an ellipse at P, Q; 8 is one 
of the foci, C the centre, R the point where CT cuts the curve ; 




RN, parallel to ST, meets the major axis in N: to shew that 
8P.SQ = RN'. 
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Let x', x", be the absclssse of the two points of contact, 
THe" 8P.8Q =[a~ exy{a ~ ex"). 

The values of the absciasje, if a;,, ^,, be the coordinates of 
T, will be obtained from the two equations 



^!L. 



=¥+TT=l. 



Elimin 


ating ?/, 


"r-?y^i'(- 


■s 


, 


)ience 


SP.SQ 


^d' -ae.[a^ + 3!') + efx 




-0: 








1 ■ 








s- + (^, - ».)• 








X- y' 








ST' EN' 


= i!A 


1™. 




!t + |- ^+'Tr 





We have replaced BT, x^, ^,, by ^A^, ie", y'\ where a;'", j'", 
are the coordinates of jR, by virtue of the similarity of the tri- 
angles CST, ONM. 

2, A tangent at any point P of an ellipse meets the major 
axis produced in T, and perpendiculars upon it from the centre 
and focus in Y, 2: to prove that 

TY_ /TX\' 
PY~ \FZJ' 

S. If P be any point in an ellipse, the major axis of which 
is AA\ minor semi-axis BO, and foci 8, 8' : to shew that 
{AP+ SP) . {AP- SP) + {AP+ 8'P) . {AP- 8P) = 2{BC)\ 
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4. K 5 be the angle between the focal distances of any 
point of an ellipse, and tp the angle between the lines joining 
the pomt witli the extremities of the major axis, to prove that, 
e denoting the eccentricity, 6 and will be connected fey the 
equation cot^, (cot0 - e cot^) = ie\ 

5. To find the locus of the centre of a circle inscribed in the 
triangle SPH, S and H being the two foci and P any point of 
a given ellipse. 

The equation to the ellipse being 

the required locus will be a concentric ellipse defined by the 
equation (1 + e) 7/ + (l - e) af = aV (1 - e). 

Lardner : Algehraic Geometry^ p. 125. 

6. To find the locus of tho centre of a circle which, the 
diagram remaining the same as in the last problem, touches iS'P, 
HP produced, and H8 produced. 

The required locus is a straight line defined by the equation 
cc = «, and is therefore a tangent to the ellipse through one of 
its vertices. 

Lardner: Algebraic Geornstry^ p. 126. 

7. To find the locus of the centre of a circle which, the 
diagram remaining the same as in the two preceding problems, 
touches SH, PS" produced, and Pff produced. 

The locus is an ellipse defined by the equation 
(l-c)S- + (l + 6)a^ = oV(l + e). 

Lardner: Algebraic Oeometry^ p. 127, 

8. If a circle be described through the two foci of an ellipse, 
and any point in the conjugate axis produced ; to prove that the 
right line joining that point and one of the points whore the 
circle cuts the ellipse, will be a tangent to the ellipse. 

Leyboum: Mathematical M^oaitory, N&w Berks, -voX.i. p. 187. 
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9, If SP, HP, be any two focal distances of an ellipse, the 
vei-tex of which is A, e the eccentricity, ami a, b, tlie semi-axeSj 
and if a straight line AQL he drawn cutting 8P in Q, and 
bisecting HP in i : to find the locus of Q. 

The required locus is an ellipse represented by the equation 



^i(l- 



^1. 



Section VII. 
Eeferred i:> its Aa^s Conjugate Bimmters. 

1. CP, C2>, aiG conjugate semi-diameters of an ellipse; to 
prove that the sum of the squares of the distances of P, Z), from 
a fixed diameter is mviiiable 

Let a cos6, h sin^, be the coordinates of Pi those of i> will 
then be — a sin^, 5 cosfl. Let j), p , represent the respective 
distances of these points from a fixed diameter represented by 
the equation & + m.)/ = 0, 

where ?, m, are its direction-cosines. Then 

p = la cos 9 + mb sin 0, 

p' — — la smd + mb cos 5, 
and therefore p^ +p''' = Fa' + m^!?\ 

2. GP and Olf are conjugate semi-diameters of an ellipse. 
If normals at P and D intersect in £", to prove that KG is 
perpendicular to PS. 

Let {x, J/), (cc,, ?/j), be the coordinates of P, Z>, respectively ; 
then the equations to the normals will be 

{x -w) - = {y -y) -, 

(a, ._ 3,J = (y - y^ . 
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At the intersection of these two lines 



~ b''i 



and therefore — ^ 

but, hy the nature of conjugate diameters, 
a b 



y,-y ^ 

which shews that CK is perpendicular to PD. 



hence . , 



3. If G be the centre of an ellipse and, in the normal to any 
point P, PQ be talten equal to the semi- diameter CD which is 
conjugate to the semi-diameter CP; to find the locus of Q. 

Let (a:, y) be the coordinates of P, and [x', y') those of Q. 
Then, by the equation to the normal, we have 

^(»'-») = ?(y-3,). 

This equation shews that, X being some arbitrary quantity, 

, , ^'^ 1 

X —x — \. — 



y-»-^-fj 



condition of the problem, 

[:c'-'!f + ('J-!l)'-~ + °^, 
and therefore, by (1), X' = 1, X = + ], 
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-Hence, by (1), we have 

j'=(S±a)|. 

From these equations, combmed with the equation to the ellipse, 
we have, for the equation to the required locus, 

a^" + y'" = (« + 5)'. 
This shews that the locus is either of two circles concentric with 
the ellipse, of which the radii are a - & and a + &. 

4. If a series of chords of an ellipse pa^ through a fixed 
point, to prove that the chords of the corresponding conjugate 
arcs have the same property. 

Let the coordinates of the extremities of any one of the series 
of chords be (« cos^, h sinfl) and (a cos^', h %\a.B'). The equa- 
tion to the chord wUl therefore be 

^ (sin5 - sinf) - | (coai3 - cos^') = sin [6 - ff) , 

and therefore, {h, k) being the fixed point through which every 
chord of the aeries passes, 

-(sin^-sin(9') - j(eos^-cose') = sin(fl-e')...(l). 

Again, the coordinates of the extremities of the conjugate chord 
are (- « sin^, h cos6), (— asinfl', S cobS') : its equation will 
therefore be 

- (cost'-cos^') +|(sine''-Ein^') = sin(^- 6'), 

or, by virtue of (1), 

C^ + fj (co8^-eos^') + (f-J) (sine-sini3') = 0. 

This equation shews that the conjugate chord passes always 
through a fixed point 

a^ hh 

■"■-17' " = ^- 
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5. GP and OD are conjugate semi-diameters of an ellipse, 
and PF is a perpendicular let fall upon GD : to determine tlie 
locus of the point F. 

Let cc, y, be the coordinates of P. Then the equation to the 
normal PF will be 

~(x-x)~''-bj-y) (1), 

and tlie equation to GD will be 

"^+^ = m- 

At the intersection of (1) and (2), we have 

*'(^'-^)+y(y~3') = o, 

or x'^ + y"' = xx' + yy', 

and therefore, by (2), 



4- 






ft" . 


X 


a 


{X' 


■ + .V-) 


a 


(« 


f ~ 


^ ft') a! 


y 


J 


(a!' 


■ + ■/■■) 



Bimilarly ^ = 773— ., , 

■' h {V- a;) y 

But the equation to the ellipse is 



- f^-{S-f}-. 




which is tlie equation to lie required locus. 




6. The equation to an ellipse being 




2a^ + 3/ = 4, 




to ascertain the equation to a diameter conjugate to 


one repre- 


aented by the equation y = 2a;. 




The required equation is 




y--kx. 
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7. CF,'OD, are two conjugate semi-iJiameters of an ellipse, 
of -wbich yS is a focus : to prove that the distance of P from a 
diameter, drawn parallel to the line joining S and D, is equal to 
the minor semi-axIs. 

8. To find the value of the simi of the squares of two 
normals of an ellipse drawn from the extremities of two eon- 
jugate diamotei's to the major axis. 

The required value is equal to 



9. If OP, OD, he conjugate diameters of an ellipse, and 
ordinates through P, .D, meet another ellipse, described on the 
same major axis, in Q, E, respectively : to prove that CQ, GE, 
are conjugate diameters of the second ellipse. 

10. P8F, QHQ, are chorda drawn through the foci S, H, 
of an. ellipse, parallel to any pair of conjugate diameters ; if 
SP = j-, SP' = r', 8Q = p, 8Q = p, to prove that, 2&, 2?, 
denoting the axis minor and latus-rectum respectively, 

rr' + pp' = b" + P. 

11. Two conjugate semi- diameters a', U, of an ellipse, are 
inclined at angles 9, <f>, respectively to the semi-axis major : 
to prove that a"' sm2^ + b'^ sin 20 = 0. 

12. is the centre, 8 the focus, and P any point of an 
ellipse ; te prove that, Q being the intersection of FS with the 
diameter conjugate to OP, 

PQ = the semi-axis major. 



13, If (a,, ^,) and {a^, b,) be the coordinates of the extremities 
of any two diameters of an ellipse, to find tlio angle between the 
two c.oniiiffate diametei^. 
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The roqo 


ired angle is equal to 






which, if the 


given diameters be conjugate, 







14. If, from the extremities P, D, of two conjugate semi- 
diameters GPj ODj of an ellipse, straight lines be drawn, parallel 
to the semi-asis minor (75, to meet, in points i^, D', the 
circumference of a circle which has the axis major for its 
diameter: to prove that the angle P'GD' is a right angle. 

15. If D repfoaent any diameter of an ellipse and P the 
parameter of -D, to find when ^ + P is the least and when the 
greatest possible. 

It is the least when D is the axis major and the greatest 
when it is the axis minor. 

De la Hire : Sectiones Gonicce, lib. vii. prop. 38, 

16. If GP, CD, he any conjugate semi-diameters of an 
ellipse APBDA\ A and A being the ends of the major and 
B an end of the minor axis, and if PP, BD, be joined, and also 
AD^ A'P, these latter two intersecting in 0, to prove that 
BDOP is a parallelogram, the greatest area of which is equnl 
to a&.{V2 - 1). 

17. If a, i, be the semi-axes of an ellipse, and «', i\ con- 
jugate semi-diameters, to prove that, a' being inclined to a, at 
an angle a, and J' to 6 at an angle ^, 

a"-5'^ ^cos(aH-^) 
a' — F cos (a — ;Q) ■ 

18. To find the locus of the middle points of the chords 
joining the extremities of conjugate diameters in an ellipse. 
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The equation to the ellipse being 

? + ?-. 

the required locus will be an ellipse defined by the equation 



19. If tangents be drawn from different points of an ellipse, 
and of lengths equal to n times the conjugate semi- diameters at 
those points ; to find the locus of their extremities. 

The equation to the ellipse being 



the required locus will be a concentric ellipse defined by the 
equation ™« ,,= 



^l + n". 



Section VIII. 
i to Axes parallel to the Axes of the Curve. 
1. Two ellipses lie in the same plane, are similar, and have 
their major axes parallel. Each is cut in four points by lines 
drawn from its centre to toucli the other. To prove that the 
eight points of intersection lie on two parallel lines. 
Let the equations to the two ellipses be 

5+1 = 1 w. 

(|^+(t^.„' (2). 

Di-aw a tangent from (a, ;8), the centre of the latter, to touch 
the former. 



y Google 



Then, [x, y), being the point in which (1) is touched, the 
equation ,^^' ,,„,• 

5 + f-=l (3) 

will be satisfied when a and & are put for ai and y ; hence 

5 + f-i w- 

Combining (4) with (3), we get 

|- (/3a!' - a.y') ^ x ~ a, |, (a«/' - 0x') = )/' - /3, 
and thence, by (1), 

w-/3i«r-»'(y-«' + s'(«^'-«r, 

or, dropping accents, 

(a^/ - /3a,)" = «^ (y - /3)" + h'{x- a)% 
the equation to the system of two tangents to (1) passing 
through (a, yS). Combining this equation with (2) multiplied 
by a"!)', we get 

ay — ^x — ± moh, 
the equations to two parallel Unea on which the four points of 
intersection lie. The distance of either from the centre of either 
of the ellipses is obviously 

'inah 

In order to determine the corresponding system for the 
tangents drawn from tlie centre of the former to touch the latter 
of the two ellipses, write ma, mh, for a, h, respectively, and — 
for m, ; when 



remains unchanged. The two systems therefore coincide. 

2. To find the equation to an ellipse, placed with its axes 
parallel to the rectangular axes of coordinates, so as to touch 
the lines 

X = 2a, X — 2a', 1/ = 2b, y — 2h'. 
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The required equation is 

{x-a-a')" (y-t-yf _ 

(«-«■)■ (*-*')■ 



Section IX. 
Polar Equation. Centre the Pole. 
1. CP, CD, are two conjugate semi-diameters of an ellipse, 
of which CP is inclined to the major axis at an angle a : to find 
the magnitude of CD. 

The polar equation to the ellipse, tlie centre heing the pole, 
gives CP' {a' sin' a + h'' coa^ a) = a'b\ 

Hence CD'' ^a^ + F-CF' 



? + V~- 



^ a + V cos^ a 



1^ a + &" cos'' a ' 



2. If CF, CD, be two semi-diameters of an ellipse at right 
angles to each other, to prove that the distance of the centre 
from the chord PQ is equal to 
ah 
{a' + P}^- 
Let tlie equation to the ellipse be 

1 _ cos* 9 sin" 

and that to the chord PQ 

r cos {6 — a) — B. 
At the intersection of tliese two lines 



J,, /cos" e sin' e\ 
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Let \, ^iT + \ be the angular coordinates of P, D, re- 
spectively: then 

and sm' (>.-«) =8- (5^ + ?°^). 

Adding these two equations, we get 

a^ + P 

3. If A be the elliptic area contained by two semi-diameters 
including an angle a, and B that contained between two semi- 
diameters at right angles to the former, to prove that 

/a h-\ 2A 25 

N- + - cot a = cot — ^ + cot -=- . 
\o a) ah ab 

The polar equation to the ellipse, the centi-e being the pole, is 

„ fca^ 6 sin''^\ 






A = ^abhaa'' 



2^ h 
cot —5- = - - 



-■(^n} 



■,b a ■ tan S - tan 
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Putting $ + ^■TT tor 6, and & + Jtt for $\ we hsive 

«^ a ' tan Q — tan ^' ' 
hence cot — j- + cot — r- = - ( 1 + y^ 1 cot (p — p ) 



fa h\ 



4. If two semi-diameters of an ellipse be di-awn at right 
angles to each other, to prove that, *■, r', denoting their lengths, 



Abonn^ : Gergonne^ Annales de MalMmaAigues^ torn. SVtii, p. 369. 

5. To prove that of all diameters of an ellipse, the axis 
major is the greatest and the axis minor the least, and that a 
diameter nearer to the axis major is greater than one more 
remote. 

Apollonius: Conicorum^ lib. V. prop. II. 

6. If GPmake an angle 8 with the axis major of an ellipse, 
C being its centre and P a point in its circumference, and be 
produced to meet a tangent at the extremity of the axis minor, 
so that the part produced is equal to the semi-axis minor; to 
prove tliat 6 is always less than — ; and, when ^ = ^n ' ^^^ 



7. If (^, r}, {6\ r'), be the coordinates of any two points in 
an ellipse, the centre being the pole and the major semi-axia 
the prime radius vector, to prove that, 2<k, 2j, being the axes, 

8. Tlie two axes of an ellipse are fi and 4, and, from its 
centre, two straight lines, including a right angle, are drawn 



y Google 



206 ELLIPSE. 

to the curve. Supposing these lines to bear to each other the 
ratio of 3 to 4, to find their actual lengths. 
The required lengths are 

15 , 10 

2vr3 ^'^ vi3- 

9. To find the locus of the extremity of a straight line 
drawn from the centre of an ellipse, such that the rectangle 
contained by it and the diameter perpendicular to it, may ho 
equal to half the rectangle contained by the axes. 

The equation to the required locus, the centre of the ellipse 
being the pole, will be 

r" sin' e cos" 



Section X. 

Polar Equation. Focus the Pole. 
1, In an ellipse HP is bisected in L: AL is joined, cutting 
8P m Q. To find the locus of Q. 

Since SC = no, and HL = PL, it follows that GL is parallel 
to 8P. Hence 

^_^_i _ 
GL AG ^' 

Put SQ = p, aASQ=B: 

then p = (1 - e) Ci = ^ (1 - ej.SP 

_ ^[l-e)\{l+e).a _ 



which shews that the locus of Q is an ellipse, similar to the 
original one. 

The semi-axis major = ^ ^^ - eyj.l^ ±e)ji ^ j (^ _ ^j ^_ 
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focus, a straight line is drawn, incluied at an angle of 45° to 
the axis major, meeting the ellipse in two points : to shew 
that the tangents at these points meet at an angle the tangent 
of which is 2. 

The intersection of PT, QT, tJie two tangents, will take 




place in the directrix TH. Join ST, which will, by a known 
theorem, be at right angles to PQ. 
Then 

B:8=AS+AS=A8(i +-] = a{l-e).l^ = ^, 
HS 



8T = 
SP = 



.<Lz 



1 - 



6 COS 45° 



=»(!- 



1 + e cos 45° 
If lPTS = a, and lQTS = ^, we shall therefore have 

ftp 80 

tan ^ = n 

1+i 



'' ST 



" 8T 



and therefore tan (a 4- |S) = 



3. 8 and S are the two foci of an ellipse : from any point P 
in the curve a normal PQ is drawn to cut 8H in G. To prove 
that the projection of PG upon HP or 8P is constant. 
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From G draw QL at right angles to P//, and let L PH8= 8, 
e = the eccentricity, 2a = the axis major, CG = x, G being the 
centime of the ellipse. 

Then PL = HP- HL 

= HP- {ae + e'x)cosd 
= HP~e.ITP.cm9 
= HP{\ -ecos^) 

= the semi-latua-rectum. 

The same proposition is true also in relation to the hyperbola 
and parabola. 

Pagfes : Liouville^ Journal de MafhSmatiques, tom. ii. p. 437. 

4. If Pp, Qq^ be chords of an ellipse drawn through one 
of the foci at right angles to each other, to prove that 



Pp ^ Qq 2a (1 - d') ' 

5. If /* be any point in the periphery of an ellipse, S and H 
being the two foci, to prove that, the angles P8I{, PUS, being 
denoted respectively by d, d', 



6. If an ellipse and parabola have a common vertex and 
common focna, to prove tbat, Sp, SP, being respectively focal 
distances inclined at a common angle to the axis, 

Pp l~e ^ ^0 

Ty — -, ■ tan' - . 

y^j 1 + e 2 

7. A chord is drawn through the focus of an ellipse making 
an angle with the major axis, and tangents are drawn at the 
extremities of this chord; to find the angle contained between 
these two 1 
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If be the required angle, then 

tan0 = -,— —-i ■ 

8. In an ellipse, of which S is a focus, 8A (the least dis- 
tance) = D, lASP = 0, and the eccentricity = e ; to prove that, 

ii j3 — , and powers of /3 above the first be neglected, 

SP^— ^ ^ 

9. To find the locus of the middle points of all focal chords 
of an ellipse. 

If be the centre and 8 the focus of the origbial ellipse, the 
required locus will be a similar ellipse having SC as its major 



10. Five radii vectoros of an ellipse being represented by 
a, h, c, d, e, and ita parameter by p, to prove that 
_ sin o: + sin ff + sin 7 + sin 8 + sin e 

a b c d e 

where a = l(h,c) + I {d, e), 

0^L(c,d) + L{e,a), 
y = l{d,e)+Lia,b), 

^ = L{a,h)+^{c,d). 
This problem was proposed for solution by Gergonne, to 
whom it had been communicated by Mr. Talbot, in the 17th 
volume of the AnTiales de MaihimatiguBS, p. 283, and solved, 
in a more general form, by Lenth^iic, p. 366. 
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Section XI. 
Polar Eguafdon. End of the Axis Major the Poh. 
1. A circle is described upon AA', the major axis of an 
ellipse. P is any point in this circle: AP^ A'P, are joined, 
cutting the ellipse in points Q and Q' respectively : to shew 
that J^ J^ ^ a' + h" 

AQ^A'Q'- b' ■ 
The polar equation to the ellipse, A being the pole, and AA' 
the direction of the prime radius vector, is 
2cose 



AQ = 



But, by the equation to the circle, 

AP= 2a COB 0: 

AP 

AQ^ 
Similarly, \tt — 6 taking the place of 0, 

A'P ___ 

A'Q '~\ a^ ^ b' 

AP , a:p 



_ /cos^ 6 

i plac 

f I'- 



2. Through A, the common vertex of two similar t 
ABB', ADD', the greater axes of which are coincident in 
direction, are dra^vn chords ABD, AB'D : B, B', and D, D', 
are joined : to prove that BB' is parallel to DD'. 

3. If OP be any semi-diameter of an eUipse, and jl^O be 
drawn from the extremity A of the major axis parallel to PG, 
and meeting the curve in Q and the minor axis produced in : 
to prove that 

AO.AQ = 'iGP\ 
Herschel : Leyhourn's Mathematical Repository, New Series, 
vol. IV. p. 152. 
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Section XII. 
Polar Equation. End of the Axis Minor the- Pole. 
1. To determine the longest straight line which can be 
drawn from the extremity of the minor axis of an ellipse to 
the curve. 

The equation to an ellipse, an end of the axis minor being 
the pole, and the axis minor the prime radius vector, is 
_ 26 cos ^ 
*" "" 1 - e" + e' cos'' e ' 
Our object is to find when r is the greatest, or, putting 



'"-l-e' + ^c 
when u is the e 



From this it appears that n can never be greater than 
-J, and, since cos^ cannot be greater than 1, can 



2e {!-«")■ 

he so great only when 



2« (1 - o")' - 2«' 

•i (I -«■)', 
e" g- i- 

If e' < ^, the value of u will be greatest when 
eii cos S — —- 
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is least, or, since cos is always smaller thai 
cos is greatest, that is, when = 0. 
Thus, if (!^ > or = i, we have, *■ beuii 






and, whiiii c' < ^, 



Section XIII. 
Polar EguaUon. Point in the Axis the Pole, 

1. is a point, in the semi-axis major OA of an ellipse, 
at a distance from the vertex A equal to half the latus-rectum, 
P is any point in the cui-ve. PO is joined and PM is drawn 
at right angles to CA. To prove that OA is less tlian OjP, 
and that 

{OPf- [OAf^ {AUf. 

If OP = r, L POA = ^, e = the eccenti-icity, and CA = a, 
the polar equation to the ellipse will be 

e"/ cos' e - 'iae^ (1 - e^} r cos ^ = / - (1 - e") (1 - e') a\ 
This equation may he written in tho following form, 
(.. COS 9 -m(l -«■))'.. ■•-(!-. ■)'.«■; 
and therefore, observing that 

rcos^=Oif, a(l -O -0-4, 
we see that e\{AMf = {OPf - {OA)'. 

This result shews that OP is greater than OA. 

Apollonius : Contcorum, lib. v. prop. 6. 

2. In the semi-axis major CA of an ellipse, a point is 
taken, at a distance from the vertex A greater than the ratio 
of (BG)" to AC. is joined to any point P in the curve, 
and PM is drawn perpendicularly to GA. To determine the 
least value of OP, and the corresponding value of OM. 
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Let 00 — c ; then, wlien PO in tlie least possible, 



Apollonius : Conicorum^ lib. V. prop. 10. 

3. In the semi-axis minor BOB' of an ellipse, a point is 
taken at a distance from B equal to the ratio of [AC)' to BO; 
to prove that OB is the greatest distance of the point from 
tlie cui-v'e. 

Apollonius : Conicorum, lib. v. prop. IG, 17, 18. 

4. A point ia taken in the axis minor BOB' of an ellipse, 
at a distance from B greater than the semi-axis minor BO, but 
less than the ratio of (AO)' to BO. is joined to any point P 
in the curve : to determine the magnitude and position of the 
greatest value of OB. 

Let z BOB = e, and OP =r, 00 = o. Then the required 
magnitude and position are given by the equations 



Apollonius : Oonicormn^ lib. V. prop. 20. 



Section XIV. 
Polar Equation. Pole anywhet-e. 
1. To prove that two chords of an ellipse, which are not 
diameters, cannot bisect each other in their point of intersection. 
Taking the point of intersection of the chords as the pole, we 
may write tlie equation to the ellipse in the form 
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Suppose that, disregarding signs, the two values of p given 
by this equation are equal, for a certain value of d ; then, the 
signs of the equal values of p being opposite, we have 

Acos^ A:sin^ _ , , 

Suppose the same thing to be tme for some otlier chord 
through the pole, tfi replacing 0: tlien 

4^^iri„$_^ (2). 

From (1) and (2) wc have 

sin cos ^ = sin ^ cos ^, 
sin (0 - ^) = 0, 
<^ = &. 
This result shews that the latter chord must coincide with 
the former, and therefore establishes the proposition, 

'Eav iv 'eXXel-'Jret ^ kvkKov ■n-epi,<pepela Svo evQelai 
Tifivtafftv aXX'^Xa'i fii) 8*^ rov xevrpov o5<raf ov Tefivovatv 

•AnOAASJNIOT nEPFAIOT V^avuciZi, t6 Sii-rzpoi.. II,,^Tac,! f,\ 

2. Through a given point 0, is drawn a straight line cutting 
an ellipse in two points P, Q: to determine the position of the 
hnc in order that the rectangle OP.OQ may he a 



Let 6 — the inclination of the line to the axis major: then 
the rectangle will be a maximum if 5 = 0, and a minimum if 

De la Hire: Sectiones Gonial, lib. VII, prop. 31. 

3. If there be two similar concentric ellipses, similarly 
placed, the ratio between either axis of the one to the corre- 
sponding axis in the other being V^ to 1 ; to prove that, if from 
any point in the periphery of the inner ellipse, any right line 
he drawn to terminate in the periphery of the outer ellipse, the 
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rectangle imcier the segments of ihat line, is equal to the square 
of tliat semi-diameter of tiie inner ellipse, which is parallel to 
the right line. 

Ivory: Leyboum's Mathematical Eejmsifori/j New Series, 
vol. II. p. 169. 



Section XV. 
Mef&rred to CoT^ngate Diameters. 
1. GP, GD, are two conjugate semi-diameters of an ellipse. 
If PD be joined, and, through any point Q of the curve, be 
drawn a line parallel to PD cutting OP, GD, 
P\ D\ to provo that 

{QPy^-{QDJ = [PD)\ 
Draw $F parallel to DG, to cut GP in V. 
Let GP= a, GD — i, and accordingly, ir u^.^- — 
X being some arbitrary quantity, 
GP = \a, GD = 7d>. 

Also let Gr=x, QV^ij, PD=c, QP= 

Then, the triangles QVP, DCP, being similar. 



y = -r\ 



but, by the equation to the ellipsCj 



hence 



and therefore r' — Tt^r + ^(X" ~ 1) e" = 0, 

The two roots r^, »\„ of this equation, which is symmetrically 
related to the axes of x and y, represent the lines QP', QD : but 

r;' + rj = [r, + rj - 2)-,r„ = Vc' - (X' ~ 1) c' = c' : 
the proposition is therefore established. 
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In the Ciise of an hyperbola, wc might prove in a like way 
that /■ " - J- ' = c'. 

Encontre : Gergonne, Annales de MathSmatiques, torn, iv, p. 294. 

2. If, in a given ellipse, be inscribed any parallelogram 
HELM, the sides of which are 
parallel to conjugate diameters ; 
and if an ellipse be inscribed in 
this parallelogram, so as to touch 
ite sides in their middle points ; 
to prove that this new ellipse 
will also touch the sid^ of a 
parallelogram S'K'L'M', the 
diagonals S'L', K'M\ of which 
are conjugate diameters of the ^ 

given ellipse parallel to the sides HK, KL^ of the parallelogram 
HKLM. 

Let HK=2a, ffM=2h, 

II'L' = 2a', K'M = 2h'. 

Then, since the ellipse inscribed within HKLM touches the 
sides in their middle points, it follows that the lines joining their 
middle points are conjugate diameters : hence the equation to 
the inscribed ellipse, CS', C'K', being taken as axes of coor- 
dinates, is 

■ (!)■ 




X y 



Again, tlie equation to H'K' i 



But, since H^ the coordinates of which are a, 5, 1 
given ellipse, ^ j" 



.(3). 



The relation (3) expre^es the condition of tangcncy between 
the lines (1) and (2). Similarly the other sides of H'K'L'M' 
may be shewn to be tangents to tlie inscribed ellipse, 

Kochat ; Gergonne, Annales de MatMmaiigues^ torn. ill. p. 27. 
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I CONJUGATE DIAMETEES. 




3. To find the area of tlie greatest tiiangle which can be 
inscribed in a given ellipse. 

Let PQB be the greatest triangle whicli can be inscribed 
in the ellipse. Then Q most be the 
point in which a tangent parallel 
to FS touches the ellipse, for Q will 
in this case be the point of greatest 
perpendicular distance from PM. -^ 
Similar remarks hold good in re- 
lation to the points -P, B, and the 
sides QB, PQ^ respectively opposite to them. 

Let C be the centre of the eUipse: join P.C, QG, BGy and 
produce these lines to meet the sides of the triangle in j?, g, r. 

Then, from what has been said, it is clear that RQ ]& a, 
conjugate chord to the diameter PGp, PS, t« QGq, and PQ %o 
BCr. Hence p^ q, r, are the middle points of RQ^ RF, PQ; 
and therefore, by a known property of triangles, 

Gr^^GM, Gq = iCQ, Gp = \GP. 

Hence, by the equation to the ellipse referred GR, and its 
conjugate GD, 

area of ^PQR = Rr.Pr.mv L PrR 
CD 
• GR-' 



Cuu. The area of the ellipse is equal to -Trah : hence 
area of greatest triangle ; area of ellipse : : 3^3 : 47r. 
A different solution of tliis problem will be given subsequently 
in this volume. 

4. If Hnes, drawn through any point in an ellipse to the 
extremities of any diameter PGP", meet fhe direction of its con- 
jugate diameter DCD' in points J/, iV, to prove that 
CM.GN^GD'. 
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5. If a series of parallel choi-ds be drawn 
cutting two amilar and concentric ellipses ; 
t« prove that the product of the part 
intercepted between the two curves, and the 
remainhig part Qq, will be constant. 

6. If a parallelogram be described about an ellipse, its s 
being parallel to a pair of conjugate diameters, to prove that 
the portions of its diagonals, which are intercepted by the ellipse, 
form another pair of conjiigate diameters. 

7. From the ends of two conjugate diameters of an ellipse 
are drawn hues parallel to any tangent line : and, from the 
centre C, is drawn any Une cutting these lines and the tangent 
in points p, q, r, respectively : to prove that 

(Crf+{Cj)' = (»)>. 

8. OP, CD, being any two conjugate semi-diameters of an 
eUipBC, PB is joined, a semi-diameter OP is drawn parallel 
to DP, and PP is joined : to find the area of Uie trapezium 
CPPD. 

Required area = (\/2 + 1} . ~j^ . 

9. If two points be taken on any semi-diameter of an ellipse, 
so tliat the rectangle of the segments between them and the 
centre may be equal to the square of the semi-diameter ; and 
from these points straight lines be drawn to any point in the 
periphery of the elHpse, meeting it again in two other points : 
to prove that the straight line joining these two other points will 
be parallel to the tangent at the vertex of the diameter. 

Leyboum; Ma^temaiHcal Repository, New Sews, vol. III. p. 31. 

10. To prove that the tangent to the interior of two similar 
the axes of which are coincident, cuts off from the 
curve a constant area. 

De la Hire: Sectionea ConiccB, lib. vi. prop. 17. 
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11. A tangent to an ellipse, at a point P', intersects con- 
jugate semi-diameters GP, GD^ produced, in H, K^ respectively : 
GD' is conjugate to GF. To prove tliat 
{GDy = HF\KF. 
De la Hire : SectioTies Gomcce, lib. V. prop. 17. 



Section XVI. 
Seferrp^ to any two Diameters. 
1. It', at the extremity of each two diameters (not conjugate) 
of an ellipse, a tangent bo drawn meeting the other diameter, 
the line joining the points of intersection will be parallel to that 
joining the extremities of the diameters. 
Let the equation to the ellipse be 

^ + ^-1+1 = '' 

a ri. p b 

ft, h, being the semi-diameters taken as coordinate axes. 

The equation to the tangent at any point [x^ y) wiU be 

(-'-«) S + Sl + w-s) &+!) = ». 



■^(i-I^VAv,-l¥- 



Put X = 0, y = h, y' — 0: then, x denoting the distance of 
the intersection of the axis of x from the origin. 

Similarly, y' dcnotuig a like quantity in relation to the axis of*/, 



Hence — — t j 

a 

an equation which establishes our proposition. 
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2. To find tlie magnitude and position of the principal 
diameters of an ellipse defined by tJie equation 

ffic" + 6/ + 2ery =/ (l), 

the axes of coordinates being supposed to include an angle ct. 

Let r be the distance of any point of the ellipse from its 
centre. Then r" = x^ + f + 'ixy cosa (2). 

At the extremities of the prineipal diameters, r is a maximum or 
minimum : hence, differentiating the two equations, and putting 
dr = 0, we obtain 

= xdx + ydy + (fl^y + ^dJr) , cosa, 

= axdx + hydy + i^xdy + ydx) . c. 
From these equations, \ being an arbitrary multiplier, we get 

\{ai-\- y cosa) = ax+ c^, 
and X[t/ + X cosa) = hy -\- ex. 

Multiplying the former of these two equations by a;, and the 
latter by ?/, and adding, we see that, by virtue of (1) and (2), 

Xr'.f. 
Hence X (_/— ar^) = y {ot" —fcosa), 

""i J,(/~J/) = !CK-/C08a). 

Eliminating x and y, we get 

(/- "•') (/- *•') = K -/"»«)■. 

From this equation we shall have two values r'", r"^, of /. The 
quantities 2r', 2r", will be the lengths of the principal diameters. 
The equations to these diameters will be 

a:{/-«0 =y{<yr" -/cosa), 
x(f- ar"^)=y{Gr"^ -/cosa). 
Berard : Gerffonne, Annates de MaikSmati^ues, torn. III. p. 105, 
Bret; Cferyonne, Annates de MathSmatiques, torn. V. p. 357. 
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SCCTIOS XVII. 

Meferred to any Rectangular Axes whatever. Seducttcyn. 

The equation to eui ellipse referred to any axes whatever is 

oic" + bf + 2cxi/ + 2a'x + 2h'i/ + c' = 0, 

a, h, e, being subject to the condition 

e' L ah. 

If we substitute a;' + a, ^' + jB, for x, y, respectively, and, in the 

I'esulting equation, put equal to zero the coefficients of a;', y, we 

shaU reduce the equation to the form 

a^x"^ + h^y'" + 2c^a;y' + c,' = 0, 
the corresponding values of a, ;3, being the coordinates of the 
centre of the ellipse. 

Again, putting, in the last equation, the axes being supposed 
to be rectangular, 

y = x" smd + y" cos^, 
and then equating to zero the coefficient of x'y" in the resulting 
equation, we shall reduce it to the simple form 

a^x"'' + \y"'' + c/ = 0, 
the corresponding values of 8 determining the positions of the 
principal axes. 

1. To construct tlie ellipse of which the equation is 
bx' + 2xy + ^y' ~ 12ik - 12?/ = 0. 
Transform the origin to a point a, j3 : the equation will then 
become 

5 (a:'+ar+2(a5'+cc) te'+^) + %'+y3r- 12 (a;'+a) -12 (?,'+^) = 0. 
Equating to zero the coefficients of x and y\ we have 
10a + 2/9 - 12 = 0, or 5a + ^ - 6 = 0, 
and 2a + 10^ - 12 = 0, or a -\- ,5/3 - fi - 0. 
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I'rom these two equations we see that 

The equation to the curve then becomes 

5ic'° + ^:^y' + 5!/'^ - 12 = 0. 
Again, turning the axes through an angle S, we shall have for 
the transformed equation 
5 (a;" cos ^— y sLn^)' + 2 (cc" cos 6—y' sin^) . (a;" sin B-\-y" cos^) 

+ 5 (ic" sinfl + / cos5)' -12 = 0. 
Equating to zero the coefficient of a;"^", we obtain 

- 10 sin^ cos^ + 2(cos'^ - sin'^) + JO sin^ cos^ = 0, 
whence 00826* -0, 2^ - ^tt, 6 ^l-rr. 




The equation to the curve then becomes 
63?"" + 4y" = 12, 



Th(! coordinates of tlie centre of the ellipse, referred to the 
original axes, are therefore 1, 1 ; and the eemi-axee are V^, V^^j 
the former being inclined to the axis of a! at an angle \tt. 

The diagram will serve to illustrate the geometrical signifiea- 
tion of the transformations 

2. To find the positions and magnitudes of tlie principal axes 
of the ellipse denoted by the equation 

la? + 5i/' + 2^/3. xt/ + &X + 10^/3.1/ -i- 7 = 0. 
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The coordinates of its centre are {0, — V^) ; and its semi-axes 
are 4, 1, the latter of which is inclinod to the axis of a; at an 
angle ^w. 

3, To find the positions and magnitudes of the principal axes 
of the ellipse represented by the equation 

33!= + 2ic^ + Sj/' - Uy + 23 = 0. 
The coordinates of its centre are (— 1, 3) ; and its semi-axes 



an angle ^tt, 

4. To find what the equation 

Sic' + Sf - ^xy - GiC - 2v/ + g = 
becomes, when the curve is referred to its principal axes. 
The i-equired equation is 

5. The equation to an ellipse being 

x^ -^y^ + s^ + x-^ y = 1, 
to find the coordinates of its centre, and its equation referred to 
its axes. 

The coordinates of its centre are - J, - a, and the required 
equation is ^^ -\- if = \. 

Gamier: Geom&k-ie Analytique, p. 117. 

6. To find the equation to the ellipao 

2«'^ + y - 2a:y — 2x = <i 
when refeiTed to its axes. 
The required equation is 

(a - VS) ^' + (3 + VS) y = 2. 

Garuier : GeomStrie Analytique^ p. 129. 
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Section XVIII. 
Linear Equation. 

1. If r, p, be the distances of the two foci of an clhpse from 
a point P in the curve ; and r\ p\ from a point J) in the curve ; 
P and J} being the extremities of conjugate diameters ; to prove 

Let a cos9 be the abscissa of P; then we know tliat — n amO 
will be that of J) : hence 

r = a(l -ecos^}, p = «(l + e cos^), 
whence rp — a^[l — e" cos"^). 

Similarly, — sinS now occupying the place of cos ^, 

r'p =a^{l -/sin" 5). 
Hence rp + rp = a^ + a° (1 — e^) 

= «= + W. 
Brassine : Liouville, Journal de Math&matiques., Avril, 1842. 

2. If in an ellipse there be taiien three abscissse in arith- 
metical progression along the major axis, the radii vectores, 
drawn from one fociis to the extremities of the corresponding 
ordinsttes, will also be in arithmetical progression. 

3. To prove that, P and D being the extremities of any two 
conjugate diameters in an ellipse, 

{SP-AOf\[SD-ACf = 80-'. 



Section XIX. 

Intersectwns of I 

1. If two ellipses, so placed in a plane that two conjugate 

diameters of the one are parallel to two conjugate diameters of 

the other, intersect each other in four points ; these four points 

will lie in a third ellipse, the equal conjugate diameters of which 
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shall be parallel respectively to the said conjugate diameters in 
the two former elUpacB. 

Let the axes of coordinates be taken parallel to the parallel 
conjugate diameters of the two proposed ellipses. Their equa- 
tions will be 

ax' + hy' + 2a'a; + 2i'y + c = 0, 

as? -\- ^f -\- 2a'a; + 2^V + 7 = 0. 



Multiplying these two equations by r and p, and a 

(m+pa)a^+ {rb+p^) if+'i{rd+pt^) x+ 2 {rb'+p^') y +j-c+p7=0, 

the equation to an ellipse in which the two proposed ellipses 
intersect. 

Putting ra + pa = rl + p^S, 



if therefore this value be given to the ratio -, the coeiEeients 

of a? and y' in the equation to this third ellipse will be equal, 
and consequently its two equal conjugate diameters will be 
parallel to the coordinate axes. 

Par un AbonnS : Gergonne,^ Annales de MatkSmatiques, 
tom. V. p. 88. 

2, Two ellipses, of equal eceenti-icity and of which the major 
axes are parallel, can have only two points in common. To 
prove this, and to shew that, if three such ellipses intersect two 
and two in liie points A and A', B and B\ G and G\ respec- 
tively, the lines AA\ BB\ G0\ interaect in one point. 

The equations to two such eUipaes, referred to axes of co- 
ordinates parallel to the principal axes, will be 

!^.^" = x (.), 

(»'-»')' 
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and, e denoting the eccentricity of eitlier, 



..(3). 



From (]), (2), (3), wcliave 

(l-fl(,~.)-+(,,-«'.S- (4), 

(l-^)(x-ar+b-/J7 = 4" (5). 

Subtracting (5) from (i), 

(1- e') [2 (a'-a) ^-{a'^^a^)S + a (/3'-^) ,y- (/S-^-^^) = 5^- 5^ ..{6), 
from ■whieli equation it appears that all points of intersection of 
(4) and (5) lie in a sti-alght line ; and, since a straight line can 
cut an ellipse in only two points, the former part of the proposi- 
tion is established. 

Let the equation to the third ellipse be 

{I - e') {^ - dj + {^ - ^y = !r (7). 

The equations to the lines AA', BB\ C0\ will be (6), (8), (9), 
{l-e') {2(a"-a'}^-(«"=-a"0) 

+ H0"~^) y - ip"^ - n - b"' - i'"'- (8), 

{i-^'){2{«-0^-(«^-OI 

+ 2 (^ - ,3") ^ - 03" - D = b"^ - b^ ... (9). 
Adding together the equations (6), (8), (9), we obtain an identical 
equation. This shews that the three lines AA\BB\ 0G\ inter- 
sect each other in a single point. 

3. Two equal similar ellipses, which have tlie same centre, 
have their axes inclined at a given angle ; to find the angle 
between the curves where they intersect. 

Let C be the common centra of the two ellipses, E theii- 
point of intersection, ET the tangent to one of the ellipses at E^ 
meeting Its major axis, produced, in T. Let OE be produced 
indefinitely to N. 

Let a = the inclination of the axes of the ellipses ; then it is 
evident that lECT = ^a or ^[Tr - a). Let lETG = 6. Then 
the angle between the curves at E, being evidently double the 
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angle NET, is equal to 

2 {!« + 5) = a + a tan-' {]^4A , 



<- 



■ TT — a + 2 tan'' 



4. To find the coordiuates of the points of intersection of 
the two elHpaes 

and to determine the tangent of their inclination to each other 
at these points. 

If $ he the required angle, and a;, y, the coordinates of the 
required points, qJ-, 

and ta,n — , „, - . 

2 a i>" 

5. There are any number t>t' ellipses havmg a common centre 
and tlieir major axes in the same position. To prove that, if all 
the eUipses he twisted about their common centi-e through the 
same angle 8 in the same direction, the locus of the intersection 
of each ellipse with ita original position, is two atraight lines 
defined by the equations 

y = a! tan ^ ^, y = — a; cot ^ ^. 

6. If a quadrilateral be inscribed in two ellipses, which cut 
eafih other in four points, and of which the major axes are 
parallel or perpendicular to one another : to prove that any two 
of its opposite angles are together equal to two right angles. 

7. Two concentric eUipses, which have their axes in the 
same directions, intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle : to prove that the 
product of the areas of the rhombus and rectangle is equa) to 
half the continued product of the four axes. 

Q2 
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Section XX. 
Polar Equation to the Tangrnt. 
1, If two straight lines be drawn at right angles to one 
another through the focus of an ellipse, and tangents to tlie 
ellipse be drawn at their extremities; to find the equation to 
the locus of the intersection of these tangents. 
The equation to one of the tangents being 

"t^"^^ =cos(a-g)+eco3t', 

ecosfl (1)*; 



that to the corresponding tangent will be, ^tt + a being written 

for a, rtfi — p""! 

- sin(a -e)= ^ ^ - e cos^ {2). 

Squaring and then adding (l) and (2), we get, for the equation 
to tlie required locus, 

1 = 2 { "^^ ~^n + 2e' cos'f - 4e H^"^ ! cosf. 



± 1 +e\/2cose, 

the equation to an ellipse, parabola, or hyperbola, as e' is less 
than, equal to, or greater tiian J. 

2. If tangents be drawn, from any point without an ellipse, 
to the curve : to prove that their lengths are inversely as the 

• This equation to the tangent of an ellipse is given by Mr. Daviea, 
in tiie Fhihiophical Magazine for 1S42, p. 132. 
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sines of the angles which they make with the lines drawn from 
their points of contact to either focua. 

Let T be the point of concourse of the two tangents, P, P', 
their points of contact. Then, jS being the focus, and 08A the 
semi-axis major, let 

PT=p, FT=p\ ST=r, 
LA8T=e, lPSA^o., LFSA^oi'. 
Then, the polar equations to the tangents give ns, at the 
common point 2", the relation 

e cosfl + co3(^ - a) = "^^ 7^^ = « <:o^^ + *=o^(^ - «'). 
whence 6 - a = - 6 + a', = ^ [a + a'), 

and therefore i PST = ^ (a - a'} = i FST. 



, , ,. p sin4'' 

ajid theretore — = -; — j- . 

p sm* 

3. To find the locus of the point E, in which the radius 
vector SP of an ellipse cuts the diameter conjugate to the 
semi-diameter GP. 

The equation to the ellipse being 

1 + e cos^ ' 
the equations to SP and to the tangent at P will be respectively 
of the forms = « /j^j 

?JJ-7, f .) = i-n«Hi - rvl -I- ficosf? CSV 
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The equation to the diameter conjugate to OP, whicli passes 
through the point (ae, tt), and is parallel to (2), is 

-{e + cosa) .^ = ws{0 - a) + e cos^ {3). 

At the intersection of (1) and (3), there is 

- (e + cos^) . — = 1 + e cos^, 

the equation to the required locus. 

4. The tangent, at any point P of an elhpso, cuts the major 
axis, produced, in T: Sis the focus. To prove that 

c08S'Pr=ecos5rP. 

5. From a point O, two tangents OF, OP', are drawn to an 
ellipse, P being nearer to an end of the axis major tliaii P is : 
to prove that OP is greater than OP. 

De la Hire : Sectiones Conteis, lib. vii. prop. 44. 

6. To find the locus of the intersection of two tangents at 
points P, P, of an elhp«e, siich that, 8 being one of the foci, the 
sum of the inclmitioni ot SP, 8P', to the major axis may be 
invariable 

Take SA as the pnme iidms vector, A being the extremity 
of the majoi axi-s neiiest to 8 , then, putting 

lASP-^ lASF = 2^, 
the locus of the intersection will be a straight line defined by 
the equation 6 =^ 0. 
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Section XXI. 

Folar Equation to a Chord. 

1. PSp is any focal chord of an ellipse, A the extremity of 
the axia major ; AP, A^, meet the directrix in two poiats Q, g : 
to prove that LQ8q ia a right angle. 

If a — y3, a + ;S, he the angular coordiiiates of tho extremities 
of any chord, the focus being the pole and the prime radius 
vector coincidiug with the major axia, the equation to the chord 
will he 

- = sec^ . coa(fi ~ a) + e cos^, 

c denoting a (1 — e'}. 

Let 27 be the angular coordinate of P, then, being that 
of A, we have a - ^ = 0, a + ^ = 27, 
and therefore a = 7 = /3. 

Hence the equation to AP is 

- = 8ec7.cos[5 — 7) + e cos 6 (1). 

Again, the angular coordinates of A, p, being 

a-^-0, a + ^ = -(,r- 27), 
we have a = — (J'tt — 7) = ^. 

Hence the equation to Ap is 

- = — coaecy. sin ((9 — 7) + c coa^ (2). 

Again, the equation to the directrix is 



,..(3). 



At Q^ the intersection of (1) and (3), wc have 

e COS0 — sec7 cos(fl - 7) + e cos^, 
and therefore cos{^ ~ ?) = tl? 

or Z^S<> = i7r-7, 
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Again, at q, the intellection of (2) and (3), 
= sin(^-7), 
(9-7 = 0, ^ = 7, 
or LA8q = y. 

Hence iQSq = lASQ + LA8q, 



2. PSQ^ P'8Q\ are any two focal chords of an ellipse: to 
find the locus of the intersection of the chords PP', QQ'. 
The required locus is the directrix nearest to S. 



Section XXII. 
Polar Equation to the Normal. 
1. To deduce the polar equation to the normal of an ellipse 
from tliat to the tangent, the focus hcing the pole. 
Let the polar equation to the normal lie 

r(^cos^ + 5Bin^) + C=0. 
Let o. be the angular coordinate of the point of contact of the 
corresponding tangent. Then, n denoting « [I - e"), 



- (^cosa + 5sin«) +0=0, 



1 + e 
and tliereforc 

. / . ccosa \ , ■r.f -a c sina '^ „ , , 

^ r cosfl - -, — — — + j9 r smf - -— — = 0.... 1 . 

V 1 + ecosa/ \ 1 + flCosay ^' 

Since this line is perpendicular to the tangent, which is defined 

by the equation 

^ = 6C09^ + (X,%{e - a) 

= (e + cos a) cos^ + sina sin^, 

we must have the relation 

A sin« 
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and therefore (1) becomes 

/ „ ccosa\ ., -, ( ■ a csma\ 

sma. r cost' - -— = (e + cosa). rama — ■■ — — - 

\ 1 4- c cos ay ~ 'V 1+ecosay 

,, , . „ . „. ecsina 
or r e + cosa) siiit/ — sinacoaC' =-~— — , 

'^ ' ' 1 + e cosa' 

c 1 + ecosa . . . . .„ ,. 
or - = i . e em D + emW — a] , 



which is the required equation to the nonnal. 

2. If the normal through any point P in an ellipse cuts the 
major axis in (?, to prove that, 8 beii^ the focus, 
8Q = e.8P. 



Section XXIII. 
Poles and Polars. 

1. There are two ellipses the axes of which are in the same 
straight lines. To find the locus of a pole of the exterior ellipse 
the corresponding polar of which is always a tangent to the 
interior. 

Let a, h, be the semi-axes of the interior, and a, ,3, of the 
exterior ellipse. Let the coordinates of the pole be a;,, ^,, and 
let x\ y\ be those of the point in which ita polar touches the 
interior ellipse. 

Then, the axes of the ellipses being taken as axes of coor- 
dinates, the equation to the polar will be 

? + f-'--; C)^ 

but, since it is a tangent to the interior ellipse, its equation will 

» 

Since tlie equations (1) and (2) must be identical, we liave 
X ~^x„ and y "giy,: 
hence, by the equation —j + y^ — 1 , 
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■we have — ^ + ~i- = 1, 

a' ^ 

for the equation 1^ the locus of the pole ; which is therefore a 

similarly situated ellipse witli aeini-axes — , -y- . 

2. To finil the locus of a pole in relation to a given ellipse, 
the part of the polar which is intercepted by the ellipse being 
of a constant length. 

If the equation to the ellipse be 



and 2e be the length of the intercepted portion of tlie pohii-, the 
equation to the required locus will be 

3. The polar eorresponding to a pole P, relatively to a given 
ellipse, intersects the eUipse in points E and F\ to find the locus 
of P, supposing the area of the triangle EPF io be constant. 

The equation to the ellipse being 

and m° denoting the constant area, the locus of P will be an 
ellipse defined by the equation 



Section XXIV. 
Inserted and Gtrcumscribed Polygons. 
1. To find the locus of the foci of all ellipses, described with 
their major axes parallel to the base of an isosceles triangle, and 



touching its three sides, 
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Let HKT be the isosceles triangte. Let A (7, BC, Ije semi- 




axes of one of the inscribed ellipses, 8 a focus. Draw 8M at 
right angles to BH. From any point Q^ in I'ff, draw QN 
at right angles to TB. 

Let LHTB = i^-'a^LKTB; BM=x, SM^y, GN=x\ 
QN = y\ CA = a, OB=b,BT=o. 

Then, n/being a tangent to the ellipse, 

y' + ax = {eh' + a'f. 

When x' = — h, we sec that y = ac. hence 

a{.-h)^{eh^ + a^)\ 

But x=[a'-h')\ 3/ = 6; 

hence <:^.= o? + }? = a^ + if ; 

and therefore, for the equation to the required loens, we get 

a{c-y)^ («y + ^+ f)\ 
or aV - 2ecy = x} + y\ 

which is the equation to a circle, 

2. To determine the ellipse of greatest area which can be 
inscribed in a given triangle. 

Let two of the aides of the triangle be taken as coordinate 
axes. Then the equations to the three sides will be of the forms 

ic = 0, y = Of ax + by = I; 
and the equation to the ellipse will be 

(a3!)l + (%)' + {ax + hy- 1)* = 0, 
where a and /3 are ai'bitj'ary constants. 
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Clearing tlie equation to tlie ellipse of radical indices we 
shall get 
(a - afx' +{8- hff + 2 |(a - a) {0 - h) - 2oi^] xi, 

+ 2 (a - «) a; + 2 {;S - 6) !/ + 1 = 0. 

The coordinates of the centre of thiB ellipse will he 

a0 + ha.~- ab'' a^ + ba — ab' 

and ilie equation to tlie ellipse, referred to the centre as origin, 
will be 
(a-»)V+(^-6)V' + 2[(.-»)(g-{)-2.ff|a=y = ^^^''^_^^ . 

Let 0) be the angle between the coordinate axes: tlicn, A 
denoting the area of the ellipse, we have, the axes being 
determined as in prob. 2, Section xvi., 



In order that A may be a maximum, we must have 
3 log {ah — a0 — ha) — log a — log = minunum : 
hence, differentiating with regard to n, we get 

35 1^ 

n^ + ba-ai a ' 
2ha - ffl/3 + «5 = 0. 
Similarly, by differentiating with regai'd to 0, 
2a/3 -hd + ab = 0. 
From these two equations we have 

a = - «, ^ = _ J. 
Hence the equation ta the ellipse becomes 

aW + J°y + ahxi/ ~ ax — hi/ + ^ = 0, 
or ((w - ^Y 4 (% - kT + (^bxij = i, 

or {ax - lY + [hy - iY + («* - ^ {by ~ \) = ^V 
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Supposing y and ^ to represent the intercepts of the line 
ax+^^ 1, 
a the coordinate axes, the equation to the ellipse is 



and A = 



-^sina 



GOR. 1. From the two forms of the equations to the ellipse, 
it is evident that it touches the sides of the triangle at their 
middle points, and that its centre Is coincident with the centre 
of gravity of the triangle. 

Cor. 2. Let B denote the area of the triangle. Then 

Hence ^ : 5 :: tt : 3^3. 

B^rard : Gergonne, Annates de MathSmaHqws, torn. iv. p. 284. 

3, Among all quadrilaterals inscribed in an ellipse, to de- 
termine that which contains the gi-eatest area. 
Let the equation to the ellipse be 

a 
and let the angular points of the quadrilateral be {x^iy^i [x^, y^), 
{a:, ^J, (»!„ y^). Then, u denoting the area of the quadrilateral, 
2m = x^i/, - x^y^ + x^y^ - x^y, + x^y^ - x^y^ + x^y^ - x^y^^ 

j+!t = i. *+!-->. y+s-=i. #+l-=i- 
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In order that u may be a maximum, we have, differentiating 
these last four equations, putting du = 0, aiid using the method 
of indeterminate multipKers, 

-^ + y.-y, = % -# - a;, + a.^ = 0, 



Hence we have 

3 K - «^J = - § {y.-y.) (1) 



^K-^J--fite-^.) i% 



■,'^.) = -fAy.'y.} m. 



^A%- =:,)-- fAy.-y.) (4). 

From (1) and (3), we have 

l-i; (=). 

and from (2) and (4), 

1 = 1 (6). 

Also, from (1) and (2), 

^ i^i^, - ^3^s) = - ^s i^iif, - yj=)- 

From the last three equations wc see that 

and therefore ^^ = ^ (7). 

The equations (5) and (6) shew that the diagonals of the 
quadrilateral are diameters of the ellipse, and (7) shews that 
they are conjugate diameters. 
DuiTantte : Gergonve, Annates de, Matliematiques, torn. XII. p. 223. 
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4. If any hexagon be circumscribed about an ellipse, the 
three diagonals, joining opposite angles, will all pass through 
one point. 

Tlio equation to the tangent of an ellipse is 



XX yy 



r-1 (1), 

X and y being connected by the equation 



Equation (2) ia equivalent to the following system of equations 

a, being an arbitrary quantity : hence 
hence, the equation (1) becomes 

£(». + y + 2i^ (".-;;) = '• 

Put a — a', h^/— ! = ?>'; and the equation to the tangent, 
which we will suppose to be one of the sides of the hexagon, 
assmnes the form 



-A, a,~- -1.. 



The equation to the next side of the hexagon will be, in like 
manner, of the form 



^(«--^)-i(--i)-- 



At the intersection of (3) and (4), ic, j, y^^, being che coor- 
dinates of the corresponding angle of the hexagon, we shall get. 
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240 ELLIPSE, 

by the combination of the equations, 

_ , 1 + (Xja^ _ ,, 1 — a,g3 

''* "^ Kj + Mg ' ^''^ ttj + a^ * 

The equation to the diagonal, througli tlie angular points 
(^M' ^i.J, Ksi ilj^ will be 

or, substituting for the coordinates of the angular points their 
values 

Vx {(a, - aj (1 + a,aj + (a, - a,) (1 + a^aJS - ay ({a, - aj (1 - a,a,) 

+ (a, - a,) (1 - a,aj} = 2«.'&' (cc.a, - «,aj (5). 

By similarity, it is evident that the equation to the diagonal, 

through (a!^_„ y^^^, (a;^^,, ^/^.a)? ^iU be 

Vx ((a, -aj (1 + a„aj + (a, - a„) (1 + a,a,)} - «> {{a, - a,) (I - a,«J 
+ (a, - aj (1 - a^)} = 2«'&' (a^a, - a^aj (6). 

At tlie intersection of these two diagonals, multiplying (5) 
by «g — ttg, (6) by a^ — a,, adding the latter of the i-esulting 
equations to the former, and dividing the final equation by 
% " "si we shall thus get 

Z.'a.(K-aJ(l + KA) + K-a,){l + «a"Jl-«>l(«s-«J(l-«A) 
+ (a, - aj (1 - a„aj! = 2«'?.' {a^a, - a,aj (7). 

But, by symmetry, we know that (7) is the equation to the 
third diagonal: henco the diagonals (5), (6), intersect m (7) 

Catnbridffe Mathematical Jomnal, vol l\ p 165. 

5. To find the axes of the least elhpoe ■which <an be cir- 
cumscribed about a given rectangle 

If 2fj 2^, be the sides of the lectangle, and 2i7, 'i//, the 
.-^Tt.. of the ellipse, 

«=/v'2, b^g^2. 

fj\if: ■■ Acta Academic PetropoUtame, ^o anno 1780, pars 
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6. To find the ratio of the side of an equilateral I 
inscribed in an ellipse, with two sides parallel to the major axis, 
to the side of an equilateral hexagon inscribed in a circle of 
which the axis major is a diameter. 

If e be the eccentricity of the ellipse, the required ratio is 
equal to 4 _ g^a 



7. To dctei-minc the ellipse of least area which can be cir- 
cumscribed about a given triangle. 

If two of the sides be taken as axes of coordinates, and f, ff, 
bo the intercepts of these axes made by the third side, the 
equation to the ellipse will be 

The centre of this ellipse coincides with the centre of gravity 
of the area of the triangle, and its tangents at the three angles 
are respectively parallel to the opposite sides, Moreover the 
area of the ellipse is to that of the triangle as 47r : 3 ^3. 
Euler ; Nova Acta JPetropoUtanOj torn. IX, p. 146. 
Gergonne: Annates de MatMrnatiqites, torn. iv. p. 288. 
Gregory : Exawphs in the Differential and Integral Gnlculus, 
p. 123, a*" fditioH. 

8. If one triangle be inscribed within another, ?o that their 
sides are parallel each to each, a single ellipse will be, at the 
same time, the gi'eatest which can be insLribed ui the greater 
triangle and the least which can be ciR-umfccribed about the 
smaller triangle. 

Gergonne; Annales de MatJiematiqiKs^ tom. IV. p. 291. 

9. To prove that, in every parallelogram circumacribed 
about an ellipse, the diagonals intersect each other in the 
centre of tlie ellipse and ai-e in the direction'! of two conjugate 
diameters. 

Ferriot ; Gergonne, Ann<iJ(s de Mathematiques^ tom. XVI. p. 373. 
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10. To find the ellipse of least area which can he circmn- 
acribed ahout a given quadrilateral. 

Let the diagonals he taken as axes of coordinates: tlien 
(a, 0), (- a', 0), (0, ,8), {0, - /3'}, being the four angular points 
of the quadrilateral, the equation to the ellipse will be 

Tho equation to the ellipse will therefore be of the fonii 
aa? + 1^/^ + 'ioxy + 2dx + ib'y + c' = 0, 
where c is the only unknown parameter. 

The determination of c will depend upon the solution of the 
cubic equation 

Gc" - 4a'JV + {ia'b + 3«&" - ahd) c - 'iahdV = 0. 
Euler : Nova Acta AcademifB PefropoUtance, torn. ix. p. 132. 

11, The straight linos which bisect the angles of a triangle, 
meet the opposite sides in the points F, Q, E: to prove that 
an ellipse may be inscribed in the triangle such as to touch 
the sides in P, Q, B. 



Section XXV. 

ElUptio Loot. 

1, From P, a point in an ellipse, lines are drawn to A^ A', 

the extremities of the major axis, and from A^ A', lines are 

drawn perpendicular to AP, A'P: to find the locus of the 

intersection of these lines. 

The equation to the ellipse being 



and X,, y,, being tlie coordinates of P, tlie equation to AP will 
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iuid the liquation to the perpendicular throngh A will accordingly 

y_»_J(^_„) (1). 



Similarly, — a 
pendicular will be 


replacing a, the 


equation 


to 


the 


other 


per- 




s- 


S, 


(=« + „).. 






( 


s)- 


At the intersection of [\] 


1 and (2), 














y- 


y" 


(«■-«■) 










nr 






«■), 











&'^ fl^ b" ' 

the equation to the required locus, which ia therefore a concen- 
tric and similarly placed ellipse of which the semi-axes are a, -r ■ 

2. If all the ordinatea of a circle, referred originally to 
rectangular coordinates, be moved through a given angle, the 
abscissa and ma^itude of each ordinate remaining the same; 
to find the locus of the extremities of the ordinates, the origin 
of coordinates being the centre. 

If G denote the radius of the circle, the equation to the 
required locus, referred to the original axis of x and to an axis 
of ^, parallel to the new ordinates, is evidently 

which represents an ellipse referred to its two equal conjugate 
diameters as axes. 

Let ft, h, denote the semi-axes of the ellipse, and ^, 6\ the 
inclinations of the axes of x, y, respectively, to the direction 
of a. 

Then, w denoting the angle between the two new axes, 
ab = c^ sin w, 
a' + h^ -= '2<i\ 
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which equations are obviously satisfied by 



Also 



tan ^.tan((ti + 6 



- -J = - tan" i 



and therefore 3 = — -Jw, ff = ro + = ^at. 

We have thus ascertained the magnitudea and positions of 
the axes of the ellipse. 

3. A straight line of given length 2c is made to move so that 
its ends lie always in two other given straight lines including an 
angle a ; to find the locus of its middle point. 

Let the two given linos be taken as axes of coordinates. 
Let the intercepts of the moveable line on these axes, in any 
one of its positions, he a, b. Then 

4c' = o!' + b' — 2ab cos 2a. 

But, if X, y^ ho the coordinates of the middle point of the 
moveable line, 

hence c" = ic° + y — 2xy cos 2a, 

which is the equation to the locus required. The locus is there- 
fore an ellipse. 

COE. It may he shewn that the semi-axes of the ellipse are 
c cot a, c tan a, tlie former one bisecting the angle between the 
positive directions of the coordinate axes. 



to find the 1 




point P which is so situated that perpendiculars (drawn through 
it) to AP^ BP, always cut off a given length on AB. 
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ELLIPTIC LOCI. 

Take 0, the middle point of AJ), as origin, OBx aa tin 
of X, and O^y perpendicular to it, aa tliat of »/. 
Let AC=ii, BD = v, 

AB = 2o, CD = 2S. 
Then, from the right-angled triangle CFB, wc eee that 
/-(» + » + =«)•(• - "}, 



(l)i 



and, from tJie rightrangled tnangle APD, ^ 
/ = {v + a-x).(a + . 



From (!) and (2), we hare 



)Ut 


M + » + 2a = 25 : 


,enee 


_£_+^^,2i., 


,r 


„/.}(«• -a?), 



the equation to an ellipse the axes of wliicli coincide witli the 
axes of coordinates. 

5. The focus of a parabola lies always in the circumference 
of a circle represented by the eqiiation 



the axis of the parabola being parallel to the axis of ai, and its 
arc passing through the centre of the circle. To find the locus 
of the vertex of the parabola. 

The equation to the parabola will be of the fomi 
fiX 4- 2vy + y^ = 0. 
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Change the origin to a point h, h: its equation will then 
become ^ ^^ + h) + "iv {1/ + k) + {-if ■\- hf == 0. 

Assume the coefficient of ?/', and the terms which involve 
neither x' nor ?/', to he zero : then 

fih + ^vk + F ^ 0, 
v + k^Q, 

and therefore /x = -7- . 

The equation to the curve becomes 



Let x^, y,, he the coordinates of the focus : then, since h, X,-, 
are the coordinates of the vertex, 





'!,■ 


= i_ 


3' 


•/, = *; 


and therefore, 


the focus 


being 


a point itr the circle, 




^ = x^ 


+ ,%■ 







A" + ^ = ^ ck, 

the equation to the locus of the vertex, which accordingly Uc3 
always in the arc of one of two ellipses. 

De la Hire : Sectiones Gonicw, lib. vill. prop. 20. 

6. A square OBPQ moves in the right angle xOy^ so that the 
point G is always in Oy^ and the point B always in Ox: to find 
the locus of P. 

If a represent the length of a side of the square, then 
Ox^ Oy, being taken as coordinate axes, the locus of P will 
be an ellipse of which the equation is 

.c' - 2.n/ + 2/ = <i'. 
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7 r deteimiiie the locus f the pxtiemiti ot the straight 
line f)!me\ b> lugnienting the ordinate ot the circle 

f + / = . 
by a length equil to the ibsus-^a 

The locus will be in ellipse define \\\ the equation 

2x^ - 2i^ + y = t 

Fii-^s i\ n Acta 4. -odfrnieB Pptropohti} ft torn "S.V. p. 72. 

8 To find the locus of the intciBcction ji two tangents to 
a ciTtle su h that the pioduct cf the poitions (measured from 
the centre) cut eft b^ them fr m i gneii liametei i5 always 
constant 

If the gi\en liimetci he tikcn as the axin j/ , then, « 
denoting the ndius ot the circle and L a constant quantit)', 
the locus will be an ellipse of which the equation is 
[a' + l'}r +27/^ IV 

9. In the given right lines AF, AQ, are takon variable 
points p, q, auch that 

Ap :pP:: Qq : qA; 
to find tlio locus of the point of intersection of Fq, Qp. 

Let AFx, A Q^, be taken as axes of x and ^ : let AP = a, 
AQ = h. Then the required locus will he an ellifse represented 
by the equation 

-x[a - x) -^^y {h - y) ^ {a - x) {h - y). 

Cor. If we put a; = 0, ^ = 0, successively j we get re- 
spectively [if — hy = 0, [x — of = 0. Hence the ellipse touches 
Ax, Ay, at the points F and Q. 

10. A straight line AB of given length, moves with its 
extremities A, B, always in contact with two straight lines 
Ox, Oy, respectively, inclined to each other at a given angle : 
to find the locus of an assigned pohit F in AB. 
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Let PA = a, PB=h, and LscOi/ = a: then, Ox, Oy, being 
taken as coordinate axes, tlie required locus will be an ellipse 
deiined by the equation 



--2^cos« = l. 



Newton: Ariihmstica Universalis, fioh. 21. 

Bret: G&rganne, Annahs de MathSmatiques, torn. vi. p. 15. 

11. To find the locus of the intersection of the lines repre- 
sented by the equations 

xemd — ycoaO = [a^ + y^y, 
, cos* sin' 9 _^ 1 

a' V ~ a? + y'' 

The required locus is an ellipse the equation of which is 



12. I'rom a point (a, h) a normal is drawn to a parabola 

f =lx; 
to find the locus of the intersection of the parabola and normal, 
I being a variable parameter. 

The required locus is an ellipse defined by the equation 

y(y~l)-\-2x{x~a) = 0. 
L' Hospital ; Traite Analytique des Sections Coniques, p. 259. 

13. To find the locus of the middle point of a chord of an 
ellipse, the chord passing through a given point. 

The equation to the ellipse being 

and the coordinates of the given point being {a, jS), the locus 
required will be another ellipse defined by the equation 
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14. A triangle ABG moves in such a manner that the 
angular points A^ S, are always in two rectangular axes Ox, 
Oy, rcapectively 1 to find the locus of G. 

Let BQ^a, CA ^ h, AB = c, wxALACB=a. Then 
the equation to the required locus will fee 

15. From the focus S of a given ellipse is drawn SQ always 
Hsecting the angle P8C, G being the centre, and equal to the 
mean proportional between 8G and 8P: to find the locus of Q. 

The equation to the given elhpse bemg 

the required locus will be another ellipse defined by the equation 



1+e ' l-e 

16. A right angle BAG, the sides AB, AC, of which are 
given, moves in such a maimer that A, B, lie always in two 
perpendicular lines Ox, Oy, respectively : to find the locos of G. 

Take Ox, Oy, as axes of x, y, 
respectively. Let AB = a, AG = h. ] 
Then the locus of G will be an 
ellipse defined by the equation 

V'x' + (a' + &")/- 'iabxy = i 

Newton : Aritkmetica Universalis, prob. 22. 

17. The cncumhtinfes remaining the same as in the pre- 
ceding problem, except that z 4 OB, and lBAG, instead of 
being right angles, aie each of them equal to a; to find the 
locus of G 

The kcub !-> in elhpse dehned bj the equaton 
Jfa? + (q 4- & — iab cosa) y' + 2h {b coia — a) xy = b*. 

Newton. Anthmeltca Umoaaalis, prob. 22. 
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18. The base and the sum of two sides of a trifmgle being 
constant, to find the locus of the centre of the escribed circle 
touching the base. 

Let the middle point of the base be taken as the origin of 
rectangular coordinates, the axis of y being perpendicular to the 
base. Let 2(( represent the length of the base, 25 the sum of the 
two sides. Then the required locus will be an ellipse defined by 
the equation 5 4- o. 

19. One extremity J. of a straight line ABF and a given 
point B in it, move in straight lines intersecting at right angles 
in C : to prove that the locus of any other given point P in the 
line IS an eUipee, and that, if the rectangle A GBD be com- 
pleted, and PB joined, PB is a normal at P. 

20. To find the locus of the points of quadrisection of a 
system of parallel chorda in a circle. 

The equation to the circle being 

and that to any one of the parallel chords 

Ix + •my = S, 

where ?=cosa, y—suioi, the equation to tho required locus will be 

{3m' + 1) a;^ - ^Irmnj + (3Z' + I) y' = c'. 

21. Having given the point where a parabola intersects a 
given diameter, and also the parameter of that diameter, to find 
the locus of the vertex of the curve. 

Let j5 represent the given parameter; then, the given diame- 
ter and a perpendicular to it through its vertex being chosen as 
axes of X and y respectively, the required locus will be an ellipse 
denoted by the equation 

^a? + y^ + px = 0. 

Lardner: Algdiraic Geometry,]). 131, 
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22. Two semicircles are described on the segments of the 
base of a semicircle of which the radius is r: to find tlie locns 
of the centre of a circle touchii^ these three semicircles. 

If the middle point of the base of the large semicircle be 
taken t« tlie origin of rectangular coordinates, the base being 
the axis of x, the locus required wiU be tlie arc of an ellipse 
of which the equation ia 



23. CP, CD, are conjugate scmi-diametera of an ellipse : on 
the chord PD an equilateral triangle PDR is u 

described : to find the equation to the locus 
of -B. 

The equation to the proposed ellipse being 

? + ? = '. 

the required locus will also be an ellipse of 
which tlie equation is 




Vh^^f {h + a^/Zf 



Section XXVI. 

1. GP, CD, arc any two conjugate semi-diametcrs in an 
ellipse, of which the semi-axes are fi and h : to find the locus 
of the consecutive intersections of ^11 luth chords as PD. 

If x, y\ be the coordinates of P, we may put 
X = a cos^, y = ^ ain^: 
we shall tlier liave also, a/', y\ being the coordinates of i?, 

x" = — J- y = - «. ^in ff, ,'/" = - a;' = (^ COB Q. 
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Hence the equation to PD is, by the formula 

[a;' -x')y - [y" - y') x = x"y' - 3^y'\ 
y {— o, sin^ — a cos^) -■ x {b cos^ - b ain^) 

= — a smd .h am9 — a coid .h cos$, 

or {ay - bx) mn0 + {ay + bx) coa^ = ab (l). 

Differentiating with respect to 6, we have 

{ay - bx) cosfi ~ {ay + bx) &md = (3). 

Squaring and adding (1) and (2), we get, for the equation to the 
required locus, 

2dY + 26V = oV. 

2. If, from every point in the axis major of an ellipse, as 
centre, a circle be described, with radius equal to the ordinate at 
that point : to find the envelop of the circlca. 

The equation to the ellipse being 



that to the envelop will be an ai-c of another ellipse represented 
by the equation 

— 1-^ = 1 



3. Two straight lines are drawn from one extremity of the 
major axis of an ellipse, making with it angles the tangents of 
which are in a given ratio : to find the locus of the ultimate 
intersections of chords, each of which joins the two points where 
two corresponding lines cut the ellipae. 

The equation to the eUipse being 

/=-, {^ax-x"), 

the envelop required will be another ellipse, the equation of 
which referred to the same axes will be, a denoting the given 
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4. AEC, BFC, SF, are three straight lines given in position : 
from tlie given points A, B, straight lines are drawn, through 
any point in FF, meeting BO in Q, AC m P: PQ is joined. 
To prove that the curve, to which PQ is always a tangent, 
is an cliipso inBcribed in the quadrilateral APQB, and touching 
the lines AC, BG, at the points E, F. 

Leyboum: Mathematical R&posit<yry^ New 5erjes, vohiii, p.l43. 



Section XSVIL 

Miscelkmeous Problems. 

1. Of all systems of conjugate diameters in an ellipse, the 

principal diameters are those of which the sum is a minimum ; 

and tlie equal conjugate diameters are those of which the sum is 

a maximum. 

Let a^ h, be the principal semi-diameters of an ellipse, and 
a', h'j any two conjugate semi-diametei-s, including an angle 7. 
Then we know that 

a'" + 5'= = o' 4- b\ 

and a'b' emf — ab. 

From these two equations we have 

f -1 711 2ah-\^ , , 

and a'-5'= a=+5'--^ 2. 

V smry/ ^ ' 

ITie equation (2) shews that sin7 cannot be less than 

2oh 

d' + V'- 

Thus sin7 is necessarily included between the limits 

1 and ~i jT, . 

Now «' + V is greatest when sin7 is least; in this case, from (1) 

and (2), «' + J' = {2 («= + ¥)]\ 
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and 


o'-//-0; 


wlieiico 


--(^T 


Also a' + J' 
and (2), 


is least when 8in7 is greatest: in this case, from (1) 
o' + 4' = o + i, 


and 


o' - S' _ „ - S, 


whence 


o'-u, y = }. 


I>urrandc: 


Gergmrw^ Anmdes dn Maihhnftii^i^, torn. XII. p. 168. 



2. If a straight line be drawn from the focus of an ellipse, 
the eccentricity of which is e, so aa to make a given angle /S 
with the tangent ; to shew that the locus of its intersection with 
the tangent will be a circle, which touches or lies entirely with- 
out the ellipse as cos^ is < or > e. 

Let SY he the pei-pendicular from the focus S upon the 




taDgent P2' at P, which cuts the scmi-asis major CA, produced, 
in T. Let e be a point in FT, such that L SQF = ^. 

Let lPTS = <f , 8Q = r, L Q8T = 0. 

Then r sin/3 = SF= [a' sin'^ + f' cos'0}^ - ae sin.^. 
Squaring and putting for its value ^ — 0, we have, for the 
equation to tlie locus of Q^ 

r' shi'^ + 2aer sin^ sm [^-6]= a" (1 - fi'), 
which is the polar equation to a circle. 

If any point of this circle lie in the periphery of the ellipse, 
{when, intersection being impossible, contact must take place), 
we have, equating the values of SY in the circle and the ellipse, 

"'illt^'' = ^ ^''^''^' "^^ (1 - e=) = (2m> - r') siu=/3, 

(« - ry sm'^ = ft" (e" - cos=/3). 
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Hence, in order that contact may be possible, cos^ must not be 
greater than e. If cos^ be greater than e, the circle lies entirely 
without the ellipse. 
Bobillier : G&rgonne, Annales de MathSmattquss, torn. SVIII. p. 191. 

3. A circle is described about an extremity of the minor axis 
of an ellipse as centre, with a radius equa.1 to the distance of 
either directrix from the centre of the ellipse : to prove that this 
circle will touch the ellipse in two points, one point, or not at all, 
accordingly as the eccentricity is gi'eater than, equal to, or less 

Let the equation to the ellipse be 

i+i-' (')> 

or, e being the eccentricity, 

{I - e') x^ + ?/ =^ b' (2). 

The equation to the circle will be 

"? + (S - «)■ = J , 

(1 - •■) «■ + (!- «•) (S - *)■ - 5 (3)- 

Eiimuiating of between (2) and (3), we have, for all points where 
the circle and ellipse meet, the equation 

,y + 2(l~e^)hj + ~{l- ey = 0, 
which, being a perfect square of the equation 

«</ + j(l -•■)=» (4), 

shews tliat the curves touch wherever they meet. 
From (1) and (4), there is 
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Tliis result shews that 1 — e" must not be greater than e", or that 

e muBt not be less than -j^ . If e = -tt , x = 0, and there is 

contact at the opposite end of the minor axis ; if e > -^^ , x has 

two possible values, and accordingly there are two points of 
contact. 

4. To find the equations to the circles which touch the latera 
recta of an ellipse represented by the equation 

in the major axis, and of which the radii are equal to the minor 

The required equations are 

{x~ ae±iy + f = h^, 
and (x + cm + hy + ^ ^ V\ 

5. To find the eqtiations of the circles tlie diametere of which 
are tlie distances between the extremities of the axes of an 
ellipse defined by the equation 

i4- 

The four circles are defined by the equation 
tc" ± 23; + / ± Sjf = 3. 

6. If one of the foci of an ellipse be the common focus of 
two parabolas the vertices of which are at tlie extremities of tlie 
major axis, to prove that tliese parabolas will intersect at right 
angles, at points the distance between which is equal to twice 
the axis minor. 

7. If CD be the semi-dlametcr of an ellipse drawn parallel 
to a focal chord PS'p, to prove that 
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8. If a circle be described, touching the asia major of an 
ellipse in one of the foci, and passing through one extremity 
of the axis mmor, to prove that the semi-axis major will be 
a mean proportional between the diameter of the circle and the 
semi-axis minor. 

9. To find the relation between the central distance of any 
point of an ellipse and the perpendicular from the centre on the 
tangent at that point. 

If )• = the central distance, andjj = the perpendicular. 



J- -<.■ + }■_,■■ 

10. If two tangents be drawn at the extremities of the axis 
major of an ellipse, so as to intersect a tangent at any point in 
two points r, T\ and a circle be described upon TT' as a 
diameter ; to prove that this circle will pass through both foci 
of the ellipse. 

11. A parallelogram circumscribes an ellipse, its sides being 
parallel to conjugate diameters. If 2d be one of the smaller 
angles of the parallelogram, when it ia equilateral, to prove that 
its perimeter is equal to 4 V2 . « see^. 



12. A square ia described touching an ellipse at the e 
ties of its minor axis : an ellipse upon the same axis major cir- 
cumscribes the square. The same process is repeated in relation 
to the new ellipse, and the operation is continued until there 
are n ellipses : to prove that, if the eccentricity of the original 

elhpse be ( ) , the last ellipse will become a circle. 

13. If, from the focus -9 of an ellipse, 8Q be drawn, bisect- 
ing tlie angle FSC^ [0 being the centre of the ellipse and 8P 
any focal distance), to find the locus of Q, supposing SQ to be 
a mean proportional between SO and SP. 
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The equation to the ellipse being 

the required locus will be an ellipse defined by the equation 

1 + e "^ 1 - e 

14. If P be any point in an ellipse, the vertex of which is A 
and nearer focus S, to prove that, if lPAS— 6, lASP^ jt, and 
6 = the eeeentricity, 

tan ^. tail ^0 = 1 + e, 

15. If 7, ^, be the angles which any diameter of an ellipse 
makes with its conjugate, and with the axis major, to shew that 

{«" - F] tan7 ± {«' tan^ + b'' cotfl) = 0. 

16. To determine the least distance between the centre C of 
an elKpse and a point P in its periphery, and, PM being a per- 
pendicular on the axis major, to obtain an expression for the 
diiferenco between the squares of CP and of the least distance 
in terms of CM. 

The distance is least when P coincides with an extremity B 
of the semi-axis minor, and 

{OPy- {GBf = ^.{GM)\ 

Apollonius: Conicorum, lib. v. prop. 11. 

17. If PSQ, PHP, be chords drawn from any point P of 
Ml ellipse through the foci S and fl, and the acute angles 
■which the axis major makes respectively with the line QB 
produced and with the tangent drawn to the ellipse at the 
point P, to prove that 



18. In two confocal ellipses are taken two points P, Q, such 
that, the ellipses being referred to the major and minor axes aa 
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axes of X and 3, their abscissse are as the major axes of tlio 
ellipses : P', Q\ are two other such points. To prove that 

19. To sliew that the equation 

represents two straight lines, passing througli the point (a, ^) 
and touching the eUipse 



20. Having given the directions of two systems of conjugate 
diameters of an ellipse, to determine the directions and relative 
magnitudes of the two principal axes. 

Let represent the angle between a principal axis and a 
given line drawn through the centre of t!ie ellipse : let 2x 
denote the length of this axis, and 2?/ that of the other. Let 
a, ^, be the angles which the two conjugate diameters of one 
system make with the given line, and a', /3', the angles formed 
with it by the other system. 

Then the solution of the problem will be expressed by the 
following equations, 

„ ^ .. cos (g' + ^') . cos (a - ff) - cos (a + /3) . cos (a' - ^'] 
^ '"' - sin («■ + ^') • COB (« - ^) - sin (« + (8) ■ cos [ct' - /S') ' 

{- tan (i9 + a) tan (1? + y9)}* = ^ = j- tan {$ + a') tan [0 + ff)}i. 

Gergonne : Annates de Maihimatiqaes^ torn. xii. p. 374. 

21. From any point C^ without a given ellipse, of which the 
, centre is G^, is drawn a straight line cutting the curve in P^, F^. 

If a point P be taken in C^P^ so that G^ is a mean proportional 
between O^P., (7,P„ to find the locus of P. 

The equation to the given ellipse being 
^ . it . 



yGoosle 



260 EIJ.IPSE. 

the locus of P will be an ellipse, of wliich G^ is the centre, 
represented by the equation 

where a, /3, are the coordinates of G^. 

22. If, in the preceding problem, be drawn through G^, a 
straight line meeting the given ellipse in Q, and the locus of P 
in ^j, Q^\ to prove that G^Q will be a mean proportional 
between C^Q^^ G^Q^. 

23. If, under the circumstances of the two preceding pro- 
blems, the given ellipse and the elliptic locus of P intersect in P 
and (?, and if, about FG^GG^ be described a third ellipse with 
axes parallel to those of the given ellipse, and if [a,, h), [«„, 5„), 
be the semi-axes of the locus of P and of this third ellipse 
respectiveljj to prove that 

ah + afi^ = 4'^j/jj, ! 
and that the conti-es of the three clhpses lie in a straight line. 

24. If ST, -S2, be perpendiculars from the foci of an ellipse 
upon the tangent at any point P, to prove that SY, 8Z, being 
joined, will intersect in the normal at the point P, and to find 
the locus of then- intersection. 

The equation to the ellipse being 

?4 = >. 

and e denoting its eccentricity, the equation to the required locus 

will be ^■' ,,» 

— +^ =4 

[l + eya'^F <" 

which is therefore a concentric and similarly placed ellipse, with 
axes [1 + €^) « and h. 
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25. P ia a point in the circumference of an ellipse, 8 and H 
its two foci, and A the extremity of the axis major nearest to 8. 
Supposing Pi? to be increased in length by a small quantity A, 
the position of P, the direction of PH, the magnitude and position 
of iSP, remaining raichanged: to determine approximately the 
change in the eccentricity of the ellipse. 

If the axis major = 2a, SF= r, SF= r\ L ASP= 6, and tJie 
eccentricity = e ; then, approximately, 

&-^(. + ...9). 

26. To find the envelop of the perpendiculars drawn through 
the extremities of all the diameters of a given ellipse. 

If the equation to the ellipse he 



the equation to the required envelop will result from the elimi- 
nation of ( between the two equations 

Eoche : Gergorme, Annahs de Maihimatiqwes, torn. XIV. p. 207. 
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Section I. 
Refirred to its Axes. Ordinates. 

1. A parabda and an hyperbola have a common axis, the 
vertex of the forraer coinciding with one of the foci of the latter: 
to shew that the product of the distances of the pointa of inter- 
section from the axis is equal to TS", I being the latus-rectum 
of the parabola and 6 the minor axis of the hyperbola. 

The equation to the hyperbola being 

that to the parabola will be 

f ^l(x-ae): 
at the intersections 

or /+ + 6T = 0: 

whence the required product, by the theory of equations, is eqiml 
to IfV. 

2. In two concentric and similarly placed hyperbolse, are 
taken two points, the abscisase of which are as the real axes of 
the curves. To find the locus of the middle point of the straight 
line joining the two points. 

The equations to the two hyperbolse being 
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tlie required locus will be an hyperbola represented by tlie 
equation ^ ^p- 



Section 11. 

to its Axes. Tang&nts. 

1. The semi-axis GA of an equilateral Jiyperbola is inter- 
sected ill 2" by a tangent to tlio curve at P: PM is a perpen- 
dicular from P upon OA produced: PG is joined. To prove 
tliat FG.PM^PT.GM. 

Let CM, produced indefinitely, be taken as the ajsis of ar, 
and Oy^ at right angles to it, as that of y. 

Then, putting fL4 = a, GM-x, PM=y^ and observing that 

CT is equal to — , we have 

= y' + S?-^ 
= §(«■ + /) 

-ilMl WPY 
or PC.PM-FT.OM. 

De la Hire ; Sectiones Conicce^ lib. V. prop. ] .5. 

2. If S be tlie perpendicular clifitance of the centre of tiie 
hyperbola ^ J' 

a' ~ If " ' 
from the tangent at any point, and if a, /3, be the angles which (i 
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makes with the positive directions of the coordinate axes, t 
prove that, X being an arbiti'ary quantity, 



and 



a cosa(- —\\ = 'b co3/3 (c + ^1 
4 1/1 ,\'' 1/1 



K^^)" 



3. Trom the centre C of an hyperbola a perpendicular GY 
ia drawn upon the tangent at the point P; to find the coordi- 
nates of P, when FY = 08. 

The coordinates required are 

«-(.■ + . -D'.J, 
» = («'-i)-a- 



Section III. 
ts Axes. Magical Equation to the Tangent. 
1. To find the locus of the intersection of a tangent to an 
hyperbola with a perpendicular upon the tangent from the 
centre. 

The magical equation to the tangent of the hyperbola 



is y — ax + (aV — 6^)^ (1). 

The equation to a perpendicular upon this tangent from the 
centre is i 

v — -" m- 

At the intersection of (l) and (2) we have, a being eliminated 
between these equations, 

{a? + yj = «V - hy, 
which is the equation to the required locus. 
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Con. If the hyperbola be eqiiilateral, the et[uation becomes 

tJie equation to the lemniscatft. 

James Bernoulli : Opera, torn. i. p. 609. 

2. To finiJ tlie locus of the intersection of a tangent to an 
hyperbola with a perpendicular upon the tangent from a given 
point. 

The equation to the hyperbola being 

?-? = '' 

and the coordinates of the given point being a, ,S, the required 
locus will be defined by the equation 

|i» (a! - ») + 3, (y - fl)- = a- (a; - .)■ - i.-(y - «•. 

3. An ellipse and hyperbola having common axes, a psur of 
tangents is drawn to them, sucli that the sum of their inclina- 
tions to tho transverse axis is equal to two right angles : to 
find the locus of their intersection. 

The equations to the ellipse and hpperbola being 

!" + < _ 1, ~-K = U 

that to tlie required locus will be 



Section IV. 
Referred to its Axes. Focal Properties. 
1, If, about the exterior focus of an hyperbola, a circle be 
described with radius equal to the conjugate semi-axis, and 
tangents bo drawn to it from any pomt in the hyperbola ; to 
prove that tlie line, joining the points of contact, will touch the 
circle of which the transverse axis is a diameter. 
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The equation to the circle, described about the exterior 
focus, is 2 , ■i , „ , 2 f, 

Let [h, k) be any point in the hyperbola : then, tangents being 
drawn from this point to the circle, the equation to the cliord 
of contact will be 

{?i, + ae) X + kif + a {eh -i- a) = (1). 

The equation to tlie hyperbola gives the equation 

;=- = (,■-!)(*■ -a") (2). 

The distance of the centre of the hyperbola from (1) is equal 



'^JfiLLl^ , from (2), 



This I'Cfiult estabhshea the proposition. 

2. To find the locus of the centre of a circle inscribed in the 
triangle SPH^ 8 and JT being the foci and P any point of an 
hyperbola. 

The equation to the hyperbola being 



the required locus is a straight line 



which is therefore a tangent at the vertex. 

Lardnor : Algebraic Geometry^ p. 128. 

3. To find the locus of the centre of a circle, which, the 
diagram remaining the same as in the preceding problem, 
touches 8P, HP produced, and H8 produced. 
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The required locus is an hyperbola defined by the equation 
(a + c)Y - &V = - JV, 
'io being equal to 8H. 

Lardner : Algebraic Geomet}y, p. 128. 

4. To find the locus of the centre of a circle which, the 
diagram remaining the same as in the two preceding problems, 
touches 8H, PS produced, and PS" produced. 

The equation to the required locus is x + a = 0, which is 
therefore a tangent at the vertex of the opposite branch of the 
hypetbola. 

Lardner: Al^eJjrcdc Qeomeiry^^. 129. 



Section V. 
Seferred to its Axes. Conjugate Diameters. Conjugate 

Hyperbola, 
1. At any point P of an hyperbola, a tangent is drawn, 
cutting the semi-axis CA in 2", and the semi-axis _5C, produced, 
in (: CD is drawn, parallel to (PP, to meet the conjugate 
hyperbola in D. To prove that 

FT.Ft = {CB'f. 
Let (M, CP, produced indefinitely, be the axes of coor- 
dinates. 

Let iB, y^ be the coordinates of P, {a;', y'') those of D. The 
equation to the hyperbola being 

^ _ ^" - 1 



that to PTt will be -^ - 

Putting ie, = 0, we have 
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Ilence, a being the mclination of PTt or i) (7 to CA, 
nsina-Ci = -, 

y 

Pt.sma = 1/ -\ — , 
and therefore PT.PLsm'a = f -\. h^ = -^n?. 

Again, (Ci))°.sm"a = y'" = —.^ x\ 

Hence PT.Ft={ODf. 

De la Hire: Sectiones Gontcw, lib, IV. prop. 41. 

2. An ellipse and a pair of conjugate hyperbolas are de- 
scribed upon the same axes, and, at the points where any line 
through tlie centime meets the elHpse and one of the hyperbolas, 
tangents are drawn : to find the locus of their intersection. 

Let ^j h, be the coordinates of the intersection of the two 
tangents: then, {x, y)^ (ic', y'\ being the coordinates of the 
points of contact with the ellipse and the hyperbola respectively, 

(^+|)"_i = J+^ (1), 

(¥-¥)'=-?-!^ w 

But -7 = ~ , by the condition of tlie problem : hence, from 
^ V 
(2), we have 

li'rom (1} and (3), by addition and subtraction, we have 
and "ilihx — d^y 



y Google 



REFERRED TO ITS AXES. AHYMPTOTEB. 2139 

Hence, eliminating x and y, we have 

''■(' + *?)='■• w- 

the equation to the required locus. 

The equation to the locus resulting from the intersection 
of the tangent of the ellipse with the coiTcsponding tangent 
of the conjugate hyperbola is evidently 

/t" (l + 4 ^) = b\ 

being derived at once from (4) by interchanging (ct, h) and [A, k). 

3. To prove that, in a rectangular hyperbola, every diameter 
is equal to its conjugate diameter. 

4. If CP, CD, be conjugate serai-diameters of an hyperbola, 
to shew that, K being the point of intersection of normals at 
P, />, KG is perpendicular to FD. 

5. To find the area included by the normals to an hyperbola, 
which pass through the foci of the conjugate hyperbola. 

The equation to the hyperbola being 

the required area is equal to 



Section VI, 
Referred to its Axes. Ast/inptofes. 
1. In the semi-axis GA of an hyperbola is taken a point M 
such that, 8 being the focus, 

CM:GA::CA:G8; 
from P, any point in the curve, is drawn PH, parallel to one 
of the asymptotes, to meet a perpendicular to GA through M 
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in the point E : to prove that, SP being joined, 
FS = F8. 
Let the hyperbola be referred to 
CA, produced indefinitely, as the 
axis of X, that of y being at right 
angles to CA through 0. Let 
CM^ c. Then the equation to PB, 
X, y, being the coordinates of P, will be 

Honce, putting c for x, and for ^', putting y^ = SM, we have 

and consequently [PRJ = (x — c)^ + (j — */,)' 

But, by hypothesis, 

a^ = o,(ffl^ + by = cae, a = ce: 
hence PE = ex-a= SP 

De la Hire : Sectiones ConicB, lib. VIII. prop. 18. 

2. If, from a point in an asymptote to two conjugate hyper- 
bolas, a tangent be drawn to each hyperbola, to prove that the 
points of contact will be in conjugate diameters. 

Let (ic', y), (ic", y"), be the points of contact in the hyper- 
bolas represented by the equations 

o^ b^ ' ¥ a^ ' 
The equations to the tangents will be 
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At tlieir intersection 



But, at their intereection, 



Now, by the equations to the curves, 



lience, by (l), 
From (1) and (2) 



Tkose equations prove the truth of tlie proposition. 

3, If, from a focus of an hyperbola, as centre, a circle be 
described -with diameter equal to the imaginary axis ; to prove 
tliat it will touch the asymptotes in points where the nearer 
directrix meets them. 

4. A tangent EPOF to an hyperbola, at a point P, cuts the 
asymptotes in the points E^ F, and the transverse semi-axis OA 
in : from F is drawn the straight line FKG, cutting AG at 
right angles in K, and the other asymptote CE in G- ; from 
0, A, are drawn, at right angles to OA, OS, AI, cutting 
CF in B, I; from P, F, are drawn FM, EH, cutting GA, pro- 
duced, at right angles m M, H: MP is produced to meet GE 
in Q. To prove that the three lines Q-K, AI, HE, are in 
continued proportion: and that the three lines OB, AI, MQ, 
are also in continued proportion, 

De la Hire : Secthnes GoniccBj lib. IV. prop, 12. 
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Section VII. 
Itefen-ed to its Transverse Axis and the Tangent at its Vertex. 
1. If any chord AP, through, the vertex of an hyperbola, 
be divided in Q so that 

AQ: QP::AC':BO\ 
and QMhe drawn to the foot of the ordinate MP; to shew that 
Q 0, at right angles to QM, cuts the transvei-se axis in the same 
ratio. 

Draw QN at right angles to the transverse axis, to cut 
it in N. 

p - -_ 




Lct^iV=a!,, QN=y,,AM^x\PM=y\ OA=x, lQOM^ 
Then, from the figure, we see that 

y, = tan^(3;, + x) (l). 

Now, evidently, by the hypothesis, 



" «^ + 5^ ■* 



and therefore 

tan0 = cot§JlijV" = 
Hence also, from (1), 



^' a' + b'^ 
_ ja' + y) x' - 



. {«V + (^" + 5'0^j, 



aW (a:'" + Soa;') = V'x! {a'a: + (. 

and therefore a; = 2a -5 77, . 

a' + }/ 

This result establishes the proposition. 



tb-)x], 
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2. The straight line 

fa; + -my ~ 8 

is a tangent to tiie hyperbola 

y" = -T^ {2ax + a?) : 

to find the value of B in temis of a, h, /, ?». 
The required value is given by the equation 
(S + Ixxf = aH' - hW. 



Sectiox vin. 

Itejerred to Conjugate Diameters. Aspnpfotes. 
1. CP ia any semi- diameter of an hyperbola, of which C 
is the centre: a straight line QHK, parallel to PG, cuts the 
curve in Q and the asymptotes in H, K. To prove that 
QH.QK^[GP)\ 
Let CP, produced indefinitely, be taken as the axis of x, 
and CD^ its conjugate, as that of y. Let GP = a, GD = b : 
then the equation to the cui-ve will be 



Let k represent the constant ordinate of the line QIIK: 
then, being the intersection of tliis line with CD, we see, 
from the equation to the curve, that 

(oer-.-(i + |') (1). 

Again, at the intersection of the hne y = h with the asymptotes, 
the equations of which are 



ok 
we have a; = + -r- ; 

and therefore 0H=^= OK. 
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Hence QH.QK ^ (OQ - OH).[OQ + OK) 

^{OQY-iOSf 

= »■(! + J.) --jr 
.a'= (OF,: 
De la Hire : SeoHonea Conioce, lib. IV, prop. 4. 

2- §^j qq\ are any two parallel chords of an hyperbola: 
a straight line FHf, parallel to the asymptote CJ, cuts these 
chords, produced if necessary, in F, /, respectively, and ^e 
curve in M. To prove that 

FQ.FQ':fq.fq'::BF:S/. 

Let "OP be a semi-diameter, conjugate to the two parallel 




cliords: GD the semi-conjugate of CP. Let OF, CD, pro- 
duced indefinitely, be chosen as axes of x, y, respectively. 
If CP = a', CO = b\ the equation to the hyperbola is 



..(1). 



Let 7t, 7c, be the coordinates of jF: then, writing h for x, and 
k — y for 1/, we shall havo a quadratic in y\ viz, 
h' [h - ■/)' 
o" S'"' ^ ' 

the two roots of which are FQ, FQ : 
FQ.FQ = F + 4' 



thus 
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Since Ff]a parallel to 01, the equation to which is 
b' 

the equation to Ff must be of the foim 

y = -j«' + « (3)- 

But (/(, k) is a point in I^: hence 

k =, -, /( + c. 

Consequently, from (2), 



FQ.FQ = &'* + c' - 2 ^ 
At R, the intersection of (1) and (3), 

- = i (»" + ■=■). 



and therefore 



-^^S- f ^" + c' - 2 - oh) . 
20 V a J 



Let this value of a^ — khe denoted by L : then, hy (4), 

FQ.FQ'^^.L. 

SLmilarlyj it is evident that, the difference of tbe ahscissEC 
o{ M, f, being denoted by I, 

SF 
- Bf 
De la Hire : Sectiones Conicce, lib. iv. prop. 2fi. 

3. From the extremity P of a diameter P'GP of an hyper- 
bola, of which G is the centre, a tangent PE ia drawn to meet 
one of the asymptotes in F: from E is drawn a straight 
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line EQ, parallel to P'CP, to meet the curve in Q: from Q 
a line QN is drawn, parallel to EF, to meet P'CP, produced, 
ill N. To prove that 

[CPy = FKF'N. 
De la Hire : Sectwnes Cornea, lib. iv. prop. 8. 

4. From the extremity P of any diameter P'GP of an 
hyperbola, of which G is the centre, a tangent PE is drawn 
meeting one of its asymptotes in E\ through E is drawn EQ^ 
parallel to CP, and meeting the curve in Q : QE is produced 
to meet the other asymptote in F; through Q is drawn IQJ, 
parallel to -EP, and cutting the asymptotes in J, J. To prove 
that 

QE.QF: QI.QJ:: PF : the parameter of the diameter FF.'^ 
De la Hire: Sectiones Gonicce^ lib. IV. prop. 9. 

5. GP is a semi-diameter of an hyperbola, GD its semi- 
conjugate ; through P is drawn, parallel to CZ), a tangent PE, 
catting one of the asymptotes m E: QQ' \% & chord of the 
hyperbola, parallel to EF: from any point T in GF is drawn 
TO, parallel to CE, and cutting Qf Q, produced if necessary, 
in : from Q is drawn QU, parallel to EC, cutting GP in B. 
To prove that 

OQ.OQ' : quadrilateral QRTO :: {PEf : triangle PEC. 

De la Hire : Sectwnes Contew, lib. IV. prop. 24. 



Section IX. 
Referred to Conjugate Diameters. Conjugate Hyperbola. 
1. From any points Q, j, in the conjugate hyperbola, parallel 
straight lines QRR\ grr', are drawn to intersect the hyperbola 
in the points R, R', and r, r, respectively. 

• The name parameter was gi-veii by De la llire to a third proportional to 
any diameter 2a' and its conjugate 26' ; fte parameter being tlms equal to 



IS had called such a line the laius reclum of the diameter. 
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To prove that QR.QR' = gr.qj-'. 

Let the hyperbola bo referred to (?P, OD, produced in- 
definitely, as axes of coordinates, GP being a semi-diameter 
conjugate to R]i\ or rr, and CD being a semi-diameter con- 
jugate to GP. 

Then the equation to the hyperbola is 



and to the conjugate hyperbola is 

S-S=' » 

Let h, k^ be the coordinates of Q: then, putting in (1), 
h for X, and It — y' for y, we shall have 



the two values of y' in this equation being QB^ QR', HencMj 



But h, k, 
hence 


bekg, 


V point in (2), 

¥''d' 
QB.QB 


Simikrly 




qr.qr' 



De la Hire : Seotioties Conzccej lib. IV, prop. 34. 

2. To find the locus of the middle points of a system of 
parallel chorda drawn between an hyperbola and the conjugate 
hyperbola. 

Let two conjugate diameters be taken as axes of coordinates, 
the axis of y being parallel to the chords. 

Let y^, y^, be the ordinates of the two ends of a chord of 
which X is the abscissa. Then, «, 6, representing the mag- 
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iiitudes of the conjugate semi-diameters, 

(1) 



a' V 



(2)- 



V 
Let y be the ordinate of the middle point of the chord : then 

y,+.9, = 2y P)- 

Adding (1) and (2), and paying attention to (3), we get 



v,-s, = - W- 



Sqnaring (3) and (4), and then a 



»," + »,'-2y + ^ (5)- 



But, subtracting (l) from (2), we see that 



From (5) and (6), there is 



T^-lf ""■ 



'V- 



01" ^ - T5 = T^ ! 

which is the equation to the required locus. 

3. (7P, OP', are two semi-diametei-a of an hyperbola ; CD, 
GS^ are two semi-diameters of the conjugate hyperbola, re- 
spectively conjugate to CP, GP' : from P are drawn PE, PF, 
parallel respectively to P'G, CD', and cutting CD^ or CD 
produced, in E^ F. To prove that 

CE.GF= {GDf. 
De la Hire: Sectwnes Gonica^ lib. IV. prop. 38. 
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4. CP, CP\ are two semi-diameters of an hyperbola; CD, 
CD\ are two semi-diameters of the conjugate hyperbola, re- 
spectively conjugate to CP, CF ; from P is drawn PT, parallel 
to DC, and cutting CP in J"; and from D is drawn DK, 
pai-allel to D'C, and cutting OP in K. To prove that 
triangle OPT = triangle CDK. 
De la Hire : Secttones Gonicce, lib, IV. prop. 39. 



Section X, 
i to any two Diameters, Conjugate Hyperbola. 
1. The equation to an hyperbola being 
a? / , 2^ _ , 

to find the equation to the conjugate hyperbola ? 

The equations to the two curves referred to their principal 
axes are ,, ^ 

£! _ C - 1 

a' b" " ' 
and ^ - |i = - 1. 

If we change the directions of their axes of coordinates, by 
substituting Xa; + /iy, "K'x + /i'y, for x, y, respectively, it is plain 
that the left-hand member of either of the equations will still 
remain the same as that of the other. 

Hence the equation to one being 

a p mn 
that to the other will be 
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2. QP^ GP, are two semi-diameters not conjugate, the 
former of an hyperbola, the latter of its conjugate hyperbola, 
A tangent at P intersects GP, produced if necesaary, in T, 
and a tangent at P' intersects GP, produced if necessary, in T. 
To prove that the triangle PCTis equal to the triangle FGT. 
De la Hire : Sectiones Conicce, lib. IV. prop. 36. 



Section XI. 
Referred to its Asymptotes. 

1. A straight line touches an hyperbola in P and cuts its 
asymptotes in Zf, K] to prove that HK is Uie least possible 
when P coincides with the extremity of the transverse axis. 

The equation to the hyperbola, referred te its asymptotes 
as axes, is . a 

Let X, y, be the coordinates of the point P: the equation 
to the tangent HK will be 



Hence, G being the centre of the hyperbola, 





GH=—, GK= — , 
X ' y ' 


therefore. 


to denoting the angle between the asymptotes, 




(^^■ = *<?V--^) 








.fc'(i' + y-2t?oos<o). 



Let H', K', be the positions of H, Z", when P is at the 
extremity A of the transverse axis : then, since GA bisects the 
angle between the asymptotes, the coordinates of A are «, c; 
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lience [H'KJ = 4c" (20" - 2c' cos w), 

[HKf - {H'K'Y = 4c' {x^ + f- 2c') 

^{X c J . 

This result shews that H'K' is less than RK; which establishes 
the proposition. 

De la Hire : Sectiones Oontcm, lib. Vii. prop. 33. 

2. A straight line HPQK cuts the asymptotes Gx^ Gy, of 
an hyperbola in the points H, K, and the curve in P, Q: to 
prove that pjf ^ qjc. 

The equation to the hyperbola is 

^J/ = c' (1): 

let that to the straight line be 

f + |=l (2). 

At the intersections of (l) and (2), 

^ — (w; + -r = 0. 
6 

Hence, (x„ y^ being the coordiaates of J*, and (a!^, y.^ those 

^fQ' ^. + cc, = «| 

aJid ^i+^,= S) ^ 

Consequently, (» being the angle between the asymptotes, 

[PEf = {a- xy + y^ -2[a- icj y, cosw 

= (?> — ^^)^ + a;^"'' — 2 (S — y^) jc^ cos a», by (3), 

= [QKf, 

or PH"= ^-ff". 

'Eiir virep^okfi evdela a-Vftirt-irrfi Kar^ Bvo <pt]fieta,- sk- 

^aXXoiiivT} e(f) exdrepa aVfiTretreirai aa-vfiTrra>Toi^, Kal at 

airoKafi^avofievai arr' avr^? v-jto t^i rofifj^ 7r/)os Tdts 

'AnOAAONlOV nEPPAIOy Kwi-iiiiSi- TO JeiiVipou- npoTHir., ,i. 
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3. A tangeiit to the curve xy = c° is intersected by a per- 
pendicular upon it from the origin: prove that, if a be the 
angle between the coordinate axes, the equation to the locus 
of the intersection will he 

)/ (a: cos (1)4-!/) + x{y cosco + x) = 2g{{xcosu> +y) (^cosw + a:))'. 
Let the equation to the tangent be 
y = ax + : 
then the roots of tlie equation 

ax" + 0x - <f = Q 
must be equal ; hence y3' = — 4«c', 
and the equation to the tangent wiil become 

^ = ^ + 2c{-af (1). 

Let the equation to the perpendicular upon it be 

» = «'>' (2)- 

Then, by the condition of perpendicularity, 

\+aa + (a + a')c"s"' = (3)- 

From (2) and (3) there is 

X + ay + (aa; + y) cos to = 0, 
X + y coBW = — a[y + X cosw), 
and therefore, from (1), we get for the equation to the locus, 
y [y + X eoam) + X {x + y coaa) = 2c [{x + y costa) .{;y + X cos w)}*. 

4, In every triangle inscribed in an equilateral hyperbola, 
the point of concourse of the perpendiculars, drawn from the 
angles to the opposite sides, lies in the cui've. 

Let the coordinates of the three angular points of any in- 
scribed triangle be {x,y), {x'j y'), (x",y"). Then the equation 
to the side joining (a;, y), [x', y'), will be 

s'.-y = S~ (',-'») (!)• 
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But, by the equation to the hyperbola, supposing the asymptotes 
to be the axes of coordinates, 



The equation (1) therefore becomes 

The equation to the pcrpeniJicular to this line through {a;", ^") 
will be g^' 

y,-f = -^ i^r-a;") (2). 

iSimilarly, the equation to the perpendicular through the angular 
point {x, y) will bo 

J.-J-^ (=■-«) C)- 

At the intersection of (2) and (3), we have, multiplying (2) by 
x'\ (3) by a;, subtracting, and observing that x"y'\ xy, aro both 
equal to fi", xx'al' 

Similarly, we must have 

^ = yy'y" . 

By symmetry it is plain that these are the coordinates of a point 
through which the three perpendiculars pa^. Moreover 
xy x'y' x"y" ., 

^iVi = -T ■ ~4- ■ —§- ■ c 

hence \x^^ y^ are the coordinates of a point in the curve. 

Brianchon, Poncelet : Gergonne, Annates de MatJi&mattqves, 
torn. XI. p. 205. 

5. To prove that the straight lines drawn from any point in 
an equilateral hyperbola to the extremities of any diameter, are 
inclined at equal angles to the asymptotes. 
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The equation to tlie hyperbola, referred to its asymptotes 
Gx, Gy, [wliich constitute a system of rectangular axes) will be 




Let PGp be any diameter ; [x, y) being the coordinates of f , 
{- a;, - y) ofp, and [a;', y') of any point F' in the curve. 
Let iFMb = e, and iFFx = 0. Then 



Putting - X for ic, and for tf>, we have also 

tan5 = — , ■ 

From those results it appears that 

e = TT - 0, 
and therefore lFEF= iFFE. 

COE. It may hence be easily inferred that, if from another 
point P", lines be drawn to P andj), lF'PP" = LFpF". 
Newton : Arithmetioa Univeraalis, prob. 35. 

; Annahs ^ Math&matiques, torn. II, pp. 33, 126. 



6. If any hexagon be circumscribed about an hyperbola, the 
three diagonals, joining opposite angles, will all pass through 
one point. 

The equation to the hyperbola being 
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let tlie equation to a tangent be 



.L - 



then the roots of the equation 



7? <? 
i»+ -Jo = 



wfaioli belong to the common point of the tangent and curve, 
must be equal : hence a.B=(?. 

Thus the equation to the tangent is 



At the intersection of this tangent and another, represented by 
the equation ^ „y 

~ + ^f ^ 1, 

we shall have 

a,a„ <^ 

a^. , = ■■■ , V, ^ = . 

'■^ a, + Oj a, + Kj 

These will be the coordinates of one of the angles of the cii-cnm- 
scribed hexagon, the two tangents being two of the sides. We 
shall have analogous expre^ions for the coordinates of the other 

The equation to the diagonal through the angles (a;,^;, ^^,^)i 

or, if we substitute for the coordinates of the angular points, 
their values, 

c'x{{a,- a,) ~ K- aj) + y {a^a^{a,- a^) + ^M^,- ^,)] 

= c=(aA-a,aJ (l). 

Similarly, tbe equation to the diagonal, through the angvilar 
points (ic,, 3, 5/2,3), {^6,6) J'sJ) "'"^' ^® 

«'».((..- a,)-(».-..)l+yK«.(«.-«.) + "A(«.-».)l 

-<=■(«.".-«.»,) «■ 
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At tlie intersection of tliese two <5iagona!s, multiplying the 
equation (1) by a^ — a^, and tlie equation (2} by a^ — a„ adding 
the latter of the .resulting equations to tlic former, and dividing 
the final equation by a^ — ct^, we shall get 
cV ((.. - a.) - (.. -.,))+ y («a(«. - ".) + ',". («.- «.)( 

= »'(a.a,^..«,) (3). 

But, as is evident from symmetry, the equation (3) belongs to 
the third diagonal, namely, that which passes through the points 
(''^8,4' ^8,4}) (^6i)^e,J- Thi^s we sec that the two diagonals (l) 
and (2) intersect in the Uiird ; which establishes the theorem. 

CoE. Subtracting the sum of (1) and {3) from (2), we get 
for the value of «/, at the point through which the three diagonals 
pass, 
y {«,«,(«, + «J - «,«,(«, + «,) + a,aS% + 0- «.«.(«, + «.) 

Tlie values of x will, as symmetry points out, be obtained by 
writing, in this equation, x for ^, and ,8 for a, throughout. 

Cainhridge Mathematical Jourwd^ vol. IV. p. 164. 

7, To detenninc the hyperbola which has two given lines as 
asymptotes and which passes through a given point. 

Let A, ^, be the coordinates of the given point, referred to 
the two given lines as axes of coordinates. 

The equation to the hyperbola is 

Ayo 8o8ei(T6)v evSeiwv ymviav Trfpie^ovtrwi/, Koi ari/Meiou 
evTO'i -nji jcovtav' ypd^^rat Bia tov <Ti)/j.eiov xavov TOjxrjv 
Tjjv /caXovfikvriv 'mrep^oXiiv, wa-re aaVfiWTMrov^ etvai tos 

■AnOAAQNIOT nEPPAIOT Kwikw to lii-rcpov Upe-rem^ S'. 

Pappus : Mathemattcm Collectiones h Gommandino, lib. vii. 
prob. 15, prop. CCIV., p. 277. 
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8. To find tlie locus of the intersection of a pair of tangents 
to a rectangular hyperbola xy — o^, which are such tliat the 
product of the tangents of their inclinations to the axis of x is 
constant. 

K k denote the constant pi-otliict, the required locus will be 
a straight line the equation of which is y = kx. 

9. A straight line moves in the plane of a given angle, so as 
to form with the sides of the angle a triangle of given area : to 
find the equation to the locus of the centra of gravity of the 
triangle. 

The two sides of the angle being taken as tlie axes of co- 
ordinates, the equation to the curve will be 

where k denotes the given area, and a tlie given angle. 

Pranccenr : Gerffonne, Annales de Mathimatiques, torn. %. p. 79. 
Gergonne : Annales de MatMmatiqwes, torn, x. p. 87. 

10. If a concentric circle cut a rectangular hyperbola, re- 
feiTcd to its asymptotes as axes, and PT^ PT', be tangents to 
the circle and hyperbola respectively, meeting the axis of x in 
2", y, PM being the ordinate at the point of intersection : to 
prove that MT.MT' = MP'. 

11. To find the general form of the polar equation to the 
tangent of an equilateral hyperbola, an asymptote being the 
prime ratliiK vector. 

The equation to the hyperbola being xy ~ c°, the polar 
equation to the tangent vrill be 

rlacos^+ — j = 2c, 

where a is an arbitrary constant. 

12. To prove that the secants, drawn from any one of the 
points of an hyperbola to two fixed points in the curve, always 
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intercept, on either asymptote, a constant length equal to the 
length intercepted on the same asymptote between the aecant 
through the two fixed points and the tangent at either of them. 

Sturm, Vecten, Qucrret : Cfergonrte, Annates de MatkSmattques, 
torn. XV. p. 100. 

Quetelet : Corr. Math, et Phys., torn. ii. p. 323. 

13, To prove that every chord of an hyperbola divides into 
two equal parts the portion of either asymptote which is included 
between the tangents at its extremitieB. 

Sturm, Vecten, Queiret : Gerffonne, Annahs de MatMmatiques, 
torn. XV. p. loa. 

. 14. If any two tangents be drawn to an hyperbola, and lines 
be drawn joining the points in which they intersect the asymp- 
totes, to prove that these lines will be parallel to one another. 

15. To find the equation to the conjugate diameter of any 
system of parallel chords in an hyperbola. 
If the equation to any one of the chords be 

~ + l = h 

the equation to their conjugate diameter will be 



Ifi. From any fixed point P in an hyperbola, are drawn 
Pff, PK, parallel to the asymptotes ; and, from another fixed 
point Q in the hyperbola, is drawn any straight line cutting 
PIT, PKj in M, N, respeetivoly, and the curve in ^ : to prove 

17. If a pair of conjugate diameters of an ellipse be, when 
produced, asymptotes to an hyperbola, to prove that the points 
of the hyperbola at which tangents to the hyperbola will also be 
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tangents to the ellipse, lie in aii ellipse concentric and similar in 
form to the given one. 

18. A tangent at a point £' of an hyperbola intersects one 
of the asymptotes m F: an indefinite line EN is drawn through 
E parallel to this asymptote : from F any line FGHI is drawn, 
cutting the curve in G, J, and the line SN in S: to prove that 
ihe line FI is hai'monlcally divided in the points C, S. 

De la Hire : Sectwnes OontccB, lib. ii. prop. 22, 

19. Cx, Cy^ are the asymptotes of an hyperbola : HK is any 
chord : CP is a semi-diameter, conjugate to HK : from K, P, H, 
are drawn, parallel to yC, the three lines KN, PI, HM, inter- 
secting Cx in N, I, M. To prove that these three Imes are 
continued proportionals. 

De la Hire : Secttones Conicce, lib. TV. prop. 15. 

20. If the abscissa of any number of points in an hyperbola, 
referred to its asymptotes, are in arithmetical, to shew that the 
ordinates are in harmonical progression. 

Dc la Hire : Sectiones Oonicm, lib. IV. prop. 16. 

21. From any two points P, P', in an hyperbola are drawn 
two straight lines, PM, P'M\ parallel to the asymptote yC, 
and meeting the asymptote Cx m. M, M' : from the same two 
points are drawn also PN, P'N', parallel to xC, and cutting Cs/ 
in N, A". To prove that the mixtilineal area PNN'P' is equal 
to the mixtilineal area PMM'F. 

De la Hire: Sectiones Gomcw, lib. IV. prop. 17. 

22. A tangent is drawn at a point P of an hyperbola, cutting 
the asymptote Cy in. F: from F is drawn any straight hue 
jEXff cutting one branch of the hyperbola in the points K, H: 
Kh, PM, Bh, are drawn, parallel to yC, to cut the other asymp- 
tote Gx in the points k, M, h. To prove that 

Hh + Kh = 2PM. 
De la Hire : Sectiones Contcw, lib. iv. prop. 19. 
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23. At a point P of an hyperbola is drawn a tangent FM, 
cutting one of tJie asymptotes in M, From a point Q in the 
curve is drawn a line ^iV, parallel to PM, cutting the same 
asymptote in N: from Q is drawn also QE, parallel to NO, 
cutting tlie semi-diameter GP in the point S. To prove that 
tlie triangle PCM is equal to the quadrilateral GEQN. 

De la Hire : Sectwnes Comcte, lib. IV. prop. 20. 

24. CP is any semi-diameter of an hyperbola, CD is its semi- 
conjugate. At P is drawn, parallel to DG, a tangent PE, 
cutting one of the asymptotes in .E: in CB, produced, is taken 
any point S, and from S is drawn, parallel to CJ), a straight 
line SQ, Q being its first intersection with the curve : from Q 
is drawn the straight line QI, parallel to PC and meeting CE, 
produced if necessary, in /; from Q is drawn also QF, parallel 
to EG, and meeting GD in F. To prove that the quadrilateral 
CIQFh equal to the triangle CEP. 

De la Hire : Seotiones Conicte, lib. IV. prop. 21. 

25. If any right-angled triangle be inscribed in an equi- 
lateral hyperbola, the pei-pendlcular let fall from the summit 
of the right angle upon the hypottmuae is a tangent to the 
curve. 

Brianchon, Poncelet : Ger^onne, Annahs de MatJUmatigues, 
tom. XI. p. 206. 

26. If, on a chord of an hyperbola, considered as a diagonal, 
be constructed a parallelogram the sides of which are respectively 
parallel to the asymptotes of the curve, to prove that the other 
diagonal of tiiis parallelogram, produced if necessary, will pass 
through the centre of the curve. 

Sturm, Vecton, Querret : Gergimne, Annales de MathSmatigues^ 
tom. XV. p. 102, 

27. If, on the three sides of a triangle, taken in turn as 
dit^onals, be constructed parallelograms, the ades of which are 
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respectively parallel to two given straight lines, to prove tliat 
the three other diagonals of these parallelograms will pass 
through the centre of an hyperbola whieh, being circumscribed 
about the triangle, has its asymptotes parallel to the two given 
straight lines. 

Sturm, Vecten, Querret : Gergonne., Annates de Matftimatiqjiss^ 
torn. XV. p. ]03. 

28. An hyperbola, denoted by the equation ot/ = c^^ is inter- 
sected by a parabola, the equation of which is 

y' — ax + 0: 
to prove that, i/^, y^, being the lengths of the ordinates of the 
intersections of one branch, and y, the length of tlie ordinate of 
the intersection of the other branch, 

De la Hire : SecHones Com&s, lib. V, prop. 32, 

29. From a point P, in one of the branches of a rectangular 
hyperbola, a:^ = c', a perpendicular FM is drawn to one of the 
asymptotes : PM is bisected in Q, and through Q is drawn, per- 
pendicular to the other asymptote, an indefinite straight line : in 
this indefinite line is taken any point ; OF is joined. A circle 
is described, of which is the centre and OF the radius. To 
prove that, if the circle cut the locus of xy — i? in four points, 
the same branch will be intersected in another point P„ and the 
other branch in two points P^, P^, and that, J/j, ^3, y,, denoting 
the magnitudes of the ordinates of P„ P^, P,, 

Dc la Hire : Sectiones CimiGce, lib. v. prop. 33. 

30. From any point P in one branch of any hyperbola, is 
drawn FM, parallel to the asymptote jCy', and cutting the 
asymptote xGx' in M. PM" is bisected in Q, and, in an indefinite 
straight line through Q, parallel to Ca;, is taken some point 0. 
An ellipse is described, passing through P and M, of which is 
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the centre, and 0A\ OB, two conjugate diameters parallel to 
Cx, Cy, respectively, such that OA' : OB' :: PM: FE, P^^ being 
at right angles to Cx. 




To prove that, if the clHpse intersects the two branches in 
Pj, Pj, P^, then, P^M^, PJ\f^, P^M^, being parallel to Ci/, 
P^M^ = P^^ + P^M^. 
De la Hire : Sectiones Oontcce, lib. v. pi-op. 34. 



Section XII. 
Referred, to any RectanguJur Axes. 
1. To prove that, in the equation to a rectangular hyperbola, 
referred to any rectangular axes whatever, the coefficients of a? 
and y^ are equal with opposite signs. 

The equation to a rectangular hyperbola referred to its 
principal axes is x' — f/ = a'. 

Turning the axes through an angle 9, we shall change this 
equation into 

{x C03& - y sinflf ~ (x sm^ + y cosOf = a", 
or {a? - y) cos2fl - 2xy Bin2^ = a'. 

If we transfer the origin to any new place, the coefficients 
of a^ and y" will not fee affected. The proposition is therefore 
established. 
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2. If two points be taken in each of two rectangijar axes so 
as to satisfy the condition that a rectangular hyperbola may pass 
through all the four, shew that the position of the hyperbola is 
indetenninate, and that its centre describes a circle which passea 
through the ongin and bisects all the hnes which join the points 
two and two. 

Let -4, A\ be two points taken in the axis of x^ and 5, B\ 
two points in that oiy. Let OA=a^ OA=d^ 0B=^, 0B'=^'. 
The equation to any conic section passing through these four 
points will be 

i-*»'+&-5(«+«''-y ("+''■> + '=»■■•("■ 

The hyperbola being rectangular, we must have 

aa+^^' = (2). 

Since & is independent of a, a', /3, jS', the position of the hyper- 
bola is indeterminate. 

Suppose that the origin is changed to a point X, F, the 
directions of the axes not being altered. Then (1) will become 

If X, F, be the coordinates of the centre of the hyperbola, 

and therefore, ehminating h, and paying attention to equation (2), 
2{X'+r=)-(a + a')X-(^ + y3') Y = 0, 

the equation to a circle passing through 0. 

The coordinates of the middle points of the Imes AB, A'B^ 
AB\ A'B; are {^a, ^jS), (|n', ^0), (^a, 4^'), (^a\ ^0) : these 
coordinates, by virtue of (2}, satisfy the equation (3). This 
-ihews that these lines are all bisected by tlie circle. 
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3. If uv = c' be the equation to an hyperbola, where 
u = X cosa + ?/ sina — h, 
V = X co&^ + 1/ sm^ - k, 
and c is ooustant, to prove that 

are the respective equations to the asymptotes, axes, and a pair 
of conjugate diameters, m being an arbiti-ary constant. 



Section XUI. 
Referred to any Rectangular Axes, Reduction. 
The ecjuation to an hyperbola referred to any axes whatever is 
as? + hf + 2aey + 2cix + 2?/'?/ + c' = 0, 
rt, ?>, c, being subject to the condition 
<? > ah. 
The process to be adopted for the purpose of finding the centre 
as well as the magnitudes and positions of the axes is the same 
ae in the reduction of the general equation to the ellipse. 

1. To determine the positions of the axes of the curve 
xy — x' tana = f 5^ cota, 
and the ratio between them. 
Putting, in the equation, 

x = x' cos^ — y' sin^, y — x sinfl + y cosfl, 
we have 

(a;'co30— ysLn^){a;'sin^+ycos^) — (a;'cos5~ysin5)^tano;=|5°cot(;(. 
Equating to zero the coefficient of aiy'., we get 
0.0529 + tana sin2^ = 0, 
tan 2^ = — cota = tan(±^'?r+a), 
2^ = + i7r + «, 
which shews that the axes are inclined at angles :[(-«•+ Sia), 
|(- TT + 2a}, to the axis of x. 
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Taking the former axis as that of x\ the equation b 

[x'^ - if") sin25 - tana {ic™(l + co325) +y°(l - C082^)} = ^5' cota, 

a;"'(cosa— tana+ainatana)— y(coaa+taiia+siiiatana) = iJ'cota, 

X-' (1 - sina) - y^(l + sma) = ^6^ ^ , 

1 +sina 1 — sina ' 

^5" coscca. 



[cos ^a + sin ^af (cos ^ct — sin 

The ratio between the axes is therefore equal to 

1 — tan ia . it — 2a 
-— - — f- = tan — 7— . 
1 + tan id 4 

2, To prove that the equation 

will he changed into the equation 

of — iy" = a', 
if the axes of coorijinates he turned through an angle the tangent 
of which is 2. 

3. The equation to an hyperhola being 



to find its equation when it is referred to its axes. 
The requb'ed equation is 

4. The equation to an hyperbola being 

^ - y' + %xy — 3;+^— 1=0, 
to find its equation when referred to its axes. 
The required equation is 

Gramier: G-^orn^trie. Analytique, p. 131. 
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Section XIV. 
Polar Equation. Centre, thi Pole. 

1, To prove that of all diameters of an hyperbola the trans- 
verse axis 18 the least. 

The polar equation to the hyperbola, the centre being the pole 
and the transverse semi-axis being the prime radius veetor, is 
1 _ cos*^ sin"^ 

whence — „ ^ = sin'^ f -¥ + tit) - 

a" r' W ) 

The expression for -^ — ^ being essentially positive, it is evident 

that "I is leas than -=, or d less than r', or a thaji r, a con- 
elusion which establishes the proposition, 

De la Hire : 8ecti<mes Conms, lib. ii, prop. 3S. 

2. An hyperbola, of which is the centre, is cut in two 
points P, P', by a given sti-aight line : to find the tangent of 
the sum of the inclinations of GP, GP, to the transverse axis. 

The equations to the hyperbola and to the straight line being 
„ /cos's ein^'^X 

aod S = rcos{0 -X), 

we have, at their intersections, 

and therefore 

[sin^X + rrA tan'^ + sin2\.tan^ + cos'X j =0, 

and consequently, $^, ^,,, being the inclinations of CP, GP', 
to the transverse axis, 



tan(i9, + OJ = 



^i.-^) 
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CoE. Suppose tliat - = c, e denoting the eccentricity of 
the hypcrhola: then we shall have 



and therefore tan (6^ + ^„) - 



This result shews that the angle ^, + ^„ remains invariable 
for all hyperbolas with axes coincident in direction, provided 
that their minor director^ are coincident. 

Booth : A^Ucation of a New AnalyUc Method to the Theory 
of Onrves and Curved 8v^foces, p. 7. 

3. To prove that diameters of an hyperbola which are 
nearer tlie transverae axis are smaller than those which are 
more remote. 

Do la Hire: Sectwnes Canwrn^ lib. VII. prop. 1. 

4. The distances r, s, of two points in an hyperbola and 
its conjugate respectively from the common centre are at right 
angles to each other: to prove that, a, b, being the semi-axes 
of the hyperbola, 

r' / ^ a' V 



Section XV. 
Polar Equation. Focus the Poh. 
1. If a straight line be drawn from the focus of an hyperbola, 
to prove that the part intercepted between the curve and the 
asymptote is equal to 
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where 9 and a are the angles made by the straight line and 
asymptote respectively with the axis of the curve. 

Let p, P, be the points in which tlie 
straight line, through the focus S, cuts 
the asymptote and curve respectively. 

Then tan^a = -3-= s'' — 1, ' 



e — sec a, e = seca. 

f, sina 



■^ ' siii(^-a]' 



sin{^ — a) l~ecos^ 

( 1 
= <itana-(-i— 



cos a — cosfj 
sinafcosa + cos^ 



|Bin(^ - a) sm{e + a) sm{t 
a tana sin cosa — sin a cosa 



.(O + a) 



to an hyperbola, the eccentricity of which is 2 and the axes 
2ffl 2(t 
T' V3' 
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Section XVL 
Polar Eguation. Point in the Axis the Pole. 

1. In the serai-axis major GA of an hyperbola, produced 
indefinitely, a point O ia taJten at a distance from A greater 
than half the latua-rectum, P Is a point in the curve, OP is 
joined. To determine the least value of OP. 

Let OP=r, lPOA = 0, 00 ^ c. Then the polar equation 
to the curve will be 

/sin^^=((^-l).{(c-vcos^r-«l 
or eV cos^^ - 2 (e" - 1) cr coa 8 = r" - {e' - 1) (c" - a'). 

This equation may be put mider the form 

(e,cos9-^c)" = r-^i^.(c'-,V) (1). 

Now, since AO ia greater than a(e' — 1), o ia greater than 
e%, and therefore k fortiori than ea : hence, 

— T, — {c^ — eV") = an essentially positive quantity. 

Hence it follows that 

ia the least value of r'. 

From (1) wc have, for the determination of the corre- 
sponding value of 6, 

e'Kc' - e'a'J ' 
which, c being greater than e^a, gives possible values for ff. 

Apollonius : Conicorum, lib. V. prop. 9. 

2. A point is taken in the semi-axis major (produced) 
of an hyperbola, at a distance from its vertex A equal to half 
the latua-rectum. A point P is talcen in the cui"ve, PO is 
joined, and PM is drawn at right angles to AO. To prove 
that OA ia the least value of OP, and that, e denoting the 
eccentricity, ( Qpy _ ^ Qj^y _ ^ [AMf. 

Apolloniua; Conicoiiim, lib. v. prop. 5. 
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Section XVII. 
Polar Equation. Pole An 
1. Through any given point to draw a straight line 
cutting an hyperbola in two points Q, q^ sncli that the rectangle 
contained by OQ, Oq, shall ha equal to a given square. 

The equation to the hyperbola, referred to ita principal axes, 
IS a;' / _ , 

a' V ' ^■ 
Let {A, 4), be the coordinates of 0. Then the polar equation 
to the hyperbola, being the pole, and the prime radius vector 
being parallel to the axis of Xy will be 

(>-co3g + ^)' [r^me + hf _^ 
a' V " ^■ 

Let j-„ r^, he the two values of r in tliis quadratic : then 



Let & denote the area of the given square : then r^.r^ = ± c^j 
the — or + sign being taken accordingly as (3 is supposed to 
lie between (?, 5, or not: hence 

cos^^ sin^^ 1 fK' ¥ ,\ 

From this equation may he found generally two values of 6, 
and therefore the problem will generally admit of two solutions 
on each hypothesis respecting the position of 0. The possibility 
of the problem depends upon the possibility of the value of 6. 

De la Hire : Sectwnes Conicw, lib. V. prop. 43. 

2. Through a given point is drawn a straight line cutting 
in the points P, Q, the opposite branches of an hyperbola : to 
find the inclination of PQ to the transverse axis in oi'der that 
the rectangle between OP, OQ, may be the greatest possible. 

PQ must be parallel to the transvei"se axis. 

De la Hire : Sectioned Gonicfe, lib, Vll. prop. 32. 
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3. Through a givon point is di-awn a straigbt line cutting 
in the pointa P, Q, one branch of an hyperbola : to prove that 
the rectangle between OP, OQ, will be the least possible when 
PQ is parallel to the conjugate axis, 

De la Hire : Sectiones Conicw, lib. Vii. prop. 34. 



Section XVIII. 
Ibles and Polars, 
1. With the asymptotes of an hyperbola, as conjugate di- 
ameters, ellipses are described, touching the hyperbola: to 
prove that, if a common polar of any two of the scries of 
ellipses has its pole, relatively to one of the two ellipses, in the 
hyperbola, its pole, relatively to the other, will also be in the 
hyperbola. 

Let the equations to any pair of the ellipses be 

5+i;=' o>. 

s+s- «• 

Let the pole, relatively to (1), be (^, k): then the polar 
will be ^a: hy 

Let {h\ ¥) be the pole, relatively to (2), of tlie polar {3). 
Then the equation to the polar must be 

S^+l?=' w- 

Since (3) and (4) represent tiie same line, 

^'^ a'' 6* ~ &'" ' 

and therefore -^ = -^ (5). 

Since (1) and (2) touch the hyperbola, the equation of which 
is of the form ^y = ^ji 
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it may easily be shewn that «7)" = i/f, a'^'b'^ = 4c^ Hence, 

But hk = (f, because (A, i) is a point in the curve : con- 
sequently h'k' = c^, and (A', i') is also a point in the curve. 

2. If P be the pole, relatively to any polar of an equilateral 
hyperbola, of which is the centre, to prove that 0, ^', being 
the inclinations of CI*, and of the polar, to the real axis, 

tan0,tan0' — 1. 
Let tlie equation to the hyperbola be 

a^ - / = a\ 
Then, (7*, k) being the pole, the equation to the polar will be 

hx — ky = ci' (1], 

Also the equation to GP will be 

M <^)- 

From (1) and (2) it appears that 

, k ,, //, 

tan0 = J , tiiKf) — J 'i 

and therefore tan0.tan0' = 1. 

3. If a circle pass through the centre of an equilateral 
hyperbola and through any two points, A, j5, to prove that 
it will also pass through the intersection of two lines, one drawn 
through A, parallel to the polar of 5, and the other through B, 
parallel to the polar of A. 

The equation to the hyperbola, referred to its asymptotes 
as axes, will be of the fonn 

asy = c^. 
Let A, k, be the coordinates of A^ and A', i', those of B. 
Then the equation to the polar of A will be 

kx + hy = 2c^ (1), 

and that to the polar of B will be 

Jdx + Ky = 2c" (2). 
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The eqi\ation to the line thi'ough A, parallel to the line (2), 

^lll'^ h'ix-h) + h'(^-k) = (3); 

and that to the line through S, parallel to (1), will be 

k{x-h') + k(j/-Jc') = (4). 

The equation to any circle passing through the centre of the 
hyperbola will be xix+a) +y(!/ + /3) = (5). 

If this circle passes through the two points (A, k), {h', h'), 

we shall have h{h + a) + kik + ^) ^ (6), 

and h'{h' + a) +^{^' + 0) =0 (7). 

From (4) and (6), we have 

(«^y)(7. + .)-(;,-4')(J + « = 0, 
and, from (3) and (7), 

(»,-i)(/.' + .)-(j,-i)(;,'+/3) = o. 

From the last two equations, we get, by subtraction, 

l^ + a){h-h-)-(^ + ^){k-h') = i} (8). 

But, from (3) and (4), by subtraction, 

{k-k')x+ {k-N)y = Q (9). 

From (8) and (9), there is 

a;(a; + a)+2/(^ + /3)=0, 
an equation identical with (5), Thus the intersection of (3) and 
(4) mhst lie in (5). 

Erianchon, Poncelet : Gergonne^ Annates de MatMmatiqwes^ 
torn. XI. p. 208. 

4. When three points, situated in the plane of an equilateral 
hyperbola, arc such that each of them is the pole of the line 
joining the other two, the circle which passes through these 
three points will pass also through the centre of the hyperbola. 

Let the three points be (A, h), (h\k'), {h", k"). The equation 
to the polar of the first point will be 

kx + hy — 2c^. 
Since this line contains the two other points, we have 

kN + hk' ^ 2c^, kh" + hJe" = 2c'', 
and therefore k{k" — k') + k{k" — k') =0 (I). 
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Similarly Jc {h - h") + k' [k - k") = (2), 

and k"{h' -h) + h" [k' - k) = (3). 

Let the equation to tlie circle be 

c^ + ^j/" + 003 + ^i/ + y = 0. 
Then, a, jS, 7, will be subject to tlie relations 

h' +^ +ah + 0k +7 = (4), 

h" + ¥' + aji + ^k' + y = (5), 

}r + k"'' + oJt" + 0k" + y^0 (6). 

Subtracting (5) from (6), we get, by the aid of (1), 

-h{k" + h') +k{k" + k') - ah + 0k = (7). 

Similarly, from (6), (4), and (2), there is 

-h'{k + h") + k'{k + k") -ah' + 0k- =0 (8). 

Subtracting (8) from (7), we have 

h" [h' ~ h) ~ h" [k' - h) + a(h' - h) -0{k! -k) =0, 
and tlierefore, by (3), 

h"' + k'"' + ah" + 0k" ^ (9). 

From (6) and (9) we see that 7 = 0. Hence the circle 
passes through the centre of the hj^erbola, 

Briaachon, Poncelet : Gerffonne, Annates de MathSmatigues^ 
torn. XI. p. 210. 

5. To prove that the diameter terminating at the point 
of contact of a tangent to an equilateral hyperbola, bisects 
two of the four angles, formed by the two diameters which 
pass through the points of intersection of this tangent with 
the polars of the two foci. 

BobiUier: G&rgonne,AnnalesrleMaihSmatiques^tQ'sa,:ax.'^.^5'l. 

6. To prove that the diameters terminating at the two 
extremities of a chord of an equilateral hyperbola, form re- 
spectively equal angles with those which pass through the 
intersections of this chord with the polara of the two foci. 

Bobillier: Gergonne, Annales de Math4matiques,tojn. X.IX. -p. 351. 
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Section XIX. 
Hyp&rhoUc Loci. 

1. Each of a series of parabolas is described so aa to pass 
through two giycn pointfl, and have its axis parallel to a ^ven 
fixed line : to find the locus of their foci. 

Let r, )■', be the distances of the two given points fi-om the 
focus or directrix of any one of the parabolas, and A, A', their 
distances from a fixed line drawn at right angles to their axes. 
Then, the directrix of each parabola, under the condition of the 
problem, boing parallel to this fixed line, it is plain that 

where c denotes some constant quantity. 

The locus of the focus is therefore an hyperbola of which the 
two fixed points are the foci. 

2. From a given point (a, b) is drawn a normal to the 
hyperbola xy = c^, of which the asymptotes are perpendicular 
to each other. To find the locus of the intersection of the 
normal with the curve, when the parameter c is regarded as 
variable. 

The equation to a normal at a point [x, y) of the curve is 

x{x' ~x) =y(y' -y). 
Let this normal contain the point (a, h) : then 
r.(»-x)=,(*-3,), 
the equation to the required locus, which is therefore anotlicr 
rectangular hyperbola. 

Cor, If the origin be removed to a point {^a, ^J), the 
equation becomes 

"?-■/■ = «»"-*■)■ 

L' Hospital: TraiU Analytique des Sections Goniques^ p. 263. 

3. If tangents are drawn making given angles with the axes 
of all ellipses having the same given foci ; to find the curve 
which is the locus of the points of contact. 
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Let tho equation to one of the ellipses be 

<!■ + »■ 

The tangent at any point [x^ y) will be 



and, 8 being the distance of the origin froi 
a the inclination to the axis of a;, we have 


a thi 


tangent and 


X cosa y sina 






3! sin a ucoBM 




(2)- 


But, c being a constant quantity, 






From (1) and (3), 




(3). 



and therefore, from (2), 

(a; coast +^sina) (a;sina — ycosaj = c^sina cosa, 
or {x^ — y') sin2a — 2^/cos2q; - c'sin2«, 

which ia the equation to an hyperbola concentric with the series 
of ellipses, 

4, PQ is a chord of an cUipi 
at right angles to the axis niaj( 
AB. The two lines AP, 
produced indefinitely, Intersect in 
B. To find the locus of B. 

The axes of the ellipse being taken as axes of coordinates, 
the equation to PR will be 

X, y\ being the coordinates of P. 
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The efiiiatioii to BR will be 
At the intersection of these two lines, we shall have 

or, by virtue of the equation to the ellipse, 

/ = ^(^-o-). 

The required locus is therefore an hyjierbola the axes of 
which coincide with those of tlie ellipse. 

5. In two hyperbolas, concentric and similarly situated, are 
taken any two points the abscissae of which are as the real axes 
of the curves : to find the locus of the middle point of the line 
joining the two points. 

Let (a;,, y^ be the point in one hyperbola, and (ic^, y^ that 
in the other. Then, (a, h) and (a, j3) being the semi-axes ia 
the two curves, ™2 „2 

^-1- = ' w- 

i~'h^ » 

Also, by the hypothesis, ~= — (3). 

From (1), (2), (3), we see that 

yx^^y^ (4). 

Let is, ?/, be the coordinates of the middle point between 

(^1) 2'i) ^'^^^ (^a' ^2) ■ *^^" 

2x = x^ + x^, 

% = y, + 2/.) 
and therefore, by (3) and (4), 
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Substituting these expressions for -^ and ^ in (l), we get 

^ f -1 

tlie equation to the required locus, being therefore an hyperbola 
concentric with the original ones and siiailarly situated. 

6, To find the loeus of 2", the intersection of the tangents 
at two points P, Q, of a parabola, such that, 8 being the focus, 
SP, SQ, include a given angle e. 

Let A be the vertex of the parabola, and AS= m. Then, 
\i lA8P= a, the equation to PrwiU be 

— = cosfl + cos(^ ~ a) (1). 

Similarly, if lASQ = ^, the equation to QT will be 

— = cosfl + coa(^- /3) (2): 

At the intersection of (1) and (2), 

cos(^ - «) = cos(fl - /3), 

^ + a-2^ (3). 

But, by the hypotliesia, /3 - a = s (4). 

From (3) and (4), ^ - a = is, 

and therefore, from (1), we get for the equation to the locus of 2", 

— = cos V + cos^ e, 

_ 2m9eeis 
~ 1 + sec^e.cos^' 
the equation to an hyperbola of which sec^E is the eccentricity. 

7. To find the locus of the vertex of a plane triangle, having 
given the radius of the inscribed circle, and the diiferenco be- 
tween the angles at the base ; the middle point of the base 
being a fixed point, and the base itself lying along a fixed line. 



y Google 



HYPERBOLIC LOCI. 309 

Let 0, the middle point of the base AB, be taken as the 
origin of coordinates, OA, pro- 
duced indefinitely, as the axis 
of cc, and (h/, at right angles 
to OXf as the axis of i/. Let S 
be the centre of the inscribed 
circle. Draw GM, EH, perpen- ^ 
dicularly to AB. 

Let lOAB = 'ia, lCBA = 20, AB == ^c, JER = r, OM = 
GM = y, a-0 = s. 

Then it is clear from the geometry that 



y= (c-ic)tan2a (1), 

y = (c + a;)tan2;8 (2), 

2c = r (cota + cot^) (3). 

Eliminating c and cb between (1), (2), (3), we have 

^ {tan2a + tan2,8) = r (cota 4- cot/3) tan2a.tan2;8, 
3fsin{2a + 20) =r(cota + cot yS). sin 2 a. sin 2/9 
= 4j%ain(a + 0].cosix.aos0, 
^cos(a + yS} = 2rcosc( cos^ 

= *-{cos{a + /3) + cos(a -/3)}, 
{i/-r)cos(ci + /3) = rcos(a - /?) 

= rcoss (4). 

Again, eliminating o between (1) and (2), we get 
?/(tan2a - tan2/3) = 23; tan2a.tan2/3, 
^sin(2a — 20} = 2icsin2asin2^ 

= X {cos (2a - 20) - cos (2a -}- 2^) j , 
^sin2e = ic{cos2s — 2cos"[cc -h 0) + 1) 
= 2x (cos^e - eos^(a + 0)]. 

Hence, by (4), ysin2e = 2x ■lcos''e — y r^l > 

yt&ns.{y - rf = x{{y ~ rf - r*] 
= xy{y- 2r), 
[y — rj'.tane = x[y — 2y), 
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the equation to the required locus, wliich is therefore an hy- 
perbola. 
Leyboum ; Mathematical R^ository^ New Series^ vol. ii. p. 218. 

8. From a given point B in the serai-axis major AC oi an 
ellipse is di'awn a straight line cutting the curve in any point P: 
PM is drawn to cut CA at right angles in M: MP is produced 
to a point P such that MP' = EP. To find the locus of F. 

Let CE = c : then, the equation to the ellipse being 
f = [I - ,^)(a' -^ x\ 
the locus of P' will be an hyperbola represented by the equation 

.y = (.'«-cr + (i-«i(«v-»-). 

p. Gregoriua Jl Sancto Vincentio: 0;pus Geometricum 
Quadrature CtrcuU et Sectionum Goni, p. 659. 

9. Two straight lines, of given lengHis, coiucide with and 
move along two fixed axes, in such a manner that a circle may 
always bo drawn through their extremities: to find the locus 
of the centre of tlie circle. 

Let a, 5, be the lengths of the moveable lines on the axes 
of ic, ^, respectively, and let a> be the angle between the axes. 
Then the required locus will be an hyperbola denoted by the 
equation ^ a" — h'' 



10. Two given straight lines OA, OB, intersecting in 0, 
are touched by a parabola in points H, K, respectively; the 
parallelogram OIIPK is completed. Supposing the parabola 
to touch also a tQiird given line, to find the locus of P. 

If the lines OA, OB, be taken aa axes of coordinates, and 
the equation to the third given line be 



the equation to the required locus will be 
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which ia therefore an hyperbola, the asymptotes of wliich are 
represented by the equations 

x = o., */ - /3. 

11, Ox^ Ox^ are two indefinite straight lines, given in 
position: from a given point A 
is drawn a straight line AEF, 
cutting Ox, Ox\ m E, F, re- 
spectively: EF is divided into 
two parts EP, FP, wliich bear 
to each other always a constant 
ratio. To find the locus of the 
point P. 

Join AO and produce it in- 
definitely to y\ let Ox, Oy, be ■ 
chosen as axes of coordinates. Draw FG parallel to yO. Let 
OA = a : and let 

EF : EP :: n : m. 




and 



OG : FG :: I : 



Then the required locus will be an hyperbola represented 
by tlie equation 

{ny.-\- mci) x = ly{y -\- a). 

Newton : Arithmetica UmversaUs, prob. 25, 

12. The base OA of a triangle CAP is given: to find the 
locus of the vertex, the angle PAO being always double the 
angle POA. 

Let OA prodiiced indefinitely be taken as the axis of x, and 
a perpendicular te OA through as that of y. Let OA = c. 
The required locus will therefore bo an hyperbola, the asymp- 
totes of which include an angle of 120°, and which is represented 
by the equation yj ^ g^a _ ^cx. 

Pappus : MathematitXB OolUctiones h Oommandino, lib. iv. 

prop. 34. 
Newten : Arithmetica Universalia, prob, 36. 
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IS. To find the locus of the vertex of a triangle, the base 
of which ia givEai, the two adjacent angles differing by a given 
quantity. 

Let c — the base AB of the triangle, the angle at B ex- 
ceeding that at -/I by a quantity a: let AB, produced inde- 
finitely, be the axis of a;, a perpendicular to it through A being 
that of i/. Then the locus required will be an hyperbola 
defined by the equation 

{x^ - ^^jslna + 23;ycosa = c(icsina 4- ycosa). 
Puissant: Becweil de diverses Propositions . 
p. 204, troisihme Edition. 

14. If normals be drawn \x> an ellipse 



from a given point («, y3) in its area, to prove that the pointa 
where tliey cut the curve will all lie in a rectangular hyperbola 
of which the equation is 

(a° — li')xy = f/ay — F^x. 

15, A circle always passes through the origin of coordinates 
and through the points in which the axes are intersected by 
a line ^ „ 



which always passes through a given point: to find the locus 
of the centre of the circle, m and n being variable, and the angle 
between the axes being given. 

If to denote the angle between the axes, and (a, /?) be the 
given point, the locus will be an hyperbola represented by the 
equation 

2cO!ia>[x^+i/'')+2{l+cos^eo)x^—{ctQOSO>+^)x—(^coaa+a)i/ = 0. 
Leyboum's Mathemattcal Bepositor^, No. XSIII. p. 74. 

16. Two tangents to a parabola include a constant angle: 
to find the locus of their point of intersection. 



y Google 



HYPERBOLIC LOOT. 313 

The equation to the parabola being 
y^ — imx, 
and & denoting the constant angle, the required locua will be 
an hjrperbola defined by the equation 

y^ — imx + tan''£.(iC + m)'. 
De la Hii-e : Seotwnes ConiccB, lib. VIii. prop. 29. 
L'Hospital: TraiU Atialytigue des Sections Coniques, p. 266. 
Puissant: Becueil de dtverses ^oposittons de GeomStrie, 
p. 210, trotsihue editwn. 

17. If any straigbt line, parallel to a given straight line, be 
drawn cutting an ellipse, and from the points of intersection 
normals be drawn, to find the locus of the intersection of these 
normals. 

The equation to tlie ellipse being 



and the direction-cosines of the given line being proportional to 
a, j3, the required locus will be an arc of the hyperbola defined 
by the equation 

a^ax + V^y _ f aV - P ^y 

Goodwin : Cambrv^e Mathematical Jourrial, vol. iv. p. 190. 

18. A series of circlea pass through a given point (?, have 
their centres in a Hue OA, and meet another line AB, From 
the point, in which one of the circles again meets the line OA, 
is drawn a straight line, parallel to AB, to intersect, in points P 
and Q, straight lines drawn parallel to OA through the points 
in which the circle is cut by AB. To find the loci of the inter- 
sections P and Q. 

The line OA being taken as the axis of x, and being the 
origin, let the equation to AB be 



(M)- 
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Then the points P and Q lie generally i 
which the ec[uation is 

(1 + 2a^) f - axi/ + 3«/3y - ^a; + yS' = 0. 
If the lines OA, AB, be at riglit angles to each other, a = 0, 
and the locus becomes a parabola. 

through two given points 




19. A str^ght hue DCS, 
D, C, cuts a given straight line BA^ 
produced if necessary, in E. In AB 
are taken any two points F, (?, 
such that 

AF _n 
BG~ n-' 

n and n' being constants. The straight hnes -F(7, G-D, are 
produced to meet in P. To find the locus of P. 

Let EB, -EZ)j produced indefinitely, be taken as axes of a;, y, 
respectively : let FG = k, FP = k', FA = a, FB = a. Then 
the re^^uired locus wiH be am hyperbola defined by the equation 
/ n'h viM \ , , 

'^\k-y y -y) 
Barrow : Geometrical Lecfoires, Lect, vi. 
Leyboum: Mathematical Be^ositcry, New Series, voh I. p. i5. 

20. Let AB be a given straight Hne, and Q a given point 
without it : let PQB be drawn, 
from a point P, to meet AB in 
such a point E, that 

BQ _AB 

PQ" BR- 
To find the locus of P. 

Draw through Q the line QO &i right angles to the direction 
of AB, and cutting it in : let CP, Q, produced indefinitely, 
be taken as axes of x, y, respectively. Let OA = a, OB = ci, 
OQ = c. Then the locus of P will be an hyperbola defined by 
the equation ^cy + (y - o) [ca' + a{ij-c)]^0. 
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Cor. It may be easily shewn that the hne BQ is a tangent to 
the hyperbola at the point Q. 

Leyboum: Mat/iemat-ical Ite^sttori/, New Series, vol.i. p. 146, 

21. To find the locua of the centre of a circle which touches 
externally two given unequal circles. 

The locus will be an hyperbola tLe two foci of which are the 
centres of the two given circles. 

Puissant : Recueil de diverges Propositions de Glomibrie, 
p. 307, trmsi^me edition. 

22. To find tlie locus of a point, within a given angle, such 
that, perpendiculars being drawn from it upon the sides of the 
angle, the quadrilateral so formed may be of a given area. 

Let (? be the given area; oi the given angle, its sides being 
taken as axes of coordinates. Then Hie required locus will be 
an hyperbola the equation of which is 

[a? -Vy^) coso) + Ixy = 2c' cosecw. 
Puissant : RecweU de diverses Propositions de G&omitriei 
p. 217, troisihne Edition. 

23. Having given one side of a triangle, and the difference 
between the tangents of tiie adjacent angles, to find the locus of 
tiie vertex. 

Take tlic middle point of the given side as the origin of 
rectangular coordinates, the side coinciding with the axis of x ; 
then, m denoting the given diiference, and 2« the given side, the 
required locus wUl be an hyperbola defined by the equation 

Lai-dner: Algebraic Geometry, p. 11.7. 

24. Having given in position a right line AB, and a point 
outside of it, a right line OP is drawn cutting AB in F, and 
from P is drawn a perpendicular PE upon AB : the magnitude 
of EF being invariable, to find the locus of P. 
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Take Ox, parallel to AB, as the axis of x, and Oy, at right 
aiigleB to ^S, as that of^. Let_Ei^=a, 
0H= b. Then the locua of P is a rect- 
angular hyperbola represented by the 
equation scy = ay + bx. 

Lardner: Al^ehraio Geometry, p. 134. 



25. Through a given point a right line HKO is drawn, 
intersecting two right lines EG, FG, 
in B, K: a part OP of OH being 
supposed to be always equal to HK, 
to find the locua of P. 

Let Ox, at right angles to the 
line CE, be the axis of x, and Oy, 
parallel to CE, that of y. Let ^ j, 
denote the angle EOF. Then the / 
required locua will be an hyperbola 
defined by the equation 

xy -^ a? cotjS — ay + hx — 0, 
where a, h, are the coordinates of C. 

Lardner: Algebraic Oeometry, p. 135. 

26. From the point of intersectjon of two given straight 
lines, is drawn a straight line of given length, bisecting the 
angle between them : to determino the locus of the middle point 
of a straight line, drawn through the extremity of this line, 
and terminating in the other two. 

Let the two given lines be taken as axes of coordinates, 
2(1) denoting the angle between them ; let c represent the given 
length of the bisecting line. Then the required locus will be an 
hyperbola, defined by the equation 




27. Two fixed axes Ox^ Oy, intersect a variable circle in 
pomts {A, A), [B, B'), respectively. To find the locus of P, the 
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intersection of the chords AB\ A'H, supposing the two points 
B, B\ to be fixed. 

If OB = J, OB = h', the ecLuation to the required locus is 
x' - f + [h + h') if = bh'. 

28. A straight line BG moves between two fixed straight 
lines AB^ AC, so as to make the area ABC constant: to find 
the locus of the centre of a circle described about the triangle 
ABG. 

Lot AB, AG, produced indefinitely, be taken as axes of x, y, 
respectively : let a be the angle between the axes. Then, the 
area ABO being constant, the rectangle between AB, AC, will 
be constant : denoting this latter area hy 4m', we shall have for 
the cqiiation to the required locus 

[x + y coBO)) .i^ + x cosw) = w^. 

29. A and B are two given points, Ax an indefinite fixed 
line : through B is drawn a straight line cutting Ax in T, and 
through A is drawn a straight line AP cutting BT in P. To 
find the locus of -P, having given that AP is equal to PT. 

Let Ax be taken as the axis of x, and a line through A, at 
right angles to it, as that of y. Let 2«, 2S, ho the coordinates 
of B, Then the required locus will be an hyperbola represented 
by the equation {x — a)y^ bx. 

L'Hospital : TraitS Analyttque des Sections Contques, p.271. 



Section XX. 
Miscellaneous R-oblems. 
1. From a given point 8, in the plane of a given circle, 
a straight line is drawn to intersect the circumference in P: 
from the point P an indefinite straight line PQ is drawn per- 
pendicularly to 8P: to prove that PQ is always a tangent to an 
ellipse or hyperbola the centre of which coincides with the 
centre of tbe circle and of which S" is a focus. 
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Let G te taken as the origin of coordinates ; G8, produced 
indefinitely, as the axis of x. Let 8P = m^ G8 - ae, a being 
the radius of the circle, and lPSx — 6. 
Then, X, y, being the coordinates of P, 

j» cos + ae = a;, m sin ^ = «/, 

and therefore m"+ 'iaem ix>?,6 = c^ (1 —<^) (1). 

Also, the equation to PQ will be 

X msd + y sinO = a& cos^ + m (2). 

By virtue of (1), (2) becomes 

{x COS0 + y &mff)'' = a" cos"^ + d'{l - e") sin^d. 
This equation shews that PQ is the tangent to an ellipse or 
hyperbola of which G is the centre and 8 a focus. 

This proposition affords a convenient method of drawing 
a tangent to an ellipse or hyperbola, which shall be parallel 
to a given Ibic. From either focus 8 draw a hne SP, at right 
angles to tlie given line, to Intersect in P the circle described 
on tlie axis major. Trom P draw PQ perpendicularly to SP. 
Then PQ will be the required tangent. 

Maclaurin : Geometria Organica, sect. ili. p. 102. 
Prony: Journal de VEcoh Polytechm'^m, cahier X. p. 49. 
G-ergonne : Annates de MatMmatiquea^ torn. v. p. 49. 

2. In every line of tlie second order, which has a centre, 
if we draw two tangents parallel to any single fixed line, and 
a third variable tangent ; the product of the segments of the 
first two tangents comprised between their points of contact and 
the tlurd tangent, will be a constant quantity. 

The points of contact of the two parallel tangents being the 
extremities of a diameter, we will take this diameter, which we 
will call 2a, for the axis of x, and its conjugate 2b for the axis 
ofy. 

If !»', y\ be the coordinates of the point of contact of the 
third tangent, we shall have 

2:±C-i (1); 
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and the equation to this tangent will be 

^J + a-i (2). 

Let _?/,, y^^, be the values oi y, given by (2), when x is succes- 
sively equated to a and — a. The quantities j^,, j/„, ai'e the 
segments of the two parallel tangents. Then we have 

^' - ay ^ " ^" - ay ' 

and tliorefore y^„ = ^ {rZ-x'") 

= ± 5^ by (1). 
B^rard : Ge^-ffonne, Annales de MathSfmatiqueSi torn. V. p. 52. 
Brianchon : Ihid. p. 53, 

3, A straight line, remaining always parallel to itself, moves 
in tte plane of two fixed straight lines. In every position of 
the moveable line, a point is taken in it such that the sum or the 
difference of the squares of its distances from the intersections of 
the hue with the two fixed lines is equal to a given square ; to 
determine the locus of the point. 

Let the two fixed straight lines be chosen as the axes of 
coordinates. 

Let a;, y, be the coordinates of the particular point in tlie 
moveable line, and (x, y') of any other point in tlie line. Then, 
r being the distance between these two points, the equations to 
the line will be x' = Ir + x 

y'^mr + y, 
I and m being constants. 

Let r,, )■„, be the values of r at tlie intersections of tlic move- 
able line with the axes of x, y, respectively : then 
(i = lr„ + x, = mr, + y, 

and therefore r 



' I' 
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But r* ± r^' is equal to some coiietant c^ ; hence the equation 
to the reijiured locus is 



which helongs to an ellipse or an hyperbola. 

Bret : Gergonne, Annates da MatMrnatigues, torn. VI. p. 12. 

4. The equation to an hyperbola, refen'ed to rectangular 
axes, being ax' + hf + ^cxy = c', 

to find the position of its asymptotes, and iJie equation to the 
hyperbola referred to them aa axes. 
Biit x = r cos^, y = r Bm0\ then 

'/ (a CQS^d + b suy'd + 2c cos . sin 0) = o'. 
Now »■ = CO, provided that 

a cos'^ + b mi^d + 2c cos^ . sin^ = 0, 
and thus the equation to the two asymptotes is 
aa? + by" + '2cxt/ — 0. 
Again, a, , . ' r , representing the transverse and conjugate 
axes respectively, the equation to the hyperbola referred to its 
asymptotes is tet/ ^ i « - i,'). 

Differentiating 9^ = a^ + t/', 

we have, for maximum values of r, 

■xdx + yd.y = 0, 
and, from the equation to the curve, 

axdx + ^ydy + c {xdy + ydx) = ; 
and therefore, X being arbitrary, 

XiC = fflB + e3/ (1), 

\y = by + ex (2). 

Multiplying (1) by a;, (2) by y, adding, and attending to the 
equation to the curve, we have 
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But, from (1) and (2), 

(X~a)x = c,2f, {\~h)y^cx, 

and therefore {X — a) [\ — b) — c^ ; 

hence [c — ar^) {o — Ir") = cS-*, 

[c' - ah) r' + c{a + b)r'- c" = 0. 

Consequently, a^, S^", being the roots of this equation, 

^<, y,^ ^. a + b a''l^ = — 

' ' c' ~ <eb' ' ' (? — gh^ 

and therefore (a, — o, = c . , . — rra— . 

Thus the equation to the hyperbola referred to its asymptotes is 



xt/ = ^c 



(^ — ah 



5. CP is any scmi-diMneter of an hyperbola, CD being its 
conjugate semi-diameter : PK is a tangent at P, equal to CD : 
from any point V in GP produced is drawn a straight line VEF, 
parallel to CD, cutting the cui've in E and the straight Hne 
through C and ^ in ^ ; to prove that 

[VFf - {VEY = [CD)\ 
Pascal: Essais pour les Coniques: (Euvres, torn. IV. p. 5. 

6. To prove that the radius of a circle, which touches an 
hjfperbola and its asymptotes, is equal to that part of the latus- 
reetum produced which is intercepted between the curve and an 
asymptote. 

7. If on ellipse and hyperbola have the same foci, to find the 
equation to the locus of the intersection of two tangents to them 
at right angles to one another. 

The equations to the ellipse and hyperbola being 

a' ' a, 0, ' 

the required locus will be a circle defined by the equation 
of + y' = a^ + b". 
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8. P and Q being two points in an ellipse, if am hyperbola, 
tlio foci of which are P and Q, pass through one focus of the 
ellipse, to prove that it will pass also through the other focus. 

9. To find the equations to the asymptotes of the hyperbola 
represented by the equation 

X!/ + ax + by + (i' — 0. 
The required equations are 

a; + 'j = 0, y + a^n. 

10. The equation to an hyperbola being 

o^^ + %' + 2ca;y + Ha'x + Wy + c' = 0, 
to shew that c^c^ + J?/* + 2cxy = 

is the equation to two straight linos tlu-ongh the oiigin parallel 
to its asymptotes. 

11. Three hyperbolas have parallel asymptotes: to shew 
that the three straight fines joining the points of intersection 
of the hyperbolas, taken two and two, all meet in one point. 

12. To prove that an ellipse and hyperbola, which have the 
same centre and foci, will cut each other at right angles ; and 
that, if from any point in the circumference of the circle, which 
passes through their points of intersection, tangents be drawn to 
the two curves, they will be at right angles to each other. 

13. OPLD is a parallelogram, the sides (7P, CB, of which 
are conjugate semi-diameters of a rectangular hyperbola, inclined 
to one another at an angle of 60° : to find the equation to the 
ellipse which passes through the points C, P, X, ZJ, and cuts the 
conjugate hyperbola at i) at an angle of 15°. 

The equation to the rectangular hyperbola being a;" — y' = a*, 
that to the required ellipse will be 
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14. Any number of ellipses (or hyperbolas) concentric, simi- 
lar, and similarly situated, are intersected by a line parallel to 

a directrix in _P, P\ P", : to prove that the extremities of 

the diameters respectively conjugate to the diameters through 
P, Pj P", are ui a line perpendicular to the directrix. 

15. If, in the preceding question, the curves be cut by any 
concentric hyperbola, the asymptotes of which have the same 

direction as their axes, in Q, Q\ Q" ; to prove that the 

extremities of the diameters respectively conjugate to the diame- 
ters through Q, Q\ S". .., are situated in another branch of the 
hyperbola. 

16. A chord PP' is drawn in an ellipse, so that, AG being 
the Bomi-axis major, 

tanPG4 + tanP'C^ = 2 tana; 
to find the envelop of the chord. 

The required envelop is an hyperbola the equation of which 
is, the axes of coordinates couiclding with the axes of the ellipse, 

^ _^Una = -^ 
^ ^ ^"'^ 4 tana' 

17. To prove that the tangent to the interior of two similar 
hyperbolas with coincident axes, cuts off from the exterior curve 
a constant area. 

De la Hire: Sectiones Cnnicte, lib. Vi. pi"op. 17, 

18. Supposing that, y, y", being any two values of i/ In the 
hyperbola xy = c°, such that i/" = Xy', where X is constant, to 
prove that the area included between t/', i/", the axis of j-, and 
the curve, is invariable in magnitude. 

Gregorius k Sancto Vincentio : Opus Cfeometrtcvm Post- 
huTnivm ad Mesolahium^ p. 252. 
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Section I. 
Referred to a Principal Diameter and its Tangent, Normals. 

1. From a point P of a conic section a normal is drawn to 
cut a principal axis (the major axis in the elHpse, the transverse 
axis in the hyperbola) in a point G : to prove that, of all 
straight lines drawn from G to the curve, GP is the least. 
The equation to the conic section is 

f = (1 + e) {Sewiic - (1 - e) a?]. 
The equation to the normal, at any point [h, h), is 

(l + e)H-(l-.)i!.(s'-t)--i("!'-*)- 
At the point (?, y = 0, and therefore 

x' ^ {I + e) em + ill. 
Let r represent tlie distance of G from any point (a;, y) in 
tiie curve : tlien 
1^ = [x — [l+e]ein — ihf + y' 

= ic=-2ac{(l+e] m + eA) +e^((l + e) m + eh^ 

+ (1 + e) [iemx - (1 - e) x'] 
= i[x- hf + e= (1 + ef m' + 2e" (l + e) mh - e' (1 - /) k", 
^-L^(x-kf + {l + ej m^+{l + e) {2emh -{l-e) h'} 

= {x~ h)^ + (1 + ef m= + k\ 
Hence it appears that r is least when x = k, or when [x, y) 
coincides with (A, Ic), 

De la Hire : Sectiortes Conies, lib. vii. prop. 13. 
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2. AP is the arc of a conic section, of which the vertex is A ; 
PCf the normal, and FK a perpendicular to the chord AP, meet 
the axis in G and K. To show that GK is equal to half the 
latus-rectum. 

3. To find the locus of the middle point of the portion of the 
normal to a conic section which is included between the curve 
and the axis. 

The equation to the conic section being 
y = mx + nx", 
that to the required locus will be 

[n + 2)" y - nx^ - mx + ^m'. {n + l) — 0. 

Lardner : Algehratc Geometry, p. 149. 

Hection II. 

Peferred to a Principal Diameter and its Tangent. Chords. 

1. From one extremity ^ of a principal axia of a conic 

section, a given straight line AP is drawn to cut the curve in P; 

to find the equation to the line joining P to the other extremity 

B of the axis. 

Let the axis AB and the tangent at A be taken as axes of x 
and y respectively. Then the equation to AP will be of the 

form y = ax (1), 

and the equation to the conic section of the form 

y = mx + nx^ (2), 

The equation to AB is »/ = (3). 

The two lines (1) and (3) may be represented simultaneously by 
the equation ^ (^ - or) = 0, 

or f^'^^y (4)- 

Hence, at A, P, 5, the intersections of AP, AB, with the curve, 

axy = mx 4- na?, 
whence dividing by x, we obtain for the equation to BP, which 
passes through P, B, 
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2. If A and B be tlie extremilies of the axis major of a 
conic section, T the point where a tangent at a point P in the 
curve, meets AB, QTR a line perpendicular to AB :uid meeting 
AP, BP^ in Q, S, respectively ; to prove that 

3. To find the length of the cliord of a conic section, denoted 
hy the equation 

If" — 2mx + iw?^ 

the equation to the chord being 

a ts 

If 2c denote the length of the chord, 



{nd' - ^r 



Section III. 
Referred to a Pnnctpal Diameteff and its Tangent. Focal 



1, From the extremity L of the semi-latus-rectum 8L of a 
conic section, a chord LA is drawn to the vertex A of the 
diameter through 8. A tangent is drawn at L. A straight 
line MRP is drawn, through any point M in AS, or AS pro- 
duced, at right angles to AS, meeting the chord AL in R, and 
the tangent at L in P. To prove that PR is equal to MS. 

Taiting AS, prodnced indefinitely, as the axis of ic, and the 
tangent at A as that of i/, the equation to the cui've will be, 

?/' = (1 + e) [2emx - (1 - e) ar"}. 
The equation to the tangent at any point {x, y) is 

-?f -H-c-^j^-'+.- 
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Now tlie coordinates of L are em, ein[\ + e): hence the 
equation to PL is 

»'=«(»'' + "•) (!)■ 

Again, the equation to AL is 

?■ = (!+«)-■ (2)- 

Hence PB^ which is the difference between the ordinates 
ill (l) and (2), is equal to em — a;', that is, to MB. 

De la Hire : Sectiones ConiccBj lib. Viii. prop. 14. 

2. From tho extremity L of the semi-latus-rectum SL of 
a conic section, a tangent LP is drawn. At right angles to the 
diameter through 8, from any point ilf in it, a straight line is 
drawn to meet the tangent LP in P and the curve in Q. The 
points 8, Q, are joined. To prove that SQ = PM. 

De la Hire : Sectiones Conicw, lib. VIIi. prop. 15. 

3. Having given the position of the focus S of a conic 
section, the position and magnitude of the semi-latus-rcctum SLj 
and the position of T, the intersection of the tangent LT with 
^-4 produced, A being one end of the diameter through the 
foci: to determine the position of A, and of the other extremity 
A' of the axis ^ J'. 

Let ST=h, 8L=^h: then 

„ , kk _ . , hk 

De la Hire : Sectiones Oontcw, lib. VIII. prop. 21. 

4. To prove that a straight line drawn through the focus of 
a conic section, to the point in which a diameter meets the 
directrix, will be perpendicular to a tangent at either extremity 
of that diameter. 

Leyboum : Mathematical Repository^ New Series, vol. IX. p. 95. 
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Section IV. 
Referred to any two OhUgue- Diameters. 
1. GA, GB, are any two senu-diametcrB of a conic section. 
The tangent at A meets CB produced in T, and tlie tangent at B 
meets CA produced in A. To prove that, E being the inter- 
section of ^r, £A, tlie triangle A^M is equal to the triangle 
BTE. 

Let CA = «, CB = ;S ; then, CA^ CB, produced indefinitely, 
being taken as axes of ic, y, respectively, the equation to the 
curve will be g;' ^= ™ 

^ + '^ + 7' ~ ' 
7 being some constant. 

The equation to the tangent at any point (x, 1/) of the curve 



Hence the equation to the tangent ^r, drawn at the point 



Putting x' - 



Gr- 



and therefore GV. CA = 7^. 

Shnilarly CA.CB^^'f. 

Hence the triangles ACV, BCA, and therefore the triangles 
AAE, BTE, arc equal. 

'Eiii' Kojyov To/iT]^ ^ kvkXov •!repttfiepeia<; ivdetai eVt- 
■\lravov17ac uvfi-jriTTTOxyiv, dy(dS>(Tt Se Bia twv a^&v Bid/ieTpoi 
a-v/j.TTL'TrTOva'at ral^ e<pa7rT0fievai^, itra etrrai ra •ytvofieva 
Kara icopvtprjv rpiymva. 

'AnOAAtiNIOT HErrAIOT KojtfiiiiJ.^ -rd -rpi-roo- Jlparaaii d. 

2. To determine the magnitudes and positions of the axes of 
the conic section 

an^ + hy" + 2<xcy — 1, 
(0 being the angle of coordination. 
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The magnitudes of the semi-axes are the positive values of 
r in the equation 

{cih-<})T* - {a + 5 + 2ccoso>)/ + sin=ft> = 0; 
and (ly — cx){a; — ^cosoj) = {ax ~ cy){y — a^coaw) 
is the equation to the two axes. 

O'Brien ; Camhridge MatkemaHcal Journal, vol. iv. p. 101. 



Section V. 
Referred to two Tangents as Axes. 

1. If two conic sections have two points of contaot, to prove 
that they will not meet in any other point. 

Let the tangents at their points of contact be taken as axes 
of coordinates. Then, a, h, being the distances of the points 
of contact from the origin, the equations to tlic two conic 
sections will be 

a mn o a 

a m^n^ b' a h 
If the two curves meet, we have, subtracting one equation 
from the other, xy — 

whence a; = 0, and tlierefore y =^h; or y = 0, and therefore 
X = a. 

Thus we see that the two points of contact are tJie only points 
in which the two curves meet. 

'Eav T&v Trpoeip'Tjfievtov 'ypaft^/iSjv Ttve? icara Svo at)(ieZa 
i^diTTtDVTai uK\ri\<i)V, ov (jvit-^dWovaiv aWrfKaLt; Ka.9' 

'AnOAAQNIOr nEITAIOY K^ikwu t^ teVh^oi;- npoTno-ie kJ'. 

2. From a point 0, two tangents OS., OK, are drawn to a 
conic section: a straight line MQR is drawn, parallel to OK, 
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to ioteraect OH in M, and tbe curve in Q, M. To prove that 
{MEf : MQ.MB :: {OBJ : [0K)\ 
Let OH, OK, produced indefinitely, be taken as axes of 
X, t/, respectively. Let Oif = a, OK^ b. Then, m, n, being 
arbitrary constants, the equation to the curve will be 

a mn bad 
Lot OM— h. : then, putting h for x in this equation, we sliall 
have a quadratic in i/, the two roots of which are MQ, MR. 

Hence, equating the rectangle of these two lines to the last 
term of the quadratic, we have 

MQMIi = V (^^J 

_ {OK)\{MHf 
[OH)' ' 
or {MHY : MQ.MB :: [OHf : {OKf. 

De la Hire : Sectiones Oonicce, lib. ill, prop. 26. 

3. To find the locus of the centre of a conic section which 
touches two given straight lines at two given points. 

The equation to the conic section, the two given straight 
liues being taken as axes of coordinates, will be of the form 

dV + 'icxy + Sy 4- 2(tx + 2% + 1 = 0, 
a and h being given constants. 

If h, h, be the coordinates of the centre, 
(^h + cifc + a = 0, 
and P'k + ch+ b^ 0. 

From these two equations wo have 

(<;= - a'¥) h = b{ah- c), 
{c + ah)h = -h; 
and, similarly, {c + ab)k ^ - a: 

h k 
hence A ~ a ' 
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which is die equation to the required loaxa : thm we see that the 
centre of the conic section lies always in a straight line } 
through tlie intersection of the two given lines, ajid bise 
the chord which joins the two given points of contact, 

Gergonne : Annates de Math&matiques, torn. xi. p. 385. 

4. If a conic section be touched by four straight lines, to 
find the locus of its centre. 

If we take two of the tangents as axes of coordinates, the 
equation to the conic section will be of the form 

oV + Scot/ + 6y + "iax + 25j/ + 1 = 0. 
The equation to the tangent, at any point [a;, y), is 

(ffl'x + £2/ + «) ^' + i^^y + cx-\-h)y' + ax + hy +1 = 0. 
Let this tangent coincide with a line 

yS^' + ay=a^ (1). 

Then a(rt"a; + c?/ + ffl) + CKC + % + 1 = (2), 

^{V'y + ox + h) .^ax^hy + 1 = [3). 

Eliminating x from (1), (3), (3), we shall arrive at an equation 

a/3 {ah + c) + 2(aa + &y3 + 1) = (4). 

For another tangent, we shaU have, similarly, 

a'^' [ah + c) + 2 (oa' + h^' + 1) = (5). 

But, if X, y, be the coordinates of the centre of the conic 

section, a , , r. i^\ 

' a^x + oy + a^O (6), 

b^y -V CX+ b = (7). 

Eliminating o, b, c, from (4), (5), (6), (7), we shall get 

^ , y _ «^ - «'^' io\ 

a _ «' + ^ _ ^' - a (« - a') (/9 - /3') ^''^ 

for the equation to the locus of the, centre, which is therefore 
a straight line. 
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COE. It may easily be proved that this line passes througli 
the middle points of the two diagonals of the quadrilateral 
formed by the four tangents of the conic section. 
Newton : Principia, lib. I. JJemma, xxv. Cor. 3. 
Gergonne: Annates de MatMrnattques, torn. xi. p. 382, 

ann. 1820, 1821. 
Poncelet: Gergonne, Annales de MatMmatiques^ torn. xri. 

p. 109. 
Eligius Manderlier: Annales Academvx Gandavmsts, 1826-28, 

p. S7. 
Bobillier; Qergonne, Annales de MaiMmatiques^ tom. XVIII. 

p. 362. 
Heam; Researches on Curves of the Second Order, p. 37. 

5. From a point 0, two straight linos are drawn, touching 
a conic section in S and K. Two straight lines EPP, EQQ^ 
are drawD, cutting each other in E^ the former parallel to Off, 
the latter to OK; the former cutting the curve in P, P', the 
latter catting it in Q, Q'. To prove that 

EP.EP : EQ.EQ :: [OHy : {OK'f. 
If on, OK, produced indefinitely, be chosen as axes of x, y, 
respectively, the equation to the conic section will be 
a? Ixy y' 2x 2w 
a mn b a b ' 

where «, h, denote Off, OK, respectively, m, w, being any 



Let h, h, be the coordinates of E: then, taking EPP, EQQ\ 

produced indefinitely, as axes of x', y', respectively, we shall 

have, for the equation to the curve, 

{^+kf 2[a;+h) [y'+k) [y'+hf 2[^^h) 2(y+^) 

«" mn b^ a h ' 

Putting a;' = 0, the two values of y in the resulting quadratic 

will be EQ, EQ^ and accordingly 

EQ.Eg = 6" (^-^ + — + --___ + ij . 
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By symmetry we have also 

■ihh J^ '2h _ 
T ■ 
Hence ERET _ my 

De la Hire: Sectiones Gonicw, lib. in, prop. 29. 

6. To iiiid the condition that the straight line 

i + S-.l 

may touch a conic aeotioji represented by the equation 
The requiied condition is expressed by the equation 

7. From i pouit O^ two straight line^ are drawn, touching 
a conic se(,t!on m H and K. A straight line 2IQRT is drawn, 
parallel to one ot the^ tangents, cutting the other in M, the 
curve in y, T, and the chord HK in B. To prove that 

MQ.MT={MB)\ 
De la Hire: Sectiones ConicfB, lib. in. prop. 27. 

8. To find the locus of the centres of all conic sections, 
which touch three given straight lines, and pass through a given 
point. 

If two of the given straight lines be taken as the axes of 
coordinates ; then (h, h) being the given point, and — 1-^ = 1, 
the equation to the third straight line, the equation to the 
required locus will be 
iM:[2x - h) [2y - i) = (2 (kx 1 % - fik) - {2^x + 'lay - a^)}'. 

Gergonne : Annales de MatkSmattques, torn. Xi. p. 385. 

Poncelet: Gergonne, Annahade Ma&hnati^esj torn. XU.t^. 111. 
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9. To detemime the locus of the centres of all the conic 
sections, which touch two given straight lines and pass tlirough 
two given points. 

The two straight lines being taken as cooi'dinate axes, and 
(h, k)f {U, k'), being the two given points; the equation to the 
required locus will be 

((% - kxY - (% - h'x)Y 

= 4:{(kx + hy~M)- {k'x + k'y ~ h'k')].[{hy - Icxf.ilix + Jiy - h'?c') 
— {h'y — lc'x)''.{kx + hy — Jik)]. 
This equation may be resolved into a double equation of the 
second degree. If we put 

[AA' - ytA') [Ilk - h'k') = M, 
the double equation will be 

{k+ky[{h-hy.{ik+k')x~[h+k')i/Y~2Mx{5x~{k+h')]].(kky 

=±{h+h').[[k~ky.{[k+k')x-[h+h')yY+1iM7j\^y-{k+k')]].{hh')K 
Brianchon: Gergonne,AnnaIssdeMath4matigues,ix)va.x.i.'p.2l9. 
Gei^onne : Annales de MafMmatiques^ torn. xi. p. 390. 
Poncelet : Gergonrie, Annates ck Math&mai/iquBS, torn. XII. p. 233. 
Gergonne : Annahs de MatMmatiques^ torn. XII. p. 249. 

10. To prove that the straight line which joins the summit 
of an angle circumscribed about a conic section with the centre 
of the curve, divides the chord of contact into two equal parts. 

Fr^d^ric Saniis: Gergonne^ Annales de Math 
torn. XII. p. 3G8. 



Section YI. 
Refffrred to a Tangent and. Normal. 
1. If, in any conic section, be inscribed a series of right- 
Migled triangles, having all of them the summit of the right 
angle at a given point of the curve; to prove that their hy- 
potenuses will all meet at a single point of the normal drawn 
through the common summit of all these triangles. 
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Let the tangent and normal at the given point be taken as 
axes of X and y respectively. Then the equation to the conic 
section will be 

«ar' + 6y + 2ciCJ/ + 2/7/ = 0. 

The equations to the two sides of one of the right angles being 

y — ax — Q, y -\ — x = 0, 
the equation to both will be 

[y - ax) \y + ~ 'cj = 0, 

whence x' = y'' + ( a ] xy. 

Substituting this expression for x' in the equation to the 
conic secijon, we get, dividing by y, for the equation to the 
third side, r /i \ 1 

|« (--«) + 24 x + [a + h)y + 2/= 0. 

Putting X = 0, we see that 

2/ 

Thus we see that the bypotemisc cuts the normal at an 
invariable distance from tlie origin. 

Cor. It henee follows by the theoiy of poles and polars, 
that the points of concourse of the tangents at the extremities 
of these hypotenuses He all in a single straight line. 

Fr^gier : Gei-yonne, Annahs de MatMmatiques, torn, VT. p. 231. 

2. Ifj in any conic section, be insci-ibed a series of triangles, 
all having a common summit, the angle of which is bisected by 
the normal to the curve at the place of the summit: to prove 
that the sides of these triangles, opposite to this summit, will all 
meet in the point of intersection of the tangents drawn at the 
two ends of the normal. 

The equation to the conic section, referred to the tangent 
and normal, at the common summit, as axes of coordinates, 
will be 03? + hy^ + 2w:y Ar 'lfy = f> (1). 



yGoosle 



iJ36 LINGS OF THE SECOKD ORDER. 

Also the eqimtion to tiie two sides, of any one of the tri- 
angles, which pass through the origin, will be 

"""V (2)- 

Substituting in the equation (1) tlie expresBion forar'^ven by 
(2), and dividing by y, we get, for the equation to the third side, 

(«^ + &)y + 2(ca!+/) = (3). 

Putting !/ = 0, we see that 

. = -/, 

a value iodependent of X.. Hence the opposite sides of all the 
triangles interaect the tangent at a distance — - from the point 
of contact The tangent at the other end of the normal, as 
coinciding with the chord (3), when X. becomes zero, must 
also pass through the same point. 

CoE. Hence it follows, by the theory of poles, that the 
points of concourse of the tangents at the extremities of these 
third sides of the triangles, will aU lie in a single straight hne, 
viz. the normal Itself. 

FriSgier : G&rgonne, Annahs de MathSnmttquesj torn, vi. p. 233. 

3. To find the equation to a conic section which has a 
contact of the third order with the cui-ve 

ax' + hf + 2cx>j + 2/J/ = (1) 

at the origin of coordinates. 

Tlie equation to a conic section, which has a contact of the 
firat order with (l) at the origin, is 

a^^ + jy + ^c,xij + 2/> = (2). 

At the intersections of (l) and (2), we have 

[aP - oSJy + 2 (a,o - ooj « + 2 («,/- ffj - 0....(S). 
If the straight line (3), which joins the two points of mter- 
section, pass through the origin, the curves (l) and (2) wiU have 
two elements in common at the origin, or the contact will be of 
the second order : the corresponding condition being 

«,/=»/: w- 
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Again, if the line (3) coalesce with the axis of x, the re- 
maining point of intersection will coalesce with the origin, and 
thus, the two curves having three elements in common at the 
origin, the contaet will be of the third order. The additional 

relation is a^ = ac_ (5). 

The relations (4) and (5) reduce the equation (2) to the form 
(Ke' + -^ f + 2cxi/ + yi/ ^ 0, 

which is the required equation. 
Plucker : Gergonne^ Annates de MatMmatiques, tom, XVtl. p. 69. 

4. If two conic sections touch each other at any point, to 
prove that they cannot have more than two points of inter- 
section. 

'Eav r&v elptjfievav ypafi/^my nve^ 
ixrifj,elov aXKriXaiv' oil irv/jt^aXXovatv 
tri]fiela irXeiova ^ hvo. 

AHOAAQNIOT HEPrAIOT KatiK^c to TSTaproi- Uporams ks'. 

5. To prove that, for every point of a conic section, there 
exists a circle which has with the curve, at this point, a contact 
of the second order. 

Plucker: Gergorme, Armcdesde Mathhnatiques, tom. xvii. p. 71. 

6. To prove that a circle cannot have with a line of the 
second order, a contact of the third order at one of its points, 
unless this point he at the end of an axis of the curve. 

Plucker : Gcrgonne, Annates de MathSmat-i^ues, tom. xvii. p. 71. 

7. To prove that, if any numher of circles touch a conic 
section at the same point, the chords joining the points of 
intersection are all parallel to each other. 

Plucker : Gergonne, Annates de Maildmatiques, tom. XVII. p. 71, 
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Section VII. 
Bef&rrsd to any Axes vihatev&r. Centres, 
If a, /3, be the coordinates of the centre of the curve 
^ {x, y) = aa? + hf + ^cxy + lax + "ib'y + c' = 0, 
to find the value of {a, /3). 

Changing the origin of coordinates to the point a, /3, we 
shall have for our transformed equation, 
a (a;' ^df^h [ij + y9)^ + 2c {al + a) (?/' + ^) 

+ 2a' (a^' + a) + 2J' (j/' + /3) + c - 0. 
Since (a, ;3) ia the centre, tlic coefficients of a;' and y' must 
be zero : hence 

aa + c/34-a'-0 (1), 

and 5/3+ ca+ 5' = (2). 

From (1) and (2) we have 

ad' + S^ + 'loa^ + da. + Z-'/^ = 0, 

and therefore («, yS) = c' + «'a + 5'/3 (3). 

From (1) and (2) we may easily get 

dh - Vc ^ Va - d o . 

6' — ah '' c' — ab ' 

and therefore, from (3), 

, , „, . ah'^ + hd" — "ia'h'c 

*(».« = <'+ ?^^s ■ 



Section VIII. 
Referred to any Axes -whatever. Tangents. 
1. To find the condition that the straight line 

M- « 

may touch the conic section 

ait? + hy'' + 2cay + 2dx + 2h'y + c' = 0. 
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If if', y\ be the coordinates of the point of contact, the 
equation to the tangent la 

(oa^' + cy' + a') a; + {%' + ca;' + 6') ?/ + li-J + Vy + o' = 0. 
Since this equation must coincide with the equation (1), 
we must have 

a {(lt! + ciJ + a') + da-J + h'y' + o' - 0, 
and ^ {by' + ex' + b') + ax' + Vy' + <;' = ; 

or (cm 4- «') X + (ao + J') y + cw' + c' = 0, 

and (/35 + &') y' + {^c + a') x + /36' + c' = 0. 

But, since the point of contact lies in the line (I), we must 
have also ^^ + ai/' - a0 = 0. 

Eliminating a:' and y' between the last three equations, we shall 
obtain for the required condition, 
d'^' {rj - ah) + 2d'0 [do - aV) + Sa^' (5'c - hd) 

+ a" (a" - oc') + ^' (5" - hd) + 2aj3 (cc' - a'J') = 0. 
Gergonne : Annales de MathSmatiques, torn. Xi. p. 381. 

2. To prove that a conic section represented by the equation 

(&)«+(m.)» +(»»)». (1), 

where w, i', w, are Imear functions of x and ?/, and Z, m, m, are 
arbitrary constants, is touelied by a straight line 

\u + jU.» + vw = (2), 

provided that /, m, «, A, /*, J', aro connected together by the 
equation ; ,« „ 
^ ~ + - + --0 (3). 

Eliminating v between (2) and (3), we get 

nw = U+'^ .{Xu + liv) (4). 

Combining (1) and (4), we have 

(fe)i + (mj.)i + [l^ + -]\ iXu + H^ = 0, 

Z2 



y Google 



340 LINES OF THE SECOND ORDER. 

and therefore 

lu + mv + 2 [hnuv]^ = f - H — j [Am + ij.v), 

2 [muvj' = ~ V -i w, 

whence -j- — — ; 

a.nii therefore, by similarity, 

These two equations shew that the lines (1) and (2) meet in 
one point and one only; hence (2) is a-tangent to (1). 

It may he observed that, since the equation (2) involves two 
arbitrary parameters, viz. — , — , subject to only one restriction, 
viz. (3), the tangent Ime is a general tangent to the conic 
section. 

Cob. If /t = and i' = 0, then the equation (2) is reduced 
to M = 0. 

Thus it appears that w = 0, and, similarly, v — 0, w = 0, 
are all tangents to (l). 

The truth of this conclusion is easily seen also by combining 
M = with (l), whereby we perceive at once that the two lines 
meet in one and only one point. 

Heam: Hesearches on Curves of the Semnd Order^ p. 36. 

3, To find the equation to the tangent at any point of a 
conic section represented by the equation 

" = "• (1), 

■where m, d, «?, are linear fimctions of a and y. 

The equations to any point in the curve may evidently be 
written in the form 

X being an arbitrary quantity. 
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The equation to any straight line passing through this point 
may be expressed in the form 

v-Xw^ fi.{\u-w) (2), 

ft being an arbitrary quantity. 

At the intersection of (1) and (2), we have, eliniimiting v, 
K!° — Xuw = ft. (Xm" — uw), 

or w^ — [\ — ft) uw — Xfii^ = (3). 

Suppose tbis equation to be a perfect square ; then 

(x — /j.y = — i\/i, 

(X + /i)-' = 0, 

and therefore (2) becomes 

X%~ 2\w + V = (4). 

Since (3) is a perfect square, (4) meets (1) in only one point, 
that is, at the point v = \w, \u = v>: hence (4) is the equation 
ia the required tangent. 

Salmon: Gonio Sections, p. 217. 

4. To prove that Xu + fiv + vw — Q 
will bo always a tangent to a conic section 

Ivw + mvm + nuv — 0, 
where «, u, w, are linear functions of m, «, m», and /, m, m, are 
parameters, provided that 

[Ik)^ + [mfif + {nvf = 0. 
Heam: Eesearehes on Curves offhe Second Order, p. 34. 



Section IX. 
i to any Axes whatever. Chords. 
1. To determine the locus of the middle points of the chords 
of tlie curve 

ax' + hf + 2ca^ + ia'x + 2i'i/ + c' = 0, 
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which are parallel to the line 



and thence, the axes being rectangular, to find the positions of 
the axes of the curve. 

Let h, Jc, be the coordinates of tlie middle point of any one 
of the parallel chords : let cc", i/\ be the coordinates of either end 
of this chord referred to (A, k) as origin. Then 

a[k+x')''+^h+y')''+2c[k+x'){k+^/)+^a'[h+a^)+2b'{fc+y')+c'=0. 

Now for x', 1/', we may write equal negative values — w', — y\ 
because the chord is bisected in the new origin : hence the snm 
of the terms involving the first powers of ic', y\ must be equal 
to zero, and thus 

(aA + ci + «'} X + (57c + cli + V) y' = 0. 

But this chord is parallel to the line 

x«m.Q — yaa^d = 0: 
hence {ali + cvt + <*') cos ^ + (&A; + cA + ,J') sin ^ = 0, 
which is the equation to the required locus. 

CoE. Since an axis of the curve intersects its chords at right 
angles, we shall have, for the determination of the positions of 
the axes, supposing the coordinate axes to be rectangular, 

, „ 5Bin^ + ccos^ 

tanS = -g- T—i^ . 

a cos y + c sm fl ' 

whence a sin2^ + c (l - cos2^) = h sin2^ + c (1 + cos2f ), 

[a - J]tan2fl = 2c, 



2. Li any conic section, if two chords PQ, PR, make equal 
angles with a fixed chord PK, and the chord QR be drawn : 
to prove that QR will pass through a fixed point for all positions 
of PQ, PR. 
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Let PK, produced indefinitely, be taken as the asla of y^ and 
-Rr, at right angles to It, as the axis of x. The equation to 
the conic section will be 

ffla? + 6y + 2cxy + 2dx+ Wy = (l). 

Let the equation to PQ be ^ = mx ; that of PB, will be 
y = — mx, and therefore both PQ and PB will be represented 

by the equation y' = 'tn'a? (3). 

From (l) we have 

aa? + hf + 2cxy + 2dx = — 2% (3), 

and ax^ + V + ^^y = - 2«'iB- 2% (4), 

and therefore, multiplying the equation (3) by a'x^ the equation 
(4) by b'y, and subtracting the latter of the resulting equations 
from the former, we get 

(IX [a^ + hf-\- 2cxy + 2dx) - Vy [ax^ + hy'' + 3oa^) = 2b'Y- • -(5). 
At the intersections of QR with the curve, we have, by (2) 
and (5), 

a [ax + m^hx + ^cy 4- 2«') - h' [ay + ■n^hy + 2m'cx) = 27n?b"', 
which is therefore the equation to the chord QB. 

This eqi\ation is evidently satisfied, for all values of «i, by 
the two equations 

aa'x + (2a'c - ab')y + 2ra'^ = 0, 
[ah - 2b'c) X - Wy - W = 0, 
which are the equations to a fixed point, 

3. To find the equation to a chord passing through any two 
proposed points of the conic section represented by the equation 

w, r, «!, being linear functions of x and y. 
Let the two points be 

X, \', being any proposed constants. 
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The equation to any straight line through the former point is 
V — \w — p [\u — wi), 
and that to any straight line through the latter point is 

V - Xw = p {X'u - w), 
p and p being arbitrary parameters. 

Now these two straight lines will coincide provided that 
p\ = p'\\ p ~ X — p' — X' : 



The equation to either of the lines then becomes 
XX'u - {X + \')io + V = 0. 
Since this line passes through both the proposed points, 
it is the equation to the chord. 

Cor. If V = X, the two points coincide and the chord be- 
comes a tangent represented by the equation 
XV - 2\m) + w = 0. 

Salmon : Conio Sections, p. 217. 

4, Through any point i' in a conie section is drawn a straight 
line, parallel to a given straight line, intersecting two tangents 
in T and 2", and cutting the chord, which joins the points of 
contact, in C. To prove that 

[FCy cc PT.PT'. 

Let be the intersection of the 
two tangents. Let the axes of coor- 
dinates be Ox, parallel to the chord 
of contact A'A, and Oy, parallel to 
the hne TTPG. 

Then, the equations to OA, 0A\ 
AA!, being represented by 

y = aa;, y = — a'x, y = i>, 
that to the conic section will he, X de- 
noting an arbitrary constant quantity, 

(y - ax){y + a'x) ^X[y - h)% 
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which, expressed geometiically, becomes 

PT.PT = \[PG)% 
whence [PCf x PT.PT: 

Ciiniot : OSomitrie de Position, p. 446. 

5. If APP be any chord, drawn through a fixed point A 
in tJic axis of a conic section, to meet it in two points JP, P ; 
to prove that, A being the origin of coordinates and the axis 
of the conic section the axis of ,r, 

— [ = a Constant quantity, 

a!,, cc„, being the abscissEe of P, P'. 

6. If two conic sections are sudi that they intercept, on 
a given straight line, chords the midiUe points of wliich are 
coincident: to prove that the same property will apply to all 
conic sections which pass through the four intersections of the 
two conic sections and cut the same given line. 

Plucker : Gergonne, Annnles de Mathimattques, torn. xix. p. 105. 



Section X. 
any Axes whatever. Directrix. 
1. To find the equation to a conic section, of which (ft, h) is 
tlie focus, e the eccentricity, and of which the directrix, the axes 
of coordinates being rectangular, is represented by the equation 

icsina — ^cosa + c = 0; 
and, if A, A, be such that 

h + e^csina = 0, k — e'ccoscc = 0, 
to find the equation to the curve referred to its axes. 

The equation to the curve, referred to the existing axes, is 
(x — Kf + {y — h)' = ^ (icsina — ^cosa + c)''; 
and, the two relations between A, Jt, a, e, c, being adopted, the 
equation to the curve, referred to its axes, is 
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2. To find the equation to the directors of tJie conic section 
The required equation to the two directors is 

^ ((„ + ,)., + (J +x).j,r=;^,^, 

\ being given by the equation 

[a + X) (5 + 7.) = c". 



Section SI. 

Befirred to any Awes whatever. Conjoint Lines and Circles. 

1. Having given the equation to a conic section, and that 

to a straight line in the same plane, to find the equation to the 

conjoint liTie which passes through the origin, and the equation 

to the corresponding conjoint circle. 

The expression conjoint lines is used by M. Terquem to 
signify two straight hues such that, if they be taken as axes 
of coordinates, the coefficients of the two squares in the equation 
to the curve become equal. Thus two equal diameters are 
conjoint lines ; the same may be said of the asymptotes of an 
hyperbola : a principal diameter coalesces with its conjoint line. 

It is easily seen that two conjoint lines cut a conic section, 
generally speaking, in four points, situated in a single circle, 
called a cmyoint circle; and, reciprocally, that if four points of a 
conic section lie in a drcle, any two lines joining them two and 
two, are conjoint lines. 

Let the equation to any conic section be 

axif + 2cxy + If + Sa'ar + 2h'y + c = (l), 

and let 7 be the angle between the coordinate axes. 
Let the equation to the given straight line be 

-Kx + [ly -V V = f> (2). 

Lot the eqiiation to the required conjoint line be 

Va; 4- fi'y = (3). 
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The equation to the system of the two straight lines will be 

{\x + i^y + v) [X'x + i^y) = (4). 

Adding togctlier the equations (l) and (4), we have 
[a + XX') ^ + ('2c + X/i' + X'/t) xy + (b + fi/J.') y' 

+ (2«' + XV)a!+ (2&' \ }^v)y-\- c =0 (5). 

In order tliat this equation may represent a circle, we must have 

a -|- XX' = & + jLt/t', 

2o + X/*' + X'/A = 2 C0S7 (« + XX'), 

whence we deduce 

^ , X f J> - o} + 2/1 (« cos-y - (!) 1 
X = — ____ ^^_- ^ 

, li.{a-h) +2X(Scos7-c) (6). 

and /:* = — = Ej-^ ~ ■' 

where S" = X'' — 2X/i cosy + /<■'' > 

Substituting the values (6) in the equation (5), and putting 

/*"« — 2X/ic + X^i = ^, 
we shall obtain 
hx^ ■^'ik<M&'f.xy + hy* + {2a' 3° + Xv(S — a) + 2/*i'(acos7-c)}a! 

+ {2&'S^ + /iv (a - J) 4- aXv (& COS7 - c)] jf + c'S° = 0, 
which is the equation to the conjoint circle. 

Terquem : Liouville, Journal de MaikSmatiqup^, torn. HI. p. 17. 

2. To find the locus of the centre of the conjoint circle 
of a g^ven conic section, the two conjoint lines being both 
supposed always to pass tlirough the origin. 
If the equation to the conic section be 

aa? + 2cxy + 6/ + 2a'3! + 'ib'y + c' = 0, 

the required locus will be a straight line of which the equation is 

[y — d COS7) ce = (a' — y cosy)y, 

Terqucm : LiouvUhj Journal de MathSmattques, torn. III. p. IS. 
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Section Xn. 
Passing through given Points. 

1. To detenmno the equation to a conic section wliich passes 
through the five points of wliich the coordinates are 

1,-1; 3, 1; - 2, 3; 3, 2 ; -1,-3. 
If a = 0, yS = 0, 7 = 0, 8 = 0, be the equations to the sides 
of the quadrilateral formed by joining in order the first four 
points, the equation to the conic section will be 

a7 = A/3S, 
where X = a constant. By giving to x, y, their values at the 
fifth point, we shall, by this equation, determine \. 
Now, by the formula 

(^2 - ^i)y - {y-, -Vi)^- ^.y, + ^>y^ = o, 

we see that 

a=y-2a;+3, /3=-%-2a;+8, 'i—by+x-H, S=-2^+3a!-5. 

Hence the eqi\ation to the conic section will be 

(7/ - 2a! + 3} [&y ^-x- 13) = 'i\[2y -Vx- 4) (2y - %x + 5). 
Putting a; = — 1, ^ = — 3, we have 

- 58 = - 2X X 22, 2X = ^. 
Hence the equation to the curve becomes 

11 {y-'2x + 3) {&y + x- 13) = 2^{2y + x~ 4) (2y - 3a; + 5), 
or 61/ - llicy - Qha? + Z&y + 174a; - 151 = 0. 

2. To find the locua of the centre of a conic section which 
always passes through four given points. 

Let A^ A!^ B, B', be the four points: join AA', BB', 
being their point of intersection. Take OA, OB, 
indefinitely, as axes of x, y. 

Let OA = a, OA = a', OB = ^, OB' = /9'. 
Then the equation to the conic section will he 

5 - ™» + Ji + 5 (»' - ") + Ir <"' - « - 
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Let X, Y, be the coordmates of its eenti-e : then 

Blirainatmg c, we have, for the locus of the centres, 

^ - W + A («' - a) - ^, {(3' - /3) = (1), 

whicli IS the equation to an ellipse or hyperbola accordingly 
as act' and /3^ have different or like signs. 

Cor. 1. The equations to the asymptotes of the hyperbola 
may be shewn to be 

Cor. 2. It is easily seen that the centre of the curve (1} 
coincides with the middle point of the line joining the bisections 

Brianchon: Gffrffonm,Annal6sdeMatMmattques,tom.'K.i.p.219. 
Gergonne : Annales de Maikimatiques^ torn. Xi. p. 396. 
Poncelet : Gergonne-j Annalea de MathSmatic[ues, torn. XII. p. 245. 

The following is a different solution of the same problem. 
Let the equations to the sides of the triangle formed by 
joining, two and two, three of the four given points be 
Wj = a; cosa, + ?/ sina^ — 8^ = 0, 
Wj = xcosa^ +ysin«j — B^ = 0, 
Mj = iccosoj +ysinaj — B^ = 0. 
Then the equation to the conic section will bo of the form 

V^M, + X,MjM, + \MjM, = {!),* 

where \, \, \, are arbitrary constants. 

" Bobilliec: Gergonne, Annales de MatMmaiigiies, torn. xvui. p. 320. 
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If we differentiate the equation [l) partially, first with i-egard 
to X and then witli regard to i/, we shall get 
Xj {Mj cos 0^+ Mj cos OLj) +Xj (mj cos a^+Mi cos tt^]+\{u^ cos 0^^+ w^ cos aj) = 0, 
Xj(Mjaina3+M3sinaj)+\(MgSin«j+Mjainaj)+\(M,sina^+Mj8inaj)=0, 

two equations which determine the values of x and i/ at the 
centre of the conic section. 

Eliminating \ between tliese two equations and effecting 
obvious sijuplifications, we shall get 
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Let )Wj, jre.j, «ij, be the values of Mj, m^, m^, at the fourth given 
point. Then, from (1), 



-L + -^ + ^ = 0, 



and consequently, putting for \, X^, \., their proportionals, and 
writing £^, £5, £j, instead of sin{a2 — aj, sin(aj — aj, siu(a, — a^), 
respectively, we have 



«-e 



as the equation to the required locuB, which is thei-efore a conic 
section. 

This very elegant solution of the problem is given by 
Mr. Heam, in his Researalies on Curves of the Second Order, 
a work very remarkable for the ingenuity and beauty of its 
investigations. 
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3. If three conic sections Ipass through the same four pomts, 
their diameters, of which the conjugates are parallel to a single 
fixed line, all pass through one point. 

Sturm: Oerffonne, Annates de MatIdmaliques,tom.xvii.Yi.l7&. 
Lani6 ; Exa/mm, des diff&rentes mMhodes errvphy^ pour 
3 de CfSometne, p. 34. 



Section Xlll. 
Passing through given Points and touching given straight lines, 
\. To determine the locuB of the centres of all conic sections 
which touch a given straight line and pass through three given 
points. 

Let one of the three pouits bo taken as the origin of coor- 
dinates, and let the axes pass through the other two points. 
Then, A, k, denoting the distances of these two points from the 
origin, the etjuation to the conic section will ho 

(u? -h 2cxy 4- hy' — alix — hky = (l). 

Let the equation to the given tangent line be 



Now, generally, in order that a line expressed by this equation 
may touch a conic section denoted by the equation 

aal' + ^cxy + bi^ + 2a'x + 2b'y + c' = 0, 
we must have the condition 

a^/3' (e^ - ah) + 2a"/3 {a'o - aV) + ^a.^' [Vc - ha) 
+ e {a!^ - ac') + ^^ {¥' - ho) + 2a/3 [cc - a'h') = 0. 
In the present problem, where 

a' = — ^ah, h' = ~ \hh^ c' = ; 
this condition reduces itself to 
l{a<xh-hpkY+a^[a.^{c^-ah)-\-aa{hk~hc) + h^{ah~'kc)} = S)...{^). 
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Now if x^ y, be taken to represent tlie coordinates of tlio 
centre of (1), we shall have 

^ax 4- 2c^ — ■ ttS = 0, 
and 2hy 4- 2cfl; — hk — 0. 

From tliese two equations we have 

_ 2ci/ __ 2ox 

^ "" h^- 2x ' "" 7c - 2j/ ■ 

Substituting these expressions for a and 6 in (2), we get 
{^kx {2x - h) - aky {2y - k)Y 
+ H^ {'ix - h) [1y - h).{a.^ {- 2Jcx - 2% + hk) 
+ 2ay {2kx + 2hy - fih) 
+ 20x(2hi/ + ^kx- hk)] = 0, 
or {^kx {2x ~ h)~ oJtt/ {2y - k)]' 

+ «/3 [^x - h) [2y - k).{2kx + 2% - hk).(2^x + 2ay - a^) = 0, 
which is the equation to the reqtiired locus. 

Gergonne ; Annales dn Ma,th&mafAque^i torn, XI. p. 393. 
The following is a different solution of the same problem. 
The notation of &o second solution of Prob. (2) of the preceding 
section ie retained. 

Let the equation to the given line be put into the form 

l^u^ + l^u^ + l^u^ =. (1), 

which may always be done by properly determining the con- 
stants ^j, ^3, Ig. 

At the intersection of (1) and the equation to the conic 
section, viz, 

\%U^ + V'a^i + \^t^i = % 
we have l\v,^ + ^^^^^ + [^P^, + ^A ~ ^A) \% = ^ ! 
it is easily seen that this equation will be a perfect square, 
provided that \, \, X^, satisfy the condition 

which is therefore the condition of contact. 
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Hence, replacing in thia equation X^, X^, X^, by their pro- 
portionals, we Iiave for the equation to the required locus, 

{If., (, - .,..))< + lift {, - 1,.)}' + R». {• - •.».))* - 0- 

Heam : Sesmrckes on Curves of the Second Order. 

2, To find the locus of the centre of a conic section which 
touches foiu' given straight lines. 

Let the equations to three of the given lines be 
Mj = iccoso^ H-ysincij — 8^ 
u^ — X cosSj, + y sinSj — S^ 
Mj = a; cosKg + y sinOj — 8^ 
The equation to the fourth line, c^, c^, c^, being constants 
properly chosen, may be written in the form 

CA + c,M, + %v,^ = (2). 

The equation to the conic section, which touches the lines (1), 

will be (\M,)* + (\Mji + (\mJ^ = (3). 

This conic section will aJso touch (2), provided that the 
parameters X„ \, X^, are subject to the condition 

^ + 1 + 1 = (4). 

If we rationalize the equation (3), and then differentiate it, 
partially, first with regard to cc, and secondly with regard to y, 
■we ahaU obtain two equations for the determination of the values 
of ic, J/, at the centre of the conic section, viz. the equation 

X, V, cos a, + XgVg cos Mj + Xg"Wj cos a^ 
= \Xj(MjCosaj + MjCosaJ + XjX^ [m^coso, + WjCosOg) 

+ X,Xg(M, cosa, + w^coao:^], 
and an equation which may be derived from this by writing 
sin throughout instead of cos. 

From these two equations, by simple tiigonometrical ope- 
rations, we shall arrive at the following formulEc : 
e^Xj + 63X3 EjXj + EgXj _ e^Xj + EiX^ 
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where e^, e^, e^, are written for s'm[a^—a^), Bm(o:g— aj, sin(a|— aj, 
respectively. 

Putting each memher of the double equahty (5) equal to p, 
we shall get 

where v = ^(£,w, + s.^% + %u^). 

Substituting these values of X^, \, \, in the equation (4), 
we have, for the equation to the required locus, 

VC^ C^ Cj/ Cj Bg Cj 

Thus it appears that the locus is a straight line. 

Heam : Researches on Gv/rves of the Second Order. 

3. To find the locue of the centre of a conic section which 
passes through two given points [v.^—^■, ^3=0) and (w^=0, 1*3=0), 
and touches a given straight line 

**i + 7"s = ^ 
in a ^ven point (Mj = 0, m^ = 0). 

The locus required is a straight line defined by the equation 
M, {u — WjSLn(aj — Oj)} = -yM^lw — MjSin(a, — a,)|. 

Heam : Researches on Contc iSectiojis, p. 34. 

4. To find the locus of the centre of a come section which 
touches tlu'ee given straight lines and passes through a given 
point. 

The same notation being adopted as In problem (2), and 
m„ m^, jWg, represented the values of u^, u^, u^, at the given 
point, the required locus will be a conic section defined by the 
equation 

{m,B,.{v - e,u,)}i + {m^s^.{v - s^w,)]^ + {w,^%^.[v - e,M,)}4 = 0. 

Heam: Researches on Curves of the Second Ordeir. 
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5. To find the locus of the centre of a conic section wliich 
touches two given straight lines and passes through two given 
points. 

Let (a, ^), (a', ^'}, be the two given points : let tlie equations 
to the two given lines be 

u = a^x + h^y +1=0, 
1) = a^a; + 5^j/ + 1 = 0, 
and that to the line joining the two given points 

w = afj + Jj^ + 1 = 0. 
Also !et w' represent a^x + ^ly-, a^ and &,' being quantities 
determined by the equations 

<,^ =<a +V/3 =(H^;5, 

Then, putting 

L = a^\ - aj>^, M = a/, - afi^, 
U = aX - a^\, M- = a;\ - afi^, 
and Q = a^\ — afi^, 

we shall have, for the equation to the required locus, 

(£m - Mvf + 2Q[{L'u - M-v) w - {Lu - Mv) w'} = 0, 
an equation of the second order. 

Heam: Eesearches on Curves of the Second Order, p. 42. 



Section XIV. 
Determi-naiion of their Equations f-om gwen Conditwna. 
1. To find the equation to the conic section which passes 
through the point (A, h) and touches the parabola 

at the vertex and at an extremity of the latus-rectum. 

The equation to the chord joining an extremity of tlie latus- 
rectum to the vertex of the parabola is 

y - 'IX = 0. 
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Hence the equation to the fionic section, passing through 
both intersectiona of the lines 

y^ — Ix = 0, y — 2x — 0, 
must be of the form 

■ if — Ix ■'r [y — l-x) {Xx + /i!/ + !■) = 0, 
X, jit, y, being arbitrary constants. 

Bat, since the conic section touches the parabola at the 
vertex, - = 0, when x = Q and w = ; hence i- = 0. The 
equation therefore becomes 

y" — Ix + {y ~ 2x} {\x + ny) = 0. 
Also, since the conic section touches the parabola at the end 
of the latus-rectum, we must have -7- = 1, when x = J?, and 
y = ^l: hence ^ 

2/t + X = : 
thus the equation becomes 

y' -lic= - fi.{y - 'jixy. 
But the conic section passes through the point /*, h : hence 

]^-lh = - fi{k-2Ji)\ 
Hence the equation to the conic section is 
f~1^ _ ( y - 'ix V 



le'-lh \k-2h, 
Cor. Clearing the equation of fractions we shall get 
y\4k' - ikk + Ui) + igi? - Ui)xy - i{F - lk)x\.. = 0. 
Hence the curve is an ellipse or an hyperbola as 

[h' - my < or > [ihk ~4M-ih){Te- ih), 

or (k^ ~lh){k-- 2ky < or > 0. 

Thus the curve will be an ellipse, if the point {h, k) is 
within, and an hyperbola, if it Is without the parabola. 

2, To find the equation to a conic section, having given 
tiiat h, h, are the coordinates of its focus, that 
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is the equation to its directrixj aud that e is its eccentricity. 
Also, if h and k be such that 

h = e'S coaa, Ic = e^S sinct, 
to find the axes of the conic section. 
The equation to the conic section ia 

[x — hf + (*/ - kf = i {x cosa + ^ sin a — S)*. 
If A = e'h coaa and h = e'B sina, the semi-axes will be 
eS, (1 - ey.eS, 
or eS, (e" - l)*.eS, 

accordingly as the curve is elliptic or hyperbolic. 

Section XV- 
Poles and PoImts. 
1. If, through a point chosen arbitrarily in the plane of 
a line of the second order, be drawn a series of secants to the 
curve ; and if, through the two points of intersection of each 
of them with the curve, be drawn to the curve two tangents, 
terminated at their point of concourse : the pairs of tangents will 
form a series of circumscribed angles the summits of which will 
lie in a single straight line. 

Let tlie eqi\ation to the conic section be 

aa? + hf + 'icxy + Sis'ce + ih'i/ -i- c = 0. 
If (a;,, y,), (iK„, ^„), be the coordinates of the two points in 
which any one of the secants cuts the curve, and [x\ ?/'), those 
of the point of coneoui'se of the two corresponding tangents; 
then, by the eijuations to the tangents at these two points, 
we shall have 

[ax, + cy, 4 a) ^ + {hy, + ox, + V) y' + dx, + l'y_ + c' = 0, 
(«tc„ + (^„ + «') a;' + (&!/„ + CSC,, + V) y + dx,, + Vy,, + c' = 0. 
These two equations shew that the two points [a^,, ?/,) and 
(a;,,, ^„) lie In a line 

{oa; + cy + d) <fi ^[hy^cx^ V)y + dx + Vy + c' = 0.,.(l), 
where x^ y, are the cuiTent coordinate!?. 
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Let h, k, be the coordinates of the point from which all the 
secants are drawn: sinc« this point lies in the same line with 
(^,)^,) (^,n ^J) '^'^^ hare 
{ok + cJc + a')x' + [bh + cJi + h']y' + dk + h'k + c' = 0...(2). 

This equation shews that the point (a;', i/) always lies in 
a single straight line. 

Cor. By virtue of the equation (2), it appears that (A, A) 
is always a point in the line (1). Hence we may enunciate also 
the following converse proposition : " If about a line of the 
second order be circumscribed a series of angles the summits of 
which all lie in a single straight line situated anywhere in the 
plane of the curve i the secants drawn to the curve, through the 
points of contact of the sides of these angles with it, all meet 
in a single point." 

In consequence of the relation which subsists between the 
point {h, k)^ and the line 

[ah -\-ck-V a) x + (Si + oA + ¥) y + dk + I'k + c' = 0, 
the point has been called the pole of the line, and the line has 
been called the polar of the pohit. 

De la Hire : Sectumes Conicm, lib. ir. prop. 23, 24, 26, 27. 
Puissant: Recited de diverses propositions de Geometrie, 

p. 167, tromhue Edition. 
Grergonne : Annales de Matkimatigties, torn. iii. p. 293, 
Ganner: G-6omStne AnalyHque^ p. 161. 

2. To prove that the polar is always parallel to a system of 
chords conjugate to the diameter passing through the pole. 

The equation to a conic section which has a centre may 
be put under the form 

an? + hy' -\- c' = 0. 

Then, [h, k) being the pole, tlie equation to the polar will be, 
byprob. (1), aka- +hky' + e' = (l). 

But the equation to any chord, conjugate to a diameter 
through (A, i), ie, p being any constant, 

nlix + hky -V p = (2); 
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the equations (1) and (2) represent two parallel lines: the 
truth of tiie proposition is therefore established for central conic 
sections. 

Again, since the equation to any conic section without a 
centre may be taken under tlie form 

If + ^a'x = 0, 
we shall have, instead of (1) and (2), the equations 

aV + hky' + a'A = (3), 

aV -Vlhy' +^ = (4). 

From these equations we see the truth of the proposition in 
regard to conic sections without centres. 

De la Hire : Seotiones Conicce, lib. il. prop. 25, 29. 
Eochat: GergonnCf Annahs de MatkS'matiquesjtota.,m.'p.3<)3. 

3. If two points P„ Pj, be the poles of two lines i^, i^, to 
prove that the intersection of i„ L^, will be the pole of the luie 
joining Pj, F^. 

Let [Aj, i|) be the coordmates of P^, and {\, kj those of F^. 
Then, srace F^ is the pole of i,, the equation to L^ must be 

{a\ + c/c, + a')x+ {hk^ + c\ + h')y -\- d\ + V\ + c' = 0, 

or (ffic + t^/ + "') ^1 + (% + ca; + &') t, + c' = (l). 

Similai'ly the equation to i^ must be 

{ax-Vcy ^ d)\-\- (% + Gc + VW + c' = (2). 

Taking now dc, ?/, to represent the coordinates of the inter- 
section of (1) and (2), it is plain that, a;', y\ representing current 
coordinates, the two points (A„ ij, (A^, J^), lie in a hne 
((KB + c^ + «') ai' 4- (6^ 4- cic + 6') ^' + c' = 0, 
which is therefore the equation to the line F^F^. The form of 
the equation shews that F^^ is the polar of ^e point (a;, y\ 
that is, of the intersection of i„ L^. 

Par M. B.***, Abonn^: Gergonne, Annates de MathS- 
matiq)ies, torn. IV. p. 379. 
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4, Two points P, Q, are the poles, corresponding to two 
polars L, M, respectively, in any conic section. To prove that, 
ifPlieinJlf, Q-wi]l\icmL. 

Any conic section may be represented by the epilation 

(^^ V^ a^ fi- 
Let (a;,, )/,), {x^, yj, be respectively the poles P, Q. Then 
the equations to i, M^ will bo, respectively, 

^ . &i _ ^ + ^1 , y^y < 



d' ^ V ~ a "^ ^ ■ 
If (a:,, y), lie in (2), we have 



-'^'-^'- W, 

....(2). 



a result which shews that {x^^ y^ is a point in (1). 

5. To find the equation to the polar corresponding to any 
proposed pole, relatively to tlic conic section 



M, V, 111, being linear functions of x and y. 

Let the point of contact of one of the tangents be 

then the equation to this tangent will bo 
XV - 2Xw + M = 0. 
Let it', »', w\ be the values of m, v, w, respectively, at t 
pole. Then ^V - 'ZXw' + v' = 0. 

But, at the point of contact, 

V =^ \w, 
W = V ; 
and therefore uv — 'iw'w + vu — 0. 
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But this equation will be true also for the contact of the 
other tangent. Hence, holcling good for both points of contact, 
it will represent, when m, v, w, are regarded aa variable, the 
equation to the chord of contact, or polar belonging to the 
proposed pole. 

Salmon : Treatise on Conic Sections, p. 221. 

6. If, from any point 0, be drawn two straight lines OAA\ 
OBB', intersecting a conic section in points A, A\ B, £' ; to 
prove that the intersection of AB', A'B, and the intersection 
of ABj A'B\ both lie in the polar belonging to as a pole. 

Let the lines OAA', OBB', be chosen as axes of x, if, 
respectively. Let OA = a, OA' = a', OB - ^, OB' = ^. Then, 
c being some constant quantity, the equation to the conic section 
will be 

The equation to the polar of wOl be 

(^a-G-^)-^ '"■ 

But the equations to AB, A'B\ AB', A'B, are respectively 
^j.^-1 ^4.^-1 ^-^^-^ -+I-1 

Since (1) is produced by the addition of either the first and 
second, or of the third and fourth of these equations, the pro- 
position is established. 

Cor. 1. Since the Intersection of the tangents at A, A', and 
intersection of the tangents at B, B', both lie in the polar 
of 0, it appears that the intersections of {AB', A'B), {AB, A'B'), 
and of the two pairs of tangents, lie all four in a single straight 
line. 

COE. 2, If we join two and two tlic reciprocal extremities 
of pairs of parallel chords of a conic section, the points of inter- 
section of these new chords will all lie on the diameter bisecting 
the originai c!iords. 
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A demonstration of this proposition in the particular case of 
a circle may be seen in De la Hire's Sectiones GomoE, lib. i. 
prop. 22. 

Lara^ : Examm, des diff^entes mSthodes employees pour rSsoudre 

les problhmes de. QiomStriei p. 45. 
Puissant: Beiyuml de diversea propositions de Giomitrie, p. 221, 

troisihne Sdition. 
Frost: Gairibridge Mathematical. Journal^ vol. it. p. Hi. 

7. To prove that each of the straight lines 

w = 0, V = 0, w = 0, 
is the polar of the point of intersection of the other two, 
relatively to the conic section 

?, ?», »i, being any constants. 

Salmon : Treatise on Conic Sections, p. 205. 

8. To iind the polar relatively to a conic section 

uv = w°, 
where m, v, m, are linear functions of x and y, correspontJing 
to a pole represented by the equations 



The equation to the required polar is 

au - 2ahw + 6« = 0. 
Salmon: Treatise, on Oonic Sections, p. 220. 

9. The equation to a conic section being 
S = Z^-w" + mV + nV — 2mnvw — 2nlwu — ^Imuv = 0, 
to prove that the equation to the polar of a point where u ~ u', 

,d8 ,dS ,d_S^ 
du dv dv) 



Salmon : Treatise- on Cmiic Sections, p. i 
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10, The three sides of a triangle touch a given conic section: 
two of its vertices move on fixed right lines : to find the locus 
of the third vertex. 

Let M = 0, v = 0, be the equations to the two tangents which 
pass through the intersection of the two fixed right lines. Then, 
tlie equation to the conic section will be of tlie form 

those to the two right lines of the form 

and the equation to the locus of the tliird vertex will be 

- ^'^ s 

"*'"- [a + bf'^- 

The required locus is therefore a conic section touching the 
proposed conic section at the ends of the polar belonging to tlie 
intersection of the two fixed lines as pole. 

Salmon: Treatise on Conic Sections^ p. 221. 

11, If a point P bo the pole and a line Q the corresponding 
polar in relation to any proposed conic section, to prove that, if P 
always lie in a second conic section, Q will be always a tangent 
to a third, and conversely, if § be always a tangent to a second 
conic section, P will always lie in a third. 

Brianchon; Journal de V Eeole Polytecknigue, CakierX.. p. 14. 
O'Brien: Plane Coordinate Geometry, 'p. 177. 

12. From a point P, without a conic section, any two 
straight lines are drawn each cutting the curve in two points. 
The points of intersection are joined, two and two, and the 
points, in which the joining linos (produced if necessary) cross 
each other, are joined by a line which will in general cut the 
curve in two points A, B. To prove that PA, PB^ are tangents 
at A, B. 

R. S.: Camiridge Matkematical Journal, vol. i. p. 32. 

13. From any point 0, a straight line OAG is drawn, 
cutting a conic section in two points A^ C, and the polar of 
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in -B: to prove tliat tlie line 00 is harmonically divided by the 
points A, B. 

De ia Hire : Sectwnss Conicw, lib. ii. prop. 21. 

14. To prove that the polara of any given point, relative to 
all lines of the second order wMch pass through any four as- 
signed points, all meet in a single point. 

Bobillier : Q-ergonne^ Annales de Ma^&matigues^\jQra.. XVIII. p.362. 

15. From a pole P is drawn a straight line P8 to the focus 
of a conic section, cutting the polar in 7: the polar intersects 
the curve in E^ F^ and the directrix in (?. To prove that 

EI : FI :: EG : Fa. 
Leyhoui'n : Mathematical Repository, New Series^ vol. ii. p. 3. 

16. From a point is drawn a pair of tangents to a conic 
section, and a line, bisecting the interior angle between them, 
is drawn, cutting the corresponding polar in 0: to prove that 
the intersection of a pair of tangents, belonging to any other 
polar passing through 0, will lie in the line which bisects the 
exterior angle between the foi'mer pair of tangents. 



Section XVI. 
Polar Epilations. 
I. To prove that, in any conic section, if r, r, be focal dis- 
tances at right angles to each other, and c the semi-latus-rectum, 

( ] + (— j = a constant quantity. 

The equation to the conic section, 9, r, being the polar coor- 
dinates, is ^ 

putting ^TT + $, r, for $, r, respectively, we have 
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hence (^~0 "'"("^"0 ^ ^' 

2 A line is drawn from the fotoa to an\ point of a conic 
section, and a circle is described upon it aa a diametei to ?hew 
that the loais of the consecutive intei sections of all such circles 
IS a circle, extept, in a certain case, wliere it is a nght line 

Let be the focus, P the place of an^ point in the cucle 
of which OA IS a diametei Let Ox, v 

coinciding with a principal diametci /'^ / /" 
of the come section, be taken aa the / / / 
prime iidms vectoi ' ' 

Let 0P= p, 0A = '>, £AOx = 
L POx = <j>. Then the equation to 
the circle is p^^ eos {<!>- 6): 

but the polar equation to the conic section is 



where c is some constant: hence the equation to the circle 

becomes p (1 + ecos^) = ccos(0 - e) (1). 

Differentiating (1) with regard to 6, we have 

cpsin5 = csin(^-^}, 
or = (ccosi^ — ep) smS — csin0 cos^: 

but, from (l), p = (ccos0 — ep) cos^ + csini|) sin^. 
Squaiing and adding to the last two equations, we get 
p''=(ccos0-e^)" + c'sin'^ 
= <? — 2cep coa0 + e^p", 
which is the equation to a circle unless e = 1, in which case 

2(3 COS0 = c, 
which is the equation to a right line. 
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3. From any point M in the axis of a conic section, a per- 
pendicular MPP' is drawn, cutting the curve in P: to find the 
locus of F under the condition that PP' shall be always equal 
to the focal distance of P. 

If the equation to the conic section is 



the required locus ■will be a conic section of the same species 
represented by the equation 

2o8in0 



l + eainse 
Lardner: Algebraic Geofiietry, p. 147, 

4. From the focus S of a conic section are drawn n straight 
lines ^j, r^, r^,..,*-^, terminating in the curve, and dividing it into 
n parts which subtend equal angles at the focus: R^^R^^P^y.M^, 
are straight lines drawn from the other focus to the same points. 
To prove that, e denoting the eccentricity of the conic section, 
and 6 the inclination of )■, to the greatest radius vector which 
can be drawn through 8, 

R^M^.R^...\ ^ 1 - 2e''coswg + e"' 

Hersohel : LeyhouriCs MaUmtiaUcal Repositmy, New Series, p. 58. 



Section XVII. 

Linear Equation. 

1. To shew that r =fx + c/i/ + k\s Hie most general equation 
to a conic section referred to the focus as origin, r being the 
distance of the point {x, y) from the origin: also to determine 
the eccentricity and tlie position of the directrix in terms of 

/, s, *• 
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367 



Let tlie equation to tbe directrix be 

a; cos a + yama, = S, 
ani let e be the eccentricity : then, by the definition of a conic 
section, ^ = e{a;cosa + j/sina - B), 

an equation of the required form, 

Compai-Lng this equation with the one enunciated, wc have 
f~ecosa, ^ = esina, h = — eS: 
h 



{f+g'f 



whence e = (/^ + /)*, 

The equation to the directrix 

fx + gy 



2. The focus and directrix of a conic section are given in 
position. Through the former a line is drawn making with the 
latter an angle the sine of which, is equal to the eccentricity 
of the conic section. To find the locus of the point where this 
line meets the curve, the eccentricity being variable. 

Let OLt/ bo the directrix, 8 the focus : 08x at right angles 
to Oiy, the axis of x, Oy being 
that of y. Let 08 = c, OM^ x, 
PM^y, 8P=r, 6= sin a. Then 

r = e.PL = ex [1), 

c — a; = rainct = er (2). 

I'rom (1) and (2), 

r' = x{c~x), 
[c — xf + y' <= x[o — ic), 
Sa;" ■\- y'' -Y c' = Sea;, 
fte equation to the required locus, which is therefore an ellipt 

3. Having ^ven one of the foci of a conic section and three 
points in the curve, to find the equation to the directrix. 

Let the focus be taken as origin of coordinates : then, (a;^, y)^ 
{^',,1 y,)') [^„ii yu]i being the three given points, the equation 
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to the directrix will be 

'°y{'^k'^n-'>^J+'^M,,-^)+^...[^-^.)]+y.f^.,r,^y,,.«^x..+y.^j.,,-: 

where »*,, r„, r^^^, are used to represent respectively 



Sectios XVIII. 
Polar Equation to the Tangent. 
The polar equation to a conic section, when tho fociia is the 
pole, may lie written in the form 

^=l+ecos5, 

6 being the inclination of r to the axis containing the focus, 
and c denoting the latuB-rectum. 

The polar equation to the tangent at any point of the curve, 
of which a is the angular coordinate, will then be 

^ = ecos^ + cos(^-a). 

This expression for the polar equation to the tangent of a 
conic section is due to Mr. Daviea, by whom it was communi- 
cated to the PhihsopMcal Magazine for 1842, p. 193. 

1. If iS be the focus of a conic section, and T the intersection 
of the tangents at the extremities P, jj, of any focal chord PSp ; 
to prove that the line 8T, joining 8 and 2", is at right angles 
laP8p. 

Let «, TT + a, be the angular coordinates of P,p, respectively: 
then the equations to PT, pT, will be respectively 



- cos [$ - 
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Hence, at the intursection T of these two liiiea, 
cos{5 - a) = 0, 

which establishes the proposition. 

De la Hire ; SecHones Conicm, lib. viii. prop. 23. 

2. To iind the angle subtended at the focus by the tangent 
drawn to a central conic section from any assigned point. 

The polar equation to the conic section being 

-= 1 + ecos^, 

tliat to the tangent at a point, of which the angular coordinate 
is a. will be „ 

-=ecos(9 + cos(a- 6). 

But, a; being the abscissa, on the major axis, of any point 
)■, 6, in the tangent, 

± [x ~ ae) = )-cos^, 

-= ±.{s: -■ ae) -+ cos [a — 6), 
and c = ±a(l-/], 

the + or — sign being taken as the curve is the ellipse or the 
hyperbola ; hence a — ex 

± —^ = <^o^ {a- e): 

which determines the required angle a — ^ in terms of x and r. 
O'Brien: Plans Coordinate Geometrt/, p. 156. 

3. The angle subtended, at one of the foci of a conic section, 
by tlie part of a moveable tangent intercepted between two 
iixed tangents is always constant. 

The polar equation to the conic sectionj when the focus is the 
pole, being of the form 

- = T + ecos^, 
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the polar equations to the moveable and fixed tangents will he 
^ = .cose + eo8(^-a) (l), 

- = ecoa^ + cos(fl - a') (2), 

- = ecos^ + cos(^-a") (3), 

a, H, a", being the values of 6 at the three points of contact 
respectively. 

At the intersection of (1) and (2), 

cos(^-a) = coB[e-a); 
whence 6 — ^{a! + a). 

Similarly, at the intersection of (l) and (3), 

The angle, subtended by the intercepted portion of the tan- 
gent (1) at the focus, will be equal to the difference between 
Siese two values of 0, that is, to i(a' * a"), a constant quantity. 
Poncelet ; Gergonne, Annales de MathSmattquesj torn. Viii. p. 4. 

4. Two eonic sections have a common focus, through which 
any radius vector is drawn, meeting the curves in P, P', re- 
spectively. To find the locus of the point of intersection of the 
tangents at P, P'. 

The equations to the eonic sections are of tlie forms 

- = 1 + c cos ^, 

- = 1 +e'cos(5 + s), 

and the equations to the tangents at P, P, the angular coor- 
dinate of both points being a, will be 

-_ = ecos3 + cos(5- a) (l), 

- = e' cos(^ + e) + cos(^ - a) (2). 
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At the intersection of (1) and (2), 

'^^^ = ecmd - e' cos{9 + s) (3), 

the equation to the required locus, which ia therefore a straight 
line. 

Cor. 1. Tlie equations to the directors of the two conic 
sections are ^ 



Hence the line (3) passes throiigh the intei-section of the two 
directors. 

Cor. 2. If I, f, denote the sines of the angles which (3) 
makes with the two directors, it may easily be shewn that 



5. To circumscribe a triangle about a given conic se 
such that each of its summits shall lie in a given line. 
Let the equations to the three ^ven lines he 

8j = rcos(^ ■- ej' 

Sj = rcos(^-eJ 



The equations to the three sides of the circumscribing tri- 
angle may be written in the form 

- = e cos ^ + cos (5 ~ a,) 

- = 6Cos^ + cos(5 - aj J (2). 

- = ecosfi + cob(^ - aj 1 

Conceive the first and second of the Hnes (2) to intersect in the 
last of the lines (1). 
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At tlie intei-atction of the, first smd seconiJ of the lines (2), 

'^^ ^""^ ^ = *(«, + a,), 

c a. + a„ a, — a, 

- = e cos — -■— — - + cos -J— — ' , 

and therefore, Ly tlie last of the equations (1), 

whence, putting tan^a^ = u^ and tan^a^ = u^, we have 

Sj |l + e + (1 — e)M,Mj} = ccosSj — CM^MjCOSEg + c9mEj(M, + «,), 

cco3e, + (l-e)S, (1 + .)S, 

3 — J^ '—S.^uu = M, + a. -)- cots, — -^ ■ ■■-, 

cam Eg " ' ' csiiie^ 

or, (*j, Ag, denoting known quantities, 

«e«.W> = «, + «, + 5,. 

Similarly, in relation to the other two angular points of the 
triangle, we have 

a,M^M, = M^ + M^ + h^, 

"Eliminating M^ and u^ between these three equations we 
shall get a quadratic in m^, and thus m^, m^, m^, may be deter- 
mined. The double value of w, shews that generally there 
wdl be two solutions of the problem. 

A solution of this problem, in the particular ease of the circle, 
may be seen in Mr. Heam's excellent work entitled Researches 
on Curves of the Second Order, p. 17. 

6. To find the distance of the pole from a tangent to a conic 
section /. 



1 + ecos^ 
drawn at a point where ^ = a. 
If^ denote the required distance, 

^ "l + e' + Sec^ 
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7. The tangents at t!ie extremities of the major axis of 
a conic section intersect any other tangent in two points: to 
prove that the straight hnee joining tliese two points with either 
focus, are at right angles to each other. 

'AnOAAQNIOT nEPFAIOY Kojunwi/ tu t/i(toi/- U/ioTwit ,11. 

8. If, from a focus of a conic section, lines be drawn to the 
summit of the angle formed by any two tangents and to the two 
points of contact, the first of these three lines will bisect the 
angle formed by the two others. 

Be la Hire : Sectwnes Gonicce, hb, Viii. prop. 24, 

Poncelet : Gergonne, Annates de, Math4maiiques, tom. Viii. p. 5, 

De Morgan: CcmAridge Mathematical Journal^ vol. ii. p. 202. 

9. When a moveable tangent to a conic section terminates in 
two fixed tangents, the sum of the angles which the first tangent 
subtends at the two foci, in the ellipse, and the difference, in the 
hyperbola, is constant and equal to the supplement of the angle 
between the two fixed tangents. 

Poncelet : Gergonne, Annates de MatMinaiigues, tom. Viii. p. 8. 

10. To find the locus of the intersection of a tangent to a 
conic section with a strfught line drawn through the focus, at 
right angles to the radius vector of the point of contact. 

The locus will be the directrix. 
Chasles : Gergonne, Annates ds MatMnuittques, tom. XVill. p. 273. 

11. To prove that two confocal conic sections cannot have 
more than two common tangents. 

Chaeles : Gergonne, Annates de MatMmatigues, tom. XVIII. p. 273. 

12. If a variable angle, circumscribed about a conic section, 
moves in such a manner as to intercept between its sides, a 
portion of any fixed tangent subtending a constant angle at the 
focus, to find the locus of the summit of the variable angle. 
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The equation to the conic section being 

- = 1 +ecos^, 

the required locus will be a confocal conic section, having the 
same directrix aa the original one, and defined by the equation 



s being the constant angle. 

Bobillier : Gergonm, Annales de MatMmattques, torn. XVIIi. 
p. 190. 

13. The angle between the focal distances of two pomts 
of a conic section being given, to find the locus of the inter- 
section of the tangents at these points. 

Let a denote the ^ven angle; then, the equation to the 
conic section being 

^ = 1 + e cos fl, 

the required locus will be a conic section defined by the equation 
- = cosa + ecos^, 

14, The focal distances of two points of a conic section in- 
clude a given angle : to iind the focal distance of the intersection 
of the tangents at these points. 

If 2a denote the given angle between the focal distances r, r', 
and the equation to the eonie section be 

- = 1 + ecos^, 

the square of the required distance is equal to 
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Section XIX. 
Polar Equation to the Gh&rdofa Conic Section, 
If the equation to the conic section be 
^=l + ccos^, 

the equation to the chord through points, the angular coor- 
dinates of wliich are a + /3 and a — 0, will he 

~ = sec^cos(^ — a) + ecoaft 

This very useful form of the equation to the chord of a conic 
section was inserted hj Mr. Frost in the GairAridge and Ihihlin 
Mathematical Journal^ vol. I. p, 68, 

1. F8P\ Q8Q\ are two focal chords of a conic section : to 
prove that a line through 8, bisecting the angle PSQ', will 
intersect the chord QP, produced indefinitely, in the directrix. 

The equation to the conic section being 

- = 1 + ecos6, 

that to the chord QP will be, a ~ ^, a + /3, being the angular 
coordinates of P, Q, respectively, 

- = 3ec/3.co8(5 - a) + ecos^ (1). 

But the angular coordinate of the line bisecting the angle 
PSQ' is equal to ^ + ^ a_^ ^ 



2 ' 

and therefore, at its point of intersection with (1), 

- = e cos 0, 
r 

a result which shews that the intersection lies in the dircctfix. 
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Coit. If we have given any tliree points in a conic section 
and tlie focua, we can easily construct tke directrix, two of its 
points being really determinable by the aid of this proposition. 
Chasles : Qergonw^ Annales de MatJi&matiques, torn. XVIII. p. 275. 

2. If a variable angle, circumscribed about a conic section, 
moves in sucb a manner as to intercept, between its aides, a 
portion of any fixed tangent subtending a constant angle at Hie 
focus, to find the equation to the chord joining the points of 
contact of the two sides of the variable angle. 

Let the equation to the fixed tangent be 

5 -.oosS + «,■(«-«) (I), 

and those to the sides of the variable angle, 

- = ecos^ + cos((9 - \) (2), 

^ = eco30 + cos(£l - /:*) (3). 

At the intersection of (1) and (2), 25 = a + X, and, at the 
intersection of (l) and {3}, 2^ = a + ^; hence, s denoting the 
constimt diiference in tlie values of 6 at the two intersections, 
2e = A - jj. (4). 

The equation to the chord through the points of contact of 
(2) and (3), the angular coordinates of which are \, ytt, will be 

- -sec ^ .cosl g — 1 +ecos^, 

and therefore, by (4), we have for the required equation to the 

chord, ^,cosE „ , („ X + /i\ 

^^ = ecosE cos^ + cos {^0 - -^j . 

COK. This result shews that tlie chord of contact is always 
a tangent to a confocal conic section which has the same 
directrix as the original one. 
Bobillier: Gertjonne, Annales de Mathematiqaen,t(m\.. X\ m. ]i. 190. 
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3. Two focal chords of a conic section are drawn and lines 
joinuig tkeir extremitiea are produced to meet in two points 
F, Q: io prove that, S being the focus, 8P is at right angles 
to;S^. 

Let SSF, E'SF\ bo the two focal chords, the angular coor- 
dinates of -E, E\ being a — /?, a + /3, mid, consequently, those 
of ^, ^, TT + a - /3, TT + a + /?. 

The equation to EJC' is 

- — sec(3.cos(^ — a) + ecos^, 
and to FF\ tt + a being substituted for a, 

- = - sec^coa(fl - a) H-ecos^. 

Hence, at P, tlic intersection of EE\ FE, 

cos(e-a) =0 (1), 

and therefore 6 = a + {'iX + l) ^tt, 

X being any integer, that is, the angular coordinate of Pis equal 
to half the sum of the angular coordinates of E, E\ or F, F", 
together with an odd multiple of ^ tt. 

By similarity of circumstances therefore, 0^ denoting the 
angular coordinate of Q, 

^, = i7r + K+ (3At + l)J)r = « + {^+ l)7r, 
/t being any integer. 

Hence ^^-f = 0-X.)7r + -^tt, 

which shews tliat 8P is at right angles to 8Q, 

4. A chord PQ of a conic section passes always through 

a given point C: supposing FS, QS, GS, to be joined, S being 

a focus of the curve, to prove that 

^ F8G ^ Q8G ^ . 

tan ——.tan -■■ - ■■- = a constant quantity. 

The angular coordinates of P, Q, being a — ,3, c/. + 0, the 
equation to FQ will be of the form 
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Let r^, 0^, be tlie coordinates of C: then 

^ = sec^.cos(^, -n) + ecoafl, (l). 

, . , PSC , Q80 , e, -a + ^^ a + ^-d. 
Agam, tan ■ — -— .tan -■ - ■ = tan .tan __— 

CO8(0, - a) - COSyS 



But, from (J), cos(^^ — a) = cos/3.1 ccos^J . 



ecos5 - 



Avliicli is a constant c[naiitity. 

Stubba: Annals of Fhilosophj^ for November, 1843, p. 341. 

5. To inscribe a triangle in a given conic section, so that its 
sides may pass respectively through three given points. 
Let the equation to the conic section be 



and let a,, o^, a,, be the angular coordinates of the summits of 
the mscribed triangle. The equation to the chord joining the 
fii^t two of these simimits is 



f fi cos ^ j c 



Let r,, ^3, be the cooi'dinates of the given point through which 
this chord passes: tlien, expanding the cosines and putting 
tan^a, = !(,, tan^o^ = m^, we have 

(L _ eeos^ V(l + M,M^) = C08^,.(l - m^mJ + 8ine,.(M. + mJi 

Of, (ij, 6„, representing known quantities, 

«.»,»,-», + », + *. (1)- 
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Similarly, by considering the two otber chords we liave 

«AS = w, + W3 + h^ (2), 

<«A«, = «. + ". + ^. (3).* 

From (1) and (3) we see that 



and therefore, from (2), 

». (», + y (». + \) - («.», - 1) (■•, + s.) + iv. - >) (», + y 

and consequently 

(«, -a,- a~ a^«,&J < -|- {2 + «, (6, + \) + &,(«,+ «,)- «,5,- .r,?.J «, 
-\ + \-\-\-\- a/)J>^ = 0. 

From this equation may be determined two values for m^, 
the corresponding values of u^ and u^ being tbea given byj(2) 
and (3} : thus «j, a^, Kj, are ascertained. The double value of 
w, shews that there are two triangles which will satisfy the 
conditions of the problem. 

The earliest solutions of this problem, in the particular case 
of the circle, are due to De Castillon and Lagrange, the former 
being geometrical and the latter trigonometrical. The following 
is Castillon's history of the problem. 

" Je vais parler d'lm ProblSme que je n'ai pas imaging, et 
que pourtant, dans sa g^neralit<!, je n'ai vu propose nulle part, 
Je dis dans sa gSn^aUt4, parce que Pappus dans la Propos. 117, 
Probl. 40 de sa Collection, en propose un des cas les plus faciles, 
et en donne une solution qui ne pent pas s'appUquer aux autres 
cas. Selon mes conjectures, quelque Amateur de la G^om^trie 
des Anciens g&i5ralisa le Problgme de Pappus, et, ne I'ayant 
r^solu qu' avec beaucoup de peine, ou, peutrltre, ne I'ayant 
point r^solu, il le proposa verbalement ^ quelqu' un qui 
couroit la mSrae carricre. Celui-ci suivit I'exemple de son 
Pr^d^cesseur ; et de main en main le Problgme est parvenu 

* Tte formuliE (i), (2), (3), coinoitie in fni'ni with tlioso obtained by 
Lagrange in the particular case of a circle. 
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jusqu' & moi. II semble que le petit nombre de G^om^tres qui 
le connoissoient, le gardoient pour embarrasser les autres dans 
lea occasions. Je ii'en sais de certain que ce qui me regarde: 
en voici I'histoire. 

"Feu Mr. Cramer, c41febre Professeur & Geneve, et digne 
Merabre exteme de cet illustre Corps, m'houoroit de son amiti^. 
II s'apperqut que j'aimois beaucoup la m^thode G^om^trique 
Acs Anciens, II en prit occasion en 1742 de me proposer le 
ProblSme en question, qu' il falloit r^soudre par I'ancienne 
Analyse. 'Dans ma jeunease, me dit-il, j'avois le gollt que 
Tous avez : un vieux G^om^tre, pour essayer mes forces eu ce 
genre, me proposa le Probl§me que je tous propose : tentez 
de le r^soudre; et vous verrez combien il est difficile.' 

" Je I'entrepris : je trouvai quelques Tb^orfemes, qui, &, ce que 
je croyois, m'approchoient du but, mais qui no purent ra'y faire 
atteiudre. Dans la suite de ce M^moire on en trouvera quel- 
ques-uns qui yiennent k propos. Peu de temps aprfes m' avoir 
parl^ de ce Probl&me, Mr. Cramer par aes exhortations m'en- 
gagea it donner les Opuscules de Newton ; et les soina que cette 
Edition demandoit, me firent tellement oublier le Problfeme dont 
il a'agit, que je n'y songeai plus. 

"On m'en fit souvenir en 1755. Un des amis que j'avois 
k la Haye, ^toit Mr. Bouquet, k qui je rendis justice dans le 
M^moire »ur le terme ffSnSral des sSrtes reairrentes, que je pria 
la Ubei-t4 de aoumettre au jugement de cette Compagnie, lorsqu' 
elle me fit I'bonneur de me mettre au nombre de ses Membrea 
extemes. Depuis j'ai eu le plaisir de voir la bonne opinion que 
j'avois de mon ami en quality d'homme de lettres, confirmee 
par I'illi^tre Franklin, et le cas que j'en fesois conune militaire, 
justifi^ par les filoges de toute I'Angleterre. 

" Mr. Bouquet m'&rivit done qu' un Anonyme avoit propose 
k.la Haye le ProblSme dont il s'agit, comme digne de I'attention 
des G^om^tres. Mr. Bouquet ajolita qu' il ne doutoit pas de 
mon courage k I'attaquer, et de mon bonheur a, m'en rendre 
mattre. Les lemons que je devois donner it Utrecht, me lals- 
soieut trfes-peu de temps. Pendant quelques semainea, je I'era- 
ployai k cette reohei-ebe; mais sans fniit, I/inutilit^ de mes 
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efforts me piqua sans me d^courager. Comme personne ne 
d^claroit publiquement avoir r^solu ce Problgme, je continuai 
k y traveller, mais seulement quand j'^tois de loisir. Je lis 
bieu des tentativea inutiles, je I'avoue. Enfin il me vint dans 
I'esprit qu' un Th^orgme de Pappus s' appliquoit naturellement 
k !a figure que j'avois constniite. Je tentai cette application; 
et j'aperqus d'abord qu'elle me doimoit la solution d^sir^e. 
C'est ainsi que j'y parviaa; mais si tard qu' on ne parloit plus 
ni de I'Anonyrae, ni de son ProblSme. Je mia done ma solution 
parmi mes papiers, oti je viens de la retrouver. J'ai cru que je 
ferois bien de la publier, pour ^pargner aux G^om^trea k venir 
la peine et la perte du temps que ce Problgme pourroit leur 
collter." 

De Castillon: M&moires de VAcad^mie des Sciences et Belles- 

Lettr-es, Berlin, 1776, p. 265, (geometrically for tbe circle). 
Lagrange: Ibid., p. 284, {trigonometrically for tJie circle). 
Euler: Acta Academue Sctentiarum PetropoUtance, 1780, pars 

prior, p. 91, [for tbe circle). 
Fuss: Ibid., pars prior, p. 97, [for the circle). 
■ Lexell: Jhid,, poo's posterior, 'p. 70, (construction of Lagrange's 
formula for the circle}. 
Oltajano* : Mimorie delta Bocieta Italiana, torn. iv. p. 4, 1788, 

{synthetically for any polygon inscribed in a circle). 
Malfetti : 3id., torn. IV. p. 201, (syntbetically for any polygon 

inscribed in a circle). 
Lbuilier: EUmens d'Analyse Q&omA^iqiie et d^Analyse Al- 
gebrigue, p. 277, &c., (geometrically, for a triangle, or any 
polygon inscribed in a circle). 
Gergonne: Annates de Math^aiiqiies, 1816, 1817, tom. VII. 

p. 325, (algebraically for tbe parabola). 
Carnot: G&omAtrie da position, p. 384, (algebraically, for the 
circle, by a method applicable to an inscribed polygon of 
any number of sides). 



" Oltiqaiio'B solutiot) was presented to tlie Societa Italiana wien he v 
about sixteen years of asje. 
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Lam^ : Examen de diff4rentes mithodes Smphyies pow r4soudre 
hs ^rohUmes de GS&mHrie^ p. 58, (algebraically, for any 
conic section). 

Puissant : Mecueil de dwerses propositions de GSomStrte, p. 125, 
{algebraically, for tlie circle, by a metbod applicable to any 
conic section), 

Hearn: Researches <m Curves of the Second Order, (alge- 
braicallyj for the circle). 

Gaskin; Solutions of Geometrical Frobtmis, p. 166, (alge- 
braically, for each of the conic aeclions). 

Salmon : Treatise on Conic Sections, p. 222. 

6. If the chord of a conic section, the eccentricity of which 
is e, subtends at its focus a constant angle 2a, to prove that 
it always touches a conic section, having the same focus, and 
of which the eccentricity is ecosa. 

Booth : Oambridge Mathematical Journal, vol. iti. p. 87, 

Ellis: /Sm?,, p, 94, 

Frost : Cawiridge and. Dublin MathematicalJowmal, vol. I. p. 69. 

7. Chords are drawn ia a conic section, so as to subtend 
a constant angle at the focus: to find the locus of the inter- 
section of each such chord with the perpendicular upon it drawn 
from the focus. 

The equation to the conic section being 

-= 1 + ecos^, 

that to the required locus will be 

c.(c — Sercos^) = (1 — e'co9^|S) .»■'', 
which is the equation to a circle, unless ecosff = I, when it 
becomes that of a straight line. 

8. If the angle between two focal distances be bisected by 
a third, which remains fixed in position, to prove that the chords 
joining the extremities of the two focal distances, as they change 
their position, always pass through a fixed point in the directrix. 

Frost: Gcm^ridge and Dublin Maiheinai{calJoumal,v<A.l:^.^^. 
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9. The ai^ular coordinatoa of the extremities of two chorda 
in a conic section being a + /9, a — ^, and d + ^', d — ^\ 
to find the locus of their intersection, having given that 

/3' = ;3, and a' ~ a — t, 
where e is a constant. 

The required locus will be a conic section defined by the 
equation ^ g 

-= secjS.cos- + ecaa0. 

Frost: GamhridgeandDulilinMaih&maUcalJournal^vol.i.^.lii. 

10. A chord being inscribed arbitrarily in a conic section, 
if, from one of its foci, be drawn radii vectores (1) and (2} to 
the two extremities of this chord, a radius vector (3) to the 
point where this chord outs the directrix belonging to this focus, 
a radius vector (4) to the summit of the circumscribed angle 
which touches the curve at the extremities of the inscribed 
chord, and two other radii vectores (6) and (6) to the points 
where the sides of this circumscribed angle cut this same 
directrix; then the radius vector (4) will bisect the angle be- 
tween the two radii vectores (1) and (2) ; the radius vector (3) 
will bisect the angle between the two radii vectores (6) and (6), 
and the two radii vectores (3} and (4) will be at right angles 
to each other. 

Bobillier; Gergonne^Annales de MaihSmattgues^iom.SNiii.'pA^i}. 



Section XX. 

Inscribed Polygons. 

1. If from any point in a conic section perpendiculars be 
drawn to the sides of a quadrilateral inscribed in it, to prove 
that the product of the perpendicidars on one pair of opposite 
sides is to the product of the perpendiculars on the other pair 
of sides in a constant ratio. 
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Let the equations to the four aides of the quadrilateral taken 
in order be m=o u =Q m=0 m=0 
the general type of the equation to a sti-aight line being taken 
in the form ^^^^^ + yska - S - 0. 

Then the equation to the conic section will be of the foi-m 

\«|M„ + 1^%^% = * 
\ and fi being constants. 

But M,Mj is equal to the product of the pei-peiidiculars from 
any point [x, y) in the curve upon tlie sides Wj = 0, m^ = : 
and WjWj to that of the pei-pendiculars on the other two sides. 

Hence the ratio of the two products is equal to a constant 
quantity — ^ . 

Sturm: Oergonne^ Annales de Mathhnatiques, torn. xvii. 
p. 179. 

2. If three sides of a quadrilateral, inscribed in a given 
conic section, pass always through three given points of a given 
straight line, to prove that the fourth side also will always pass 
through a given point of the same line. 

Let the given straight line be taken as the axis of y, and let 
the axis of 33 be a diameter conjugate to chords pai'allel to the 
given line. Then the equation to the conic section will be 

f = l + 7nx-V na^ (1). 

Let tJie equations to the four sides, taken in order, he 

J — ax ^- h^ y = dx + 5', */ = etc + /9, y = dx + ^. 

Then, p being a constant multiplier, the equation to the 
conic section must also be 
(y^a^-},)[y-a-»).e(y-di,.-h'){y-dx-fi)...Ci). 

* This expressiim for tte equation to a conic section oirciimscriMng a quad- 
tilater^ wbs given by BoUlliei' in tlie AmvAes de Mathbnatiipim of Gei'gonne. 
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Since (l) and (2) must be coincirlent, we have, by comparing 
the constant terms and the coefficients of )/, 
pi'fl -i/3-{l-p) I, 
and S + (3 = p (V + 11') ; 

whence, eliminating p, we have, 

l(h + -^~h' -^■) = b0{b' + ^') - h'0' {h + /3)....(3). 
Now, by the conditions of the problem, three of tlie quantities 
6, i\ /3, |(3', are known ; hence, by (3), the fourth is also deter- 
mined, and the theorem is established. 

O'Brien: Plana Coordinate Geomet/ry, p. 178. 

3. If two consecutive sides of a hexagon, inscribed in a conic 
section, are respectively parallel to the sides opposite to thenij 
the other two sides of the hexagon will also be parallel to each 
other. 

Lot the two sides ^, ^ of a hexagon ABCDEF, inscribed 
in a conic section, he parallel respectively to the two sides D, E. 
Then, If we take the sides A, B, as the axes of y, a;, respectively, 
the equations to A^ B, -D, E, will be respectively of the forms 
x = 0, 4/ = 0, a; + a = 0, 3( + 5 = 0. 

Let the equations to the sides (?, F, and to the diagonal 
trough the points [A, B), {D, E), be respectively 
M = 0, D = 0, w = 0. 

Then, since the conic section circumscribes each of the quad- 
rilaterals into which the diagonal divides the hexagon, the 
equation to the conic section must be indifferently of either 
of the following forms, 

uw^\y{x + a), 
vw ^ //.xiy + b); 
where X, fx^ are constants. 

Since these two equations must be identical, It follows that 
the ratio of the coefficients of a^ to that of i/' must be the same 
in both, and therefore in mw, vw ; hence the ratio of the coefficient 
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of X to that of y must he the same in u and v. This conclusion 
shews that G is parallel to F. 

Gergonne: Annales de Mathhnatiques, torn. iv. p. 79. 



A triangle i 



inacrihed in a conic section: to prove that 



the points, in which the sides of the triangle produced meet the 
tangents at the opposite angles, are in the same straight line. 
Let the equations to the sides of the inacrihed triangle be 

u = (1), V = (2), w = (3). 

The equation to the conic section will then he 

- + « + -. (4).« 



Now it is easily seen that the line denoted by 



..(5), 



is the tangent to (4) at the intersection of (2) and (3) ; for the 
equations (4) and (5) comhined are equivalent to (2) and (3) 
taken simultaneoualy. 

Again (l) and (5) evidently intersect in a line 

^ + - + - = 0. 

Symmetry shews that this must he a line in which all the 
three intersections, mentioned in the prohlem, take place. 
Camot : GSondtrie de Fosition, p. 453. 
Salmon : Treatise on Gonic Sections, p. 235. 

5. AA'B'B is a quadrilateral inacrihed in a conic section, the 
sides A' A, B'B, produced, intersecting in 0. If a straight line 
OPHH'P' be drawn through 0, cutting the conic section in 
P, P', and the quadrilateral in H, H' : to prove that 
1 1 _ J_ 1 

« BobiUier: Gergomie, Annales de Mammatiques, torn, sviii. p. 320, 
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Let OAA\ OBB\ be taken as axes of x, i/, I'espectively. 
Let OA = a, OA' = a', OB = ^, OB' = 0'. Tlieu, c boin 
any constant, the equation to the conic aection is 

The equation to AB is — h ^ =^ 1, 

and to A'S' % + g = i. 

Let the donation to OPIIITF be 

V = ^'«^- 
Then, as being ttie abscissa of H, 

11m 

s-; + ?- 

Similai'ly, as' being the abscissa of H\ 



At the points P and P' we have 

Hence, X, X', being the abscissae of P, P, 
1. Ill /I 



X^X'' 

X'^X'" 



Consequently 

But it is evident, from the geometry, that X, X', x, x\ are 
proportional to OP, OP, OH, OH' : hence 
J_ ^__ 1 1 

OP"'' OP'" 0//^ OH'- 
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6. The opposite sidea of any hexagon, iiiacribed in a conic 
section, interaeet in three points lying in a straight line. 

Let ABGDEFba a hexagon inscribed in a conic section, and 
let the equations to the alternate sides AB, CD, EF, be re- 
apectiTely, when multiplied by arbitrary constants, 

M = (1); V = (2); w = (3). 

The equation to the conic section may be expressed under 
the form 
u^ -\- v' ^- \o' -- {\ + 'K'')vio- (/i+ jw"^)jpw-(v4-v""']m)) = 0...(4); 

for this is an equation of the second order, involving five 
arbitrary constants, which depend upon the three quantitiea 
\ + A"', fi. + /i"', V + v"', and the two ratios between the three 
arbitrary constant factors included in u, v, w. 

To determine the points A and B, put m = : then 
v' + w" - {X + X""') vw = 0, 
whence v ~ Xw or w = \v; 

and, in like manner, by putting successively v — and w — 
in (4), we shall get the equations which determine the positions 
of the other angular points of the hexagon. ITie equations to 
the points A, B, C, B, F, F, arc respectively the following: 



= I 



..(C), 
•■('), 



,...(8), 
....(9), 
..(10). 
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Hence (8, 9), (10, 5), (6, 7), the equations to the lines DE, 
FA, BO, respectively, arc, by mere inspection, observed to be 

u = liw + vv (11), 

v= vu 4-Xw (12), 

w = Xv +/iM (13). 

Now eacli of tlie three pairs of equations (l, 11), (2, 12), 
(3, 13), evidently satisfies the equation 

1 + ^ + 7 = (14); 

and therefore the opposite sides of the hexagon ABCBEF in- 
tersect in three points in a straight line of which (14) is the 
equation. 

The demonstration here given of the property of the in- 
scribed hexagon, is due to Mr. Weddle, by whom it was com- 
municated to the Cambridge and Dublin Mathematical Journal, 
vol. III. p. 28.'i. 

This beautiful property was discovered by Pascal,* and 
formed the basis of a complete system of conic sections, written 
at the age of sixteen, which was never published and of which 
the manuscript was unfortunately lost. In this treatise he is said 
by Mersennef to have demonstrated all the propositions of the 
Conies of Apollonius, emanating in 400 corollaries fi-om this 
one fundamental theorem.^ This work having been sent to 
Descartes, he could not be prevailed upon to believe it to have 
been written by one so young, ascribing it either to Pascal's 
father or to his friend Desargues. The early genius however 
of Pascal, exhibited in other matters of hke nature, renders his 
title to these discoveries in no degree improbable. Leibnita,[| 
in allusion to Pascal, says, " Mr. Perier, son neveu, me donna 

* Essaispimr fes Conijues, (Envrea de Blaise Pascal, torn, iv, p, !. 

f Harnumie Universelie. 

J Pascal himself also {(Eia/rea, foni. it. p. 358), in presenting certain works 
Celebevrima Malkeseoa Academiie Pm-isUnsi, speaks of this one as " Conicorum 
opns corapletum, et conica Apollonii et alia iniiumera unicS fere propoaitione 
amplectens ; quod quidem nondiim aexdeeimum setatis annum assecufus 
esoc^itavi, et deinde in ordinem congessi." 

II Lcttres n M. M. Rcmond de Montmott, LHUe 2. Opera, torn. v. p, 12. 



y Google 



390 L1NE8 01' THE SECOND ORDER. 

UQ jour k lli-e et k ranger un excellent ouvrage de son oncle sur 
les coniques, et j'esp^rois qu' on le publieroit d'abord. On lui 
auroit conserve par-lil riioniieiir d'ori^nal, en des choses qui 
en valoient la peine." In a Lettre k M. P^rier, 1676, which may 
be seen in the (Euvres de Pascal, torn. V. p. 429, Leibnitz 
has given a slight sketch of the general scheme of this lost 
treatise: he says that Pascal called Ms inscribed hexagon the 
mysUc heaxigraim. Desarguea says that in his time it was called 
" the Pascal." A great many demonstrations of the property 
of the mystic hexagram have been given by Tarious mathe- 
maticians, both geometrically and analytically. Pascal himself, 
in his Essais jiour les Coniques, has merely enunciated the 
property in a converse form. The following is a list of some 
of the demonstrations. 

Camot : GiomStrie de Position, p. 462. 

Grergonne: Annales de MatJi4matiqiies, torn. iv. p. 379; 
1813, 1814. 

Dandelin : Gergonne, Annales de MoiMnatiques, tom. xv. p. 396. 

Lubbock: Annals of Philosophy, October, 1829. 

Davies: Annals of Philosophy, July, 1842, p. 37. 

Eutherford : Ibid., March, 1843, p. 168. 

Various Mathematicians : Lady''s and Genthman's Diary, 1843. 

Kirkman : Ibid., 1849. 

Cayley : One solution (from Chasles), Gamhridge Mathematical 
Jowmal, Old Series, vol. iii. p. 211 ; another in vol. iv, p. 18. 

Kutherford: Davies' Button, vol. II. pp. 313-313. 

Fenwick : Mathematician, vol. i. p. 132. 

Weddle : Ibid., vol. n. p. 15. 

Salmon: Treatise on Gonw Sections, p. 212, 1st edition. 

G-aakin : Geometrical Problems, p. 244. 

7. AD, SO, are the diagonals of a quadrilateral inscribed 
in a conic section : from A, 0, are drawn lines AF, OF, to any 
pomt F in the arc BD, and, from B, D, arc drawn lines BE, 
DE, to any point E ui the arc A C, meeting AF, CF, respec- 
tively in G, H. To prove that the line GH will pass through 
tlie intersection of AD, BG. 

Davies: Phihsophical Ma,gnzine, 1842, vol. XXI. p. 37. 
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8. Let P^, P^, Pj, $j, Q,^, Q^, be six points lying in a conic 
section; let the areas of tlie triangles P^Q^Q^^, P^Q^Q^, -^i^i^ai 
be denoted by A^^ S^, G,, and the areas of tbe triangles, formed 
by putting P^, P^, succesaiyely in the place of P„ be denoted by 
A^, B.^, C^, J.J, B^, (7j, respectively : then will 

J_ /_L l^N J_ ^ 1 3_\ X ( ^ _ .J_'\=o 

3; [bU, ~ B^J "*" A ^^1 ~ ^J "^ A vA^^ ^A' ' 

9. Let ABGD be a qnatlrilateral : and let a conic section 
be described about it and tangents be drawn at A^ J5, C, 2), 
forming aiiotlier quadrilateral. Let the opposite sides of one 
quadrilatei'al intereect in P, §, and of the other in E, F. To 
prove that P, E, Q, F, are in tbe same straight line. 

Camot : GSom4trie de Position^ p. 453. 

G. W. H., and A. C: Cambr^e and Dublin Mathenmtkal 
Journal, vol. II. p. 338. 

10. If, in the perimeter of any conic section, be taken any 
six points A, B, C, D, E, F, and the straigbt lines AB^ AF, be 
produced to meet the straight luies _D C, BE, produced, in M, N, 
respectively : to prove that the three straight lines MN, BE, FC, 
all pass through a single point. 

Carnot: GSomSirie de Position, p. 452. 

11. Two conic sections being circumscribed about any given 
quadrilateral; if, through the exti-emitit* of one and the same 
side of this quadrilateral, be drawn two arbitrary secants; the 
chords in these curves which terminate in the points in which 
they are respectively intersected by tliese secants, will, if pro- 
duced indefinitely, cut each other in some point on the dii-ection 
of the opposite side of the quadrilateral. 

Numerous very interesting consequences have been deduced 
by Plucker from tine theorem and an analogous one respecting 
any circumscribed quadrilateral. 

Plucker : Gergonm, Annahs de, Math&matiqv^Sy torn. XVII, p. 39, 
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12. If three ades of a variable quadrilateral inscribed in a 
conic section are always parallel to three given straight Imes, 
to prove that the fourth side will also be parallel to a given 
line. 

O'Brien: Plane Coordinate Geometry, p. 178. 

13. Having given any convex quadrilateral; 1st, we may 
always ciromnscribc about it an infinite number of ellipses, but 
only two parabolas; 2nd, the locus of the centres of all these 
ellipses is an hyperbola, the asymptotes of which are respectively 
parallel to the axes of the two parabolas ; 3rd, the conjugates of 
the diameters of these ellipses, which are parallel to any fixed 
line, meet aU in a single fixed point of the hyperbolic locus of 
the centres ; 4th, the conjugates of the diameters of these elhpsea 
parallel to one of the two asymptotes of the hyperbolic locus 
of the centres, are parallel to the other asymptote of this hy- 
perbola; 5th, of all these ellipses, the one which approaches 
nearest to a circle is that of which the conjugate diameters, 
parallel to the asymptotes of the hyperbola, are at the s^ne 
time equal conjugate diameters. 

Gergonne : Annales de MathSmatiques, tom, XVIII. p. 100. 



Section XXI. 
Circumsoribed Polygons. 
1. If any quadrilateral be circumscribed about a conic section, 
the point of intersection of the two straight lines which join the 
points in which the conic section is touched by opposite sides 
of the quadrilateral, wlU coincide with the point of intersection 
of its two diagonals. 

Let the equations to three sides of the quadrilateral taken 
In order be « = o, u = 0, mj = 0. 

Then the equation to the conic section will be 
(;«)! + (mw)i + (ww)* = 0.* 

■* This equation to a conic aeotion inscribed in a triangle is eubstantiallj- 
tlie same as that given by Bobillier in GBrgoime's Amuses de MathMitatiq^ies, 
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The equation to any other tangent of tlio conic section, which 
■we will taJte for the fourth side of the quadrilateral, will bo 

Xu + [j,v + vw — 0, 
\, fj., V, being connected with I, m, n, by the equation 

i + ^ + ^o <')• 

The equations to the points in which the lines m = 0, w = 0, 
touch the conic section, are, respectively, 

{"-"lanal"-"!. 

[mv = tiwj (mv = lu) 

Hence tlie eqnation to the line, which joins the points of 
contact of two opposite sides of the quadrilateral, is 

mv = lu + nw (2). 

Again, the equations to the two diagonals are 

p,v+ j/M> = (3), 

and Xu + /iv = (4). 

Eliminating w, «, sw, between the equations (2), (3), (4), we 
obtain the equation (1} : the two diagonals therefore Intersect 
in the line which joins two opposite pomts of contact. The 
quadrilateral being of a perfectly general form, it follows that 
the interaection of the two diagonalfi must take place also in the 
line joining the other two opposite points of contact. The four 
lines therefore intersect in a single point. 
Carnot : GfSomSlrie de. Position, p. 454. 
Pesehier, Eoehat, Ferriot, Fomier: Gergonne, Annales de 

MatMmatigues, torn. III. p. 16L 
Hearn: Researches on Curves oftlie Second Ord^r^ p. 52. 

2. The sides of a triangle ABC are tangents to a given 
conic section, CA touching it in P, GB in Q, and AB in R. 
CA, CB, are fixed in position, AB being variable. To prove 
that the ratio j^p ^q 

AM' BK 
is a constant quantity. 
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Let CP, CQ^ produced indefinitely, be taken as axes of 
coordinates, and let the equation to ARB in 
any position be 

Then, I and m being arbitrary constants, 
the equation to the conic section will be 



Putting )/ = in the equation to tlie conic section, we see 
tliat, at tlie point P, 

Ix — UX ^ G^ X = - — — . 

But, at j1, putting ?/ = in the equation to AB^ we have 



Again, at K, we have mi = 0, 

Ix — my, 



and therefore 



Hence, for the length AB, we have, ai denoting the angle xCy, 

'A 

Similarly 



{L — a] 



{m - l]' 

Hence (' " "f- (S)" = <•» - *)' (l)' 

But, the conic section being given, the ratio of the coefficients 

of X and y in its equation must be invariable for all positions 

of R : hence I — a 

J — a constant quantity. 

Consequently -j-^ ; -nw = ^ constant quantity. 
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Cor. This proposition is an obvious deduction from the 
theorem tliat the products of tlie alternate segments of the 
sides of a polygon circumscribing a conic section are equal. 

3. If any hexagon be circumscribed about a conic section, 
the three diagonals which join its opposite angles will all pass 
through a single point. 

Let the equations to three alternate sides of the hexagon be 

« = (1), D-O (3), » = (5). 

Then the equation to the conic section will be 
{lu)i + [mvf + {nw)i = 0, 
I, m, m, being arbitrary constants. 

The equations to the three other alternate sides will be 

\u + /iv + yw =0 (2), 

X'u + fi'v + v'w =0 ..(4), 

X"u + /*"« + i'"w = (6), 

where the coefficients of u, t), w, are subject to the relations 
I m n ^ 



r^V + ? = « (^)- 

T!ie equations to the diagonals 

1(1, 3). (*, 5)), 1(2, 3), (5, 6)1, 1(3,4), (6,1 )j, 
will, as is evident by inspection, be respectively 

^ +-T' +^ -% 

fiV VK A/i 

At + -^ + 4^ = *>, 
\ft jJ, V VA. 

v"\' X'fi" n"v' 
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K between these three equations we eliminate w, v, w, by 
cross multiplication, wo ahall obtain an equation coincident with 

1 / 1 l^N _1_/J^ 1_N _1_/J^ L'l-o- 

X \fi.'v" v'fi.") X' \iJ."y y'lJ.) K" \fiv' /j,'vj 
this equation however results from the elimination of /, m, n, 
between the equations (7), (8), (9). Hence the three diagonals 
must all pass through a single point. 

"M. Brianchon, ^Ifevc, m' a romis I'analyso d'mi m^moire 
dans lequel il prouve par la g^omiStrie seule, plusieurs propri^tes 
dea courhes et des siu^aces dii second degr^, dont quelqnes-uns 
lui appartienneiit. Ce m^moire est destin^ po^r le Journal de 
I'Ecole: j'en extrais la proposition suivante: 'si toua les c6tfe8 
d'un hexagone qnelconque touchent une mSme courbe du second 
degr^, lea trois diagonalea, prolong^es s'il le faut, se croisent 
en un mSme point.'" Hachette; CorrespoTidance sur VEcole 
Polytechmqtie, torn. 1. p. 151. 

Briajichon: Jow^al de VEcoh PolyUcJinique, torn. iv. 

" CorrespondaTioe sm- VEcoh Poli/tecknique, lorn, I. 

p. 307 ; torn. 11. p. 383. 
Camot : Essai sur la Thiorie des Tranav&raahs. 
Gergonne : Annates de MalMmatiguea^ torn. iv. p. 383, 
Daudelin: Gergonne, AnnaIesdeMath4matiques, torn. xv.]t.d^G. 
Daviea: Antutls of Phihsophy^ November^ 1826. 
Lubbock : Ibid.^ Oetoh&r, 1829. 
Fenwick: Ihid.^ Marcli^ 1843, p. 167. 
Frcffit: CaTiAridge Mathematical Journal^ vol. iv. p. 277. 
The student is referred also to a memoir by Coste in the 
Annales de Mathimatiques, torn. s. p. 261, where he will find 
numerous properties of the parabola deduced from Pascal's and 
Brianchon's general theorems concerning the inscribed and cir- 
cumscribed hexagons of a conic section. 

4. If ^SC be a triangle circumscribed about a conie section, 
a, ^, 7, being the points in which the sides BC, CA, AB, touch 
it, to prove that Aa^ B^, Cy, all pass through a single point. 

BobiUier: Gergonne, Annales de Math^atiques,tom.xyui.^.S2^, 

Salmon ; Treatise on Conic Sections, p. 236. 
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5. Two triangles being the one inscribed and the other cir- 
cumscribed in relation to a conic section, so that the siunniits of 
the inscribed triangle are the points of contact of the circum- 
scribed ; the points of concourse of the sides of the inscribed 
triangle with the respectively opposite sides of the circumBcribed, 
lie all three in a single straight line. 

BobUlier: G-srgOn-m^Armales de MathSmattques, torn, xviii. p. 323. 
Salmon : Treatise on Conic Sections, p. 335. 

6. Two conic sections being inscribed in the same quadri- 
lateral ; if, in the two sides of one of the smnmits of this quadri- 
lateral, be taken arbitrarilj- two points through each of which 
we draw tangents to the two curves; the point of concourse 
of the pair of tangents to one of the curves, that of the pair 
of tangents to the other curve, and the opposite summit of the 
quadrilateral, will all three lie in a straight line. 

Piueker : Gergonne, Annates de MatkSmatiques, tom. XVII. p. 39. 

7. If a conic section be circiunsoribed by a triangle A£0, 
and lines AA'a, BB'^, CO'j, be drawn from the summits 
A, £, G, to the points of contact a, ,8, 7, of the opposite sides, 
meeting the conic section in three points A', £', G' : to prove 
that tangents drawn to the curve at the points A\ B\ C, will 
intersect each other, two and two, in tlie lines Aa, Bfi, Gy. 
Also, to prove that the intersections of the tangents at A\ B\ C", 
respectively, with the sides BG, GA, AB, of the circumscribed 
triangle, wiU all lie in a single straight line. 

Leyboum : Mathematical B^ository, New Series, vol. 11. p. 153. 

8. To find the equation to a conic section inscribed in a 
triangle so as to touch the three sides at their middle points. 

Taking [x^ ~ ^^y — (j/a — y^^- ^^y, + "^1^2 — Oj *8 tli6 
general type of the equation to a straight line, then, the 
equations to the sides being 

M = 0, w = 0, «! = 0, 
we shall have for tiie equation to the required conic section 
m1 + t)* + w' = 0. 
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Section XSII. 
Prohlems relaHng to several Curves. 

1. If there be, in one plane, any two lines of the second 
order, such that the principal diameters of the one coincide with 
the tangent and normal at any given point of the other ; die 
line which joins the points, in which any two conjugate diameters 
of the one intersect tlie other, will pass through an invariable 
point of the given normal. 

Taking the tangent and normal at the given point as axes 
of X and y, we shall have for the equation to the one conic 
section V' w" 

?+!==' w- 

and, for the equation to the other, 

ax^ + iy^ + 2ca:^ + 2/^ = (2). 

The equations to any two conjugate diameters of (1) will be 
y = mx^ y = ~ - — - a;, 
and the equation to both will be 



whence ^ = ^,f-^ [m~w)^ '^^' 

Substitnting in (2) the expression for x'^, given by (3), we 
have, dividing by y, 

(~-^ + 2«)«:+(^ + »)» + 2/=0 (*), 

which will be the equation to the line joining the points in 
which the conic section (2) is cut by the two conjugate di- 
ametere of (1). 

Putting x^'Om (4), we sec that 

y ad' + hfS' ' 

which det«nnines a constant point in the normal through which 
all such lines pass. 
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CoE. By the tlieoiy of poles and polara, it hence follows that 
the pairs of tangents, at the extremities of all lines the equa- 
tions of which are of the form (4), all intersect in a single 
straight lino. 

Fr^gier : Gfm-gonne, AnnaUs de MathSmatiques, torn. vi. p. 321. 

2. If two conic sections (A) and {B) are so pla««d that the 
centre of (B) lies in the pemneter of {A) ; all the chords of {A), 
which terminate at its intersections with the prolongations of 
two conjugate diameters of (5), will intei-sect each other in 
a single point, situated in the conjugate to that diameter of [B) 
which is a tangent to [A], 

Let the tangent to {A), at the centre of (B), be taken as the 
axis of X, and the diameter of (B), which is conjugate to this 
tangent, as that of y. 

Then the equation to [A) will be of the form 

a^ -i-bf + 2c3^+/y = (1). 

Also the equations to any two conjugate diameters of [B] will bo 

where mm' is equal to some constant quantity k. 

The equation to hoth these conjugate diameters wiU be 
{y - mx) {y - m'x) = f -[m. + m')x}/ + mm'ai' 

— 1/^ — [m + m')xi/ + kx^ = (2). 

At the intersections of (l) and (2), we have, eliminating x\ 
(M - a)y + [2kc + («! + m') a]x + kf= 0, 

which is the equation to the chord of [A) joining its intersections 
with tlie two conjugate diameters of B. 
Putting a; = 0, we see that 

y~ a-hV 
a result which, being free from m and «*', establishes the pro- 
position. 
Fr^gier : G-ergonne, Annales de Matkimatiq-ues, torn. vii. p. 95. 
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3. The equations to two conic sections being 
Ax' + 20x1/ -i- Sf + 2A'x = 0, 
«3^ + 2cx^ + hy" + 2ax = ; 
to find the condition that the lines joining the origin with their 
points of intersection may be perpendicular to each other. 

Multiplying the former equation by a\ and the latter by A', 
and subtracting, we get 

(Aa' - A'a) x' + 2 {Ca' - A'c) xy + {Bd - A'b) f = 0, 
the equation to the two joining lines. 

The product of the tangents of their inclinations to the axis 
of X will be equal to 

Aa — A' a 



Ba' - A'h ■ 
but, if the two lines be at right angles to each other, their 
product must be equal to — 1. Hence, for the required con- 
dition, we have ^„' - A'a = - Baf + A'b, 

A + B ^A' 
'^^ a + b a" 

4, If in the plane of a conic section U, we describe any two 
circles A, A', and two conic sections B, B', of which the former 
passes through the four points of intersection (real or imaginary) 
of tho former circle and the conic section U, and the latter 
through the four points of intersection of the latter circle and 
of tho conic section IT; to prove that 

(l), the two conic sections B, B\ cut each other in four 
points which lie in a circle; and, (2), that this circle ptoses 
through the points of intersection of tlie two proposed circles. 

Let Z7's equation be m = 0, 

A's a = 0, 

A"s a' = 0. 

Then, X ajid \' being any constant multipliers, 

B's equation will be Xm + a =0, 

5"s X'u + a' -=0. 
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At tlie intei-sections of B and B' wc have 

Va-Xa' = (1), 

which, is of the form of the equation to a circle : the four inter- 
sections of 5, B', therefore lie in a circle. 

Again, since the equation (1) is satisfied by all values of x 
and y which satisfy jI's and j1"s equations simultaneously, we 
see that the circle (1) passes through all the intersections of 
A and A'. 

5. To prove that two common chords, real or imaginary, 
of two eonfocal conic sections, pa^ through the intersection 
of the directoi^. 

Any two such conic sections may be represented by the 
equations „ 

- = l + e cos(^ + a) (1), 

- = H-e'cos(^ + a) (2). 

Now, the coordinates of any point in (1) being (/, ^), those 
of a coincident point in (2) must be 

{r, 2«'7r + e] or {- r, [in + 1) tt + Q], 
n being any integer. 

llcnce, where (1) and (2) intersect, we have, either 

-~ '^ ' = <>,(ios{d + a) - 6'cos(2re7r+ 6 + a'), 
or ^-i-^ = ec08(^ + a) - e'co3(2w7r + iv + 6 + a). 

Thus eveiy point of intersection lies in one of the two chords 

-^—- = e cos (^ + a) ± e! cos(5 + a'), 

both of which pass through the intersection of the directors, the 
equations to which are 
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This proposition may be proved also in the following u 

Let the equation to the director of one of the conic sections, 
tlio focus being the origin, be 

Joi 4- my = S, 
^j m, being its direction-co sines. 

Then, e denotmg the eccentricity, the equation to the curve 
will be 3^ + y^ = e^ (1^. + my - Zf. 

In like manner, the equation to the other conic section 
will be of the form 

x^ + if = e'" {I'x + rrty — 8')". 
At the intersection of the two curves 

e (£c + fihy — 8) = + e' (fa; + m's/ — 8'), 
which is therefore the equation to two chords of intersection. 
The form of the equation shews that both chords pass through 
the intersection of the directors, 

6. A conic section is cut in four points by a circle, and two 
straight lines, each passing through two of the points of inter- 
section, are taken as axes of coordinates : to prove that the 
equation to the conic section will be of the form 

i^ + 2ac^ + / + 2«'a; + Wy + c' = 0. 

7. If any number of circles be described so as to touch a 
given ciuTC of the second order in one given point: to prove 
that they will each of them generally cut it in two others ; and 
that, if a chord be drawn through the two points of section for 
each circle, such chords will be all parallel to one another. 

8. If two conic sections meet each other in more than four 
points, to prove that they will coincide. 

De la Hire : Sectiones ConictB, lib. ii. prop. 32. 

9. If a parabola, represented by the equation y^ = Ix, is 
intersected in four points by any conic section : to prove that, 
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Vi'i Vii Vai Vti Is^iug ttie ordinates of the intersections, 
^1 + y^ + ^s + 2^1 = 0. 
De la Hire: Smtioms Conicce, lib. v. prop. 31. 

10. To prove tliat two conic sections of the -same species, 
the axes of which are proportional in magnitude and parallel in 
direction, cannot have more than two points in common. 

Lam4 ; Examen des diffSrentes methodes employees fow visovdre 
■s de GfeomStrte, p. 39, 



Section XXIII. 
? of Conic Sections, Common Chords. 

If ^ = be the eqnation to a conic section, that to any other 
conic section cfutting it at the ends, real or imaginary, of two 
chords w = 0, v = (X, will be 

8 = kiiii, 
h being an arbitrary constant. 

Salmon: Treatise an Conic Sections, p. 199. 

1. To find the diameter of a circle described about a semi- 
ellipse bounded by its axis minor. 
Let the equation to the ellipse be 



The equations to the common chord and common t 
the latter of which is merely a degenerate case of a chord, are 



hence the equation to the circle is included in the equation 
T + ^-l.fa!(a!-a). 
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Since &\s is the equation to a circle, tlie coefficicnta of x^ and 
y' must be the same : hence 

*"«■*■' 
and therefore the equation becomes 

x'+y' = F + ^--— X, 
the diameter of tlic circle being therefore equal to 

2. If any number of conic sections have four points in 
common : in whatever direction parallel diametera be drawn in 
them, tlie conjugate diameters will all meet in a single point. 

Any one of the system of conic sections may be represented 
by the equation g ^ ^„^ 

where k is an arbitrary constant, varying as we pass from one 
of the curves to another ; where 

8=ax' -V hf + 2c3^ + 2a'x + 2b'!/ + c, 

u- ax + fiy + 7, 
and V — a'x + ^'y + y ; 

u — Q, and v = 0, denoting the equations to two common chords 
of all tlie curves. 

Now, if the equation to a conic section be written in the form 

AaJ' + Sf + 'iCay + ^A'x + 25> + 0' = 0, 
the equation to a diameter, conjugate to one which is parallel to 
a cliord y = mx, will be 

Ax+Gy + A' + m [By +Cx + B') = 0: 
hence, in the present case, if we put for A, B, C, A', 5', their 
values, the conjugate diameter will have an equation of the form 

where U, V, are linear functions of x and i/, not involving h. 

This diameter evidently passes through a point defined by 
the equations U = (i, F= 0. 
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Since these equations are independent of k, this point is 
invariable in position for every Buch conjugate diameter. 

Lam^t M^cdresderAcad&nwd^s Sciences deParis^ Dec. 1816. 
" €rerffottm, Annales de Math&maUgnes^ torn, VIl. p. 233. 

3. If a circle cut a conic section, to prove that the chorda 
joining the points of Intersection are equally inclined to the axis 
of the conic section. 

Leslie : Geometrical Analysis, p. 302. 

4. If two conic sections, the axes of which are parallel, 
intersect one another in foiir points, to prove that the sides 
AB, CD, and also the sides BG, DA, of a quadrilateral 
ABCDj formed by any four common chords AB, BO, CD, 
DA, are equally inclined to either axis. 

ElUot; Lady's and G&n.tl&m.a'iCs Diary, 1851. 



Section XXIV. 
Douhle Contact. 
If two conic sections touch each other at two points, they are 
said to have double contact with each other. 

Let IS = be the equation to a conic section, and let another 
conic section touch It at the extremities, real or imaginary, of 
a chord w = : then tlie equation to the other conic section 
will be y ^ ^y^^ 

k being an arbitrary constant. 

Salmon : Treatise on Conic Sections, p. 200. 

\. To find the equation to an ellipse having double contact 
with an hyperbola represented by the equation 

xy ~ <?, 
the asymptotes of the hyperbola coinciding- with conjugate 
diameters of the ellipse. 
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Let the equation to the chord of contact he 



then the equation to the ellipse will be 



Since this ellipse is referred to conjugate diameters, we must have 



The equation (l) therefore hecomea 

— ^ a!* + "Y y = c', 
or, a, b, being the conjugate seim-diameters, 

a and h being, by virtue of the third of the equations (2), con- 
nected together by the relation 

u'h^ = icK 

2. To find the equation to a, circle inscribed in a semi-ellipse 
bounded by its minor axis. 

Let tlie equation to the ellipse be 

The equation to the chord of contact, as is evident from 
symmetry, will be of the form 
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hence the equation to the circle will be included in tlie equation 
-1 =k{x-- cy. 



J-. 



Since the circle touches the axis of y, we must have 
\a' If I 

[^ + 1 W + |j / = 2C3T. 

The curve being a circle, the coefficients of x^ and y' must 
be equal : hence ^^^^ 

and therefore the equation to the required circle is 
X' + y" = — (o" — yj'.x. 



Section XXV. 
Cffiiical Loci. 
1, To determine the locus of a point, the algebraical sum of 
the distances of which from two given straight lines and from 
a given point, shall be constant. 

Let the equations to the two given lines be 
X cose + y sine —8=0, 
X cose' + y sine' -~ B' = 0; 
and (a, 5) the coordinates of the given point. 

Then, by the condition of the problem, the equation to the 
required locus will be, h denoting a constant, 
a;(cos£+cos£'} + ^(3inE4- sine') — S—S'4-[(ai~ <()''+ (y— ^)^j' = i; 

or, writing c for fe + S + 8', a for — — , and ^ for ■ — ^— , 

aiceoaa cos^ + 2ff cosct sin^ + [{x - «)' + [y - by]i = c. 
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and therefore, clearing tlie equation of the radical sign, 

{x — aY + {i/ — 5)" = 4 cos*a eos^yS.a;* + Secy coa^a sin^ coS;S 
+ 4ycos°aain^/3 
— 4c (iccoaa 008,6 4- ycosaBiiijS) + c", 
x' (4 (Ms'a cos" ,3 - 1) + Sx^ ms'a sin^cos^ + ^ (* coe'a sin'^^— 1) 
+ 2x{a — Sccosa cos/3) + 2y (6 — 2c cosa sin^) = a" + 6' - c". 
The curve wi]l therefore be an ellipse, a parabola, or an 
hyperbola, respectively, accordingly as 
64 cos'a sin'^ cos^^ ^^{^ *^os'a cos"y3 - 1) (4 cos^a sin^/3 - 1), 
= 1-4 cos^a, 



Lhuilier : Qergonne, Annal.es dn Math^matiques, torn. II. p. 173. 

2. To find the locus of the pole of a given circle, the correspond- 
ing polar of which is always a tangent to another given circle. 

Let the radius of the circle, to which the polar is a tangent, 
be r : then, the centre of this circle being the origin, the equation 
to the polar will be ^cos^ + ^sinfl = r (l). 

Let the corresponding pole be at the point h, h ; then, «, 5, 
being tiie coordinates of the centre and e the radius of the other 
circle, the equation to the polar will be 

x(h-a) + y{k~h)=^ -a' -V ^ha-^- U....{2). 
Bince (l) and (2) must be coincident, we have 

-^ ifi-a)^ c' -a'-b^ + ha + 7eh^-£^{k- h), 

and therefore 

[c'-a'-y + hi + Icbf = r' {{h - ay +{k- hf], 
which Is the equation to the locus of (h, k). This locus is an 
ellipse, parabola, or hyperbola, accordingly as r is greater 
than, equal to, or lees tlian {a" + F)^, the distance between the 
centres of the two circles. 

L' Hospital: TrailS Analytique des Sections Ooniques, p. 273. 
Puissant: Becueil de dimrses proposifwm de Gecmi4trie, p. 219, 
troisihnf. idition. 
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3. If a etrJMght line J)GP be matle to revolve about 0, and 
intersect a ciu-ve in as many points P, P^, P^,...... as it has 

dimensions, and if -r^yr^ be made always ef[iial to 

1 1 I 

GP'^ cf;'~^ cpy ' 

to find the locus of tlie point D. 

Let the equation to the intersected curve be 

\ -\- ax + hy + a'a? + S'y + c'xy + = 0. 

Put X = rcosfi, y = j-sinfl: then 

l+)-(acos^ + Ssin^)+7-^(«'cos^^ + 5'sin^^ + c'sin^coa^)+...= 0. 

Hence, by the theory of equations, 

ui> + m^+mj+ .(.co=9 + s.ker 

— 2 [a cos'^ + h' sin^ & + c' sin 9 cos &]. 

Consequently, putting CD = p, we obtain 

^ = (a' - 2a') cos'5 + 2 {ab - c') sin0 cos^ + [W - 26') sin°^, 

which is the polar equation to a conic section of which C is the 
centre. 

4. To find tlie locus of the summit of an angle of given 
magnitude, circumscribed on a parabola. 

Let s be the given angle; then, the equations to its two 
sides being o™ 

^ — = cos^ + cos(5- a) (1), 

— = cos5 + cos(^ - a') (2), 

we shall have also a' — a = 2e (3), 

At the intersection of (l) and (2), there is 

cos(^ — a) = cos(d' — a'), 
and therefore ^ = J(a + a) (4). 
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Again, adding (1) and (2), we get 

4m . / „ a + a'\ a' 
— = 2 cos 6* + 2 cos ( f — 1 cos — 

lience, from (3) and (4), we get 

2m ^ , 

— = eosp + cose, 



coae + cos5 ' 
the equation to the locua of the summit of the angle, which is 
therefore a conic section eonfocal with the parabola. 

L'Hospital ; Fraite Analytigue des Sections Conigues, Iiv. VIII. 

5. The distance of a point P from the circumference of a 
circle is to its distance from a fixed diameter as m to 1 : to find 
the locus of P. 

The fixed diameter being taken as the axis of s/, and a 
perpendicular diameter as that of x, the locus will be defined 
by the equation -j? -^ y' = [nx -Y a)\ 

where a denotes the radius of the circle. 

6. From a point JW in a given straight line AB^ a perpen- 
dicular MP is erected, such that 

MP" QC AM.MB; 
to find the equation to the locus of P. 

Let ^5 = 2a, -MP =3/, and, G bemg the middle point of ^.S, 
let 0M= X. The locus will be a conic section defined by the 
elation / = +\ (^ - a^), 

X being a constant quantity. 
Pappus : Mathematic<e GoUectiones h Govvmandmo, lib. vii. p. 298. 

7. QA is a given angle, a given point : P is a point 
SRch that, PO being joined, and PQ drawn parallel to OA, 

PO : PQ :: ra : n. 
To find the locus of P. 
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Let PM be drawn parallel to QA^ cutting OA in M. Let 
OA^a, OM=x, PM=y, lQAO=(o. / 

Then the locus of P will he a conic o / P 

section defined by the equation / /\ 

x' [i^ — ir?) + 'n'y' — "i-r^xy cos w / / \ 

+ 2m^ax = mW. -A- MO 

Newton : Aritk^mefica Universalis, prob. 24. 

8. To determine the locus of the poles of a given straight 
line with respect to a series of circles touching two given 
straight lines. 

Let the two given tangents be taken as axes of coordinates, 
and let the equation to the given polar be 



Then, o> denoting the angle between the axes of coordinates, 
the equation to the required locus will be 
[ax - ^y + [ay - ^x) ms<^f 

= (a-/3).[(a^+^){«-yS3,+(Hj,-/33.)cos«} + «^(a.-*/){l-cos«)]. 
Poncelet : Gffrgonne, Annates de MatMmatiques^ tom.Xll. p. 234 

9. Three straight lines revolve about three given points not 
in the same straight line, and intersect one another in three 
points ; if the loci of two of these intellections be given straight 
lines, to find the locus of the third. 

Let 0, A, B, be the three points. Let OA, OB, produced 
indefinitely, be taken as axes of x, y, respectively. Let OA—a, 
OB = h. 

Let the lines through A, 0, intersect in the given Ime 
y = ax + ^, 
and those through B, 0, in the given line 

y^^oJx + ^'i 
then the locus of the intersection of the lines through A, B, will 
be a conic section defined by the equation 

{/; - ^').(aa + ^]xy^ \ay +&{x- a)].{a'bx - ^' {y - b)]. 
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10. Through two given points (7, D, is drawn a straight 
line DGE, cutting a given straight 
line BA, pro(5uced indefinitely, in 
E. Two points F, G, are taken in 
EA such that 

AF.B& = c% J 

being a constant length. OF, DG^ are joined, 
locus of P, their point of intersection. 

Taking EAB, EGD^ produced indefinitely as 
respectively, and putting CE = k, DE = &', EA - 
we shall have for the equation to the required locus 

Lcybourn: MafJi&matical Se^ository, N&vj Series, vol. I. p. lOG. 

11. The sides BO, GA, AB, of a triangle pass always 
through three given points (A, k), [A', k'), [h", k") ; and the 
angular points A, B, move along two given right Hnea Ox, Oy^ 
respectively: to find the locus of G. 

The lines Oar, Oy, being taken as axes of coordinates, the 
required locus will be a conic section defined by the equation 



lex — Jiy hy — kx 

O'Brien: Plarie Goordinate Geometry, p. 176. 

12, ABO is a given triangle : to find the locus of a point 
P, such that, MP, a perpendicular to the side BG, being pro- 
duced to cut the sides of the triangle BA, CA, produced if 
necessary, in the points q, r, respectively, 

[MPf X Pq.Pr. 

Draw AO 3,t right angles to the line BO, cutting it in 0. 
Talie OB, OA, produced indefinitely, as axes of ic, y, respec- 
tively. Let^O = A, BO = h, and 00 = g. Then the required 
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iocus will be a conic section defined hj the equation 

^ a;= + (A. - 1) 7/= + A (i - i) a^ - A= (- - ^) a; + 2% - N' = 0, 

where X denotes a constant quantity. 

Camot: GeomStrie de Posittan, p. 443. 

This problem Is merely a particular case of one known 
by the name of Pappus'* Problem, solved by Des Cart^.t 
The more general problem is stated by Pappus, in the form 
of a theorem, in the following words, extracted from Com- 
mandine's translation : " Si poatione datis tribus rectia lineis 
ab imo, et eodem puncto ad tres lineas in datis angulis rectse 
linese ducaiitur, et data sit pcoportio rectanguli contenti diiabus 
ductis ad quadratum reliquas: punctum contingit positione da- 
tum solidimi locum, hoc est, unam ex tribua conicis sectionibua. 
Et si ad quatuor rectas lineas positione dataa in datis angulis 
linese ducantur ; et rectanguli duabus ductis contenti ad con- 
tentum duabus reliquis proportio data sit: similiter punctum 
datam coni aectionem positione continget. Si quidem igitur ad 
duas tantam, locus planus oatensus est. Qu6d ai ad plures, quam 
quatuor, puuctum continget locos non adhuc cognitos, sed lineas 
tantum dictas; quales autcm aint, vel quam habeant proprie- 
tatem, non constat, Earam unam, neque primam, ct quse 
manifeatissima videtur, composuerunt ostendentes utilem esse, 
propositionea autem ipsarum hte sirnt. 

Si ab aliquo puncto ad positione dataa rectas lineas quinque 
ducantur rectte linese in datis angulis, et data ait proportio solidi 
parallelepipedi rectanguli, quod tribus ductis lineis continetur 
ad solidum parallelepipedum rectangulum, quod continetur reli- 
quis duabus, et data quapiam linea, punctum positione datam 
lineam continget. Si autem ad sex, et sit data proportio solidi 
tribus lineia contenti ad solidum, quod tribus reliquis continetur; 
rursus pimctum continget positione datam lineam. Quod si ad 



* Pappus : Mathemaluire CoUectionea & Commandino, lib. yii. p. 166. 
t DescaitfiB: Geomilrie, livre il. p. 30, &e. 
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plures quam sex, non adhuc habeiit dicere, data sit proportio 
cujuspiam contenti quatuor lincis ad id quod reliquis continetur, 
quoniaia non est aliqiud contentum plmibus quam tribus 
dimensionibna," 

13. -B, ff, are two fixed points in a given straight line 
Ox; C is a moveable point in the 
straight line Oy. To find the locus of 
a point P, such that, the straight lines 
BC, BP, B'O, BF, being drawn, the 
angles CSP, CB'P, are always of given (f~ 
magnitudes. 

Take Ox, ft/, as axes of x and y, and let OB = 6, OB' = h\ 
LxOy=m, lCBP^o., LOB'P=ri. Then the required Iochs 
will be a conic section defined by the equation 

, ( (y — a;) cosa' — w coa [m — a')) 

h Jcotfo 4- \t. f . , , • r '" r 

( [b — x) sma + y sin [oo — a )J 

- V J™t,., ^ (i-'')»«»-?'""('»H 



- (6 — a;) sina + y ein(oi 4- a)) ' 
L'Hospital ; TraM AnalyHqvs des Sections Goniques, p. 281. 
O'Brien: Plane Goordinate Geometry, ■p. 179. 

14. Having given one side of a triangle and the product of 
the tangents of the adjacent angles, to find the locus of the 
vertex. 

Let + m denote tlie given product and 2a the given side : 
then, this side being taken as the axis of x, and its middle point 
as tho origin of rectangular coordinates, the required locns will 
be a conic section represented by the equation 

/ = + »(„■-«?). 

Lardner: Algebraic Geometry, p. 116. 

15. From a point P, in one given straight line, is drawn 
PM at riight angles to another given straight line AMx : from 
A, which is a given point, is drawn AQ io &. point Q, in PM, 
such that AQ = MP: to find the locus of Q. 
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If the equation to tlie fonner given lino, referred to Ax, and 
Ai/, at right angles to Ax^ as axes, be 
y = aa; + /3, 
then the polar equation to Q, A beiag the pole said Ax the 
prime radius vector, will be 



Lardner: Algebraic Geometry, p. 150. 

16. A straight line of given length moves parallel to itself 
in a given direction, and two other straight lines revolve round 
given points and pass always through the extremities of the 
first line : to find the locus of the intersection of the revolving 
lines. 

Let the axis of x be taken parallel to the moving line, the 
axis of y always bisecting this line. Let [a, h), {«', &'), be the 
two given points; and suppose the length of the moving line 
to be 2c. Then the equation to the required iocus will be 

6'-5 = («^-«).^+{,. + a').^. 



Section XXYI. 



1. A, B, are the centres of two equal circles, and AP, BQ, 
are two radii which are always perpendicular to each other: to 
find the curve which is always touched by the right line PQ. 

Let (7, the middle point between A and B, be taken as the 



origin of coordinates, CB, produced indefinitely, being the axis 
of X. From C draw GB at right angles to PQ. 
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Let 

Then the equation to PQ is 
X cosi^ + y eini/r = g = ^ a {cos('^ - 0] + sin [-^^ - 6)], 
also 2ccos-f = ffl{cos(-f ~ 0) - sin(-.|r - 0)}. 

Hence, squaring and adding these equations, we have 

4 (a! cost/' + i/mii^f + ic^cos'ijr = 2«^ (1), 

and therefore 

{a: cosil^ + ^ s.m->^y = — - cos'i^ + -- sin'i/r. 

This equation represents a sti-aight line always toucliing a 
conic section ^a ^a ^ 

«'- 20" "•"«'" 2' 
Cor. If 2c^ = (t^, ttie equation (1) becomes 
(rccos-i^ +yBini|r)'' = c^sin^i^, 
■which shews that FQ always passes through a point 

2. To find the envelop of a right line such that the product 
of perpendiculars drawn to it from two given points may be 
constant. 

Lemma. If ^j, 6, denote the reciprocals of the intercepts of 
tlie axes of any conic section from the centre made by any 
tangent, then a^if ±P0^=^ 1 (l). 

For, let ic', y, be the coordinates of the point of contact: 
then, the equation to the conic section being 

5*1 = '. 

we shall have for the equation to the tangent, 



.M_ 



= 1, 
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Hence, by the equation to the curve, 

aV ± ve' = 1. 

The equation (1) has been called by Mr. Boo^, in an in- 
genious treatise entitled " On the Application of a New Anali/tic 
Method to the Theory of Curves and Curved Surfuces,'" the tan- 
gential equation to the conic section. The general tangential 
equation of a conic section, given in his vfork, is of the form 

aif + hff' + 2cri8 + ^a'y + IVQ = 1, 
c being zero in the case of a parabola. 

In the present problem, let the line joining the two given 
points be chosen as the axis of a;, its middle point being taken 
as the origin of coordinates. The equation to the moveable 
right line is of the form 

-qx ■\- 8y = 1. 

Let a represent the distance of either of the given points 
from the origin, and 8, S', their distances from the moveable 
hne. Then . 

and therefore, c' being taken to represent the constant value 
of SS', we have, as the tangential equation to the envelop, 

. 1 - -^v 
[a' ± G^) v" ± <y'0' = I. 

Comparing this equation with (1) we see that the required 
envelop is a conic section the semi-axes of which are (a* ± tf)^ 
and c. 

For other exemplifications of the Method of Tangentml Co- 
ordinates the student is referred to Mr. Booth's treatise. 

3. To find the curve, which is touched by all the chords 
of a central conic section, which subtend a right angle at the 
centre. 

If the conic section be represented by the equation 
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the required locua will be a circle concentric with the ellipse 
and having a radius equal to 



Querret : Cferffotme, Annaks de Mathdmattques, torn, xv, p. 197, 
Un Abound : 3id., torn, sv, p. 199. 

4. Through the centre of a conic sectidn are drawn two 
straight lines at right angles to each other, one meetmg the 
curve in P, the other the minor director in i? : to prove that the 
line PM envelops a circle the diameter of which is, in the case 
of the ellipse, the minor axis, and, in that of the hyperbola, the 
transverse axis. 

Booth: AnTials of I^tlosophy, 1845, vol. Ii. p. 3il. 

5. A given angle moves along a given right line,- one side 
always passing through a given point; to find the equation to 
the curve which is always touched by the other side. 

The given right line being taken for the axis of ic, and 
a perpendicular to the given light luie, through the given point, 
as that of 3/, then, the ordinate of the given point being /3, and 
the given angle being denoted by tan"'9W, the equation to the 
required curve will be 

(y -f mx — ^y = iin^ {my — x), 
which belongs to a parabola. 

Booth: AjjpUcatioti of a New Analytic Method, fa the Theory 
of Curves and Curved Su/jfaces, p. 9. 

6. The vertex of a right angle moves along a given circle, 
and one side passes through a fixed point : to find the envelop 
of the other side. 

Let the centre of the circle be chosen as the origin of co- 
ordinates, the axis of x passing through the fixed point: let 
c represent the distance of the fixed point from the centre of 
the circle, a the radius of the circle. 
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Then tlio required envelop wiU be a conk: section of which 
the tangential equation is 

a>' + {a' - c') 6' - 1. 
Booth : Application of a New Analytic Method to tfte Theory 
of Curves and Curved Surfaces, p. 5. 

7. To find the envelop of the conic section 

Ivw + mwu + nuv = 0, 
M, », ic, being given linear functions of x and j/, and I, «i, n, 
being arbitrary parameters subject to the following relation, 
{la]i + [m^f + {ny)i = 0. 
The required envelop is the straight line 
au -I ^v + "yw = 0. 
Heam : Besearches on Curves of the Second Order ^ p. 34. 

8. To find the envelop of the conic section 

w» + (»")» + («»)' = », 

M, u, w, being given linear functions of x and y, and I, sh, n, 
denoting arbitrary parameters subject to the following relation, 
viz. / ,,n ,; 

- + -o + - = 0. 

a P 7 

The required envelop is the straight lino defined by the 
equation ^^^ j^ ^^ j^ ^y, ^ o_ 

Heam: Researches on Curves of ike Second Order, p. 36. 

9. To find the envelop of the baae of a triangle inscribed 
in a conic section, two sides of which pass through fixed points. 

Let w = be the equation to the chord passing through the 
two fixed points ; m = 0, w = 0, those to the tangents at its 
extremity. Then, the equations to the lines joining the fixed 
points to the intersection of t* = 0, u = 0, being 
au — 1>, hu = V. 
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the required envelop is a conic section represented by the 
equation /^^ j. ly 

Salmon : Treatise on Conic Becttons^ p. 222. 

For additional examples on the subject of conical envelops 
the student ia referred to Mr, Salmon's Treatise on Conic 



10. Conic sections are inscribed in Uic sa 
to prove that the polar of any point in their plane envelops 
a conic section. 

Booth: On the AjypUcation of a New Analytic Method to the 
Theory of Curves and Cwved Su/rfaces, p. 6. 



Section XXVII. 

Similar Curves, 

1. To prove that two general equations of the second order 

ax^ + Icxy + hy" + = 0, 

ap^ + 2c,tn/ + jy + = 

will represent similar curves, if 

<? ~ ah ^c" ~ a^h, 

Changing the axes of tlie second curve through an angle 0^ 
its equation will become 

a^{x' cosd — y'smSy + 2c, (ic'cos^ — y sin^) (a;'sin^ + y' cos6) 
+ b_{x'smO + y'co&0f + =0; 

and tlierefore, in order that the two curves may be similar in 
form, 9 being supposed to be of such a magnitude that they are 
similarly situated in regard to their coordinate axes, we must 
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m + (*)■,. 



have, X being some arbitrary quantity, 

27we = «, + *, + {a,-h;}cos20 + 2c,sm28 (l), 

2%i = «, + 5, - (o, - bj) cos2i9 - 2c, 8in2i9 (2), 

2\c = -[«,- 6,)sin25 + 2c,co320 (3). 

Hence we have 

(1) +(2) X(<. + S)=».+ S, (4), 

(1) - (2), \{a-h] = {«, - J,) CO320 + 2c,sin25...{5), 

(a)' + (5)", V {4o' + (• - S)") = («, - *,)■ + 40,- (6), 

(6) - (4)'', V{c'-«5) =c;-a,5, (7), 

This condition of similarity is ascribed by Mr. Salmon to 
Mr. Jellett. 

Salmon: Treatise on Conia Sect-Cons, p. 194. 

2. GH is the chord of an ellipse, wliich touches a concentric, 
similar, and similarly placed, ellipse, 
at the extremity B of one of its axes. 
From B are drawn any two chorda 
£P, BQ, in the smaller ellipse, equally / 
inclined to the axis through B, and 
from S are drawn, in the larger 
ellipse, two chords HE, HF, parallel 
respectively to BP, BQ. To prove that, denoting BP or BQ 
by r, HE by r', and HF by r", 

r' + *■" = 2r. 

Let 8 denote the inclination of the chord BP to the axis 
through B; then, 2b denoting this axis, and 2a the other, we 
have by the polar equation, 

^ _f!^\m^^)r = 25co95. (1). 

Again, by the polar equation to the larger ellipse, H being 
the pole, 2a,, 26,, denoting its axes, and k, k, the distances 
BB', BH, 




I'd) r =2 [b, - k) emO + 2A; -^ sin^, 
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or, the two ellipses being similar, and &, — /( being equal to h, 
/ _ rt^_~&_^.^,^j ^, ^ 2^^^^g _|_ 2^ Jg^^ (2). 

Again, putting - ^ for 5 and r" for r, %ve have 

(l - "' ~'' &m'0\ r" = 2&cos^ ~ 2Jc^&m6 (3). 

From (2) and (3) we have 

(l - '^ ~/ sh/^") ()■■ + r") = ih coEd, 
and therefore, by (1), / + r" = 2r. 

This pioposition is dne to Clairaut and serves aa the basis 
of Ilia investigations re'^pecting the figure of the planets on the 
hypothesis of homogeneity of substance. 

Clairaut Thlorie de la Figure de la Ttirt-e, p. 158. 
Puissant. Secued de dtverses propositions de G-iamSi>%e, \>. 15&, 
troisOme idition. 

3. To prove that two curves of the second order, not of 
the same kind, cannot be similar, 

De la Hire : SecUofies Gonicw, lib, VI. prop. 1. 
To prove tliat all parabolas are similar curves. 

De la Hire : SecHones Gonicai, lib. VI. prop. 3. 

4. If the inclination of a system of parallel chords in one 
central conic section to their diameter be the same as that of 
similarly related chords and diameter in another central conic 
section, and if these diameters arc to each other as their para- 
meters, to prove that the two conic sections are similar. 

De la Hire : Sectiones Oonicw, lib. vi. prop. 2. 

5. Two similar unequal ellipses AEB, aei^ have similar 
tliametcra AB, ah, and centres (7, c, in the same straight line 
AT, the two conjugate diametei-s being parallel. From the 
centres C, c, are di'awn the serai-diameters CE^ cc, parallel 
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to each other ; E, e, ai-e joined, ancl £!e is produced to meet (7c, 




produced, in T. To shew that 

CT:eT::EG:ec. 
De la Hire : Sectiones Comae, lib. vt, prop. 6. 

6. To shew that all hyperbolas, which have the same aaymp- 
tot«s, are similar curves. 

De la Hire : Sectiones Oonicce, lib. VI. prob. 8. 

7. K, through the common summit A of two similai' curves 
of the second order, the greater axes of which coincide in di- 
rection, any two chords are drawn cutting one of the curves 
in Bf B\ and the otiier in D, D', to shew that 

AB:AB'::AD:AD'. 



Puissant: Jtecueil de diverses propositions de GeomStrte, p. 154, 
troisibme Sditton. 

8. Any number of concentric, similar, and similarly situated 
eDipscs or hyperbolas, are intersected by a lino parallel to 
a directrix in P, F, P",...: to prove that the extremities of 
diameters respectively conjugate to the diameters through 
F, B'j P'\,.. are in a line perpendicular to the directrix. 

9, Any number of ellipses, concentric, similar, and similarly 
placed, are intersected by an hyperbola 



in points P, P, F', . . ■ : to prove that the extremities of the dia- 
meters respectively conjugate to the diameters throiigh P, F, P",.. 
are situated in an hyperbola 
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10. Two similiir ellipses have a common vertex, the direo 
tious of their major axes being opposite; a common tangent 
meets them In P, Q^ and a perpendicular to their major axes 
tlirougli the common vertex meeta PQ in Oi to prove that 
0P= OQ. 



Section XXVIH. 
MisceUan&ms Problems. 

1. To find the locua of the snmmit of a moveable angle, 
of invariable magnitude, the two sides of which always touch 
a conic section. 

By properly choosing the axes, the equation to the come 
section may be written in the form 

/ + aa3' + 6a; = (1). 

Let A, i, be the coordinates of the intersection of the two 
sides of the angle in any position; then the equation to either 
of its sides will be 

g-h = m(x-h) (2). 

Eliminating y between (1) and (3), we shall obtain a quad- 
ratic in a;, the two roots of which most be equal : this condition 
will, after performing the requisite reductions, give us the 
equation 

4 {aW 1 hh) m^ - i {2akk + hk) m + (4«A" - ¥) = 0. 
Eepresenting the two roots of this equation by m, m', we 
shall have 

•iahk + hk , , 4aF - S' 

A/mm = - 



I- hh ' all' + bk ' 

,.a _ 5"(F -<rali' + 6^) 

'La[h^ + k^) + Abh ~ V 
4 [aW + hh) 
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MISCELLANEOUS PROBLEMS. 425 

But, the magnitude of tlie moveable angle being constant, 
m — m' = \ {1 + mm'), 
where \ represents a constant quantity. Hence, eliminating 
m and m' from the last three equations, we have, for the equa- 
tion to the required locus, 

165' {k' + a!t' + hk) = %" {ia (A" + F) + ihh - h']'. 
Poncelet : Gertfonm, Annates de MalMmattques^ tom, vill. p. 201. 

2, To 6nd the locus of the middle points of a system of 
chords in a conic section, which all pass through a given point. 

Let a diameter through the g^ven point, as origin, be taken 
as the axis of jc, and a straight line, parallel to its conjugate, 
as the axis of y. 

The equation to the curve will then be of the form 

f = ax' + 2ix + c (1). 

The equation to one of the system of chords will be 

^ = -nix (2). 

At the intersections of (1) and (2), there is 

{a - m") x^ + 2hx + c = 0. 
The abscissa x' of the middle point of (3) will be equal to 
the semi-sum of the roots of this equation ; hence 

"'-i!^ » 

Also, 1/' being the ordinate of the middle point, 

y-™' (*)• 

Eliminating m between (3) and (i), we obtain for the equa- 
tion to the required locus, 

y'" — ax'^ + bx\ 
which is therefore a conic section similar to the proposed one 
and similarly situated, passing through its centre and through 
the given point. 
Durrande : Gergonne, Annates de MatMmattques, tom. ix. p. 122. 
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3. To determmo the positions of the foci of a conic section 
of whicli the equation is given. 

The distance of the focus (a, ^) of a conic section, from any 
point of the cnrve, is always a linear function of the coordinates 
tc, s/, of tJie point. 

Let the equation to any conic section, referred to a system 
of rectangular coordinates, be 

aic' + V + 2ca^ + 2dx + iVy + c' = (1). 

Then, by the nature of the focus, 

[(a, - af + [y- 0f]^ = gx + hy + k (2), 

where g^ h, k, are constants. 

Since the equations (1) and (2) must be identical, we have, 
making use of an arbitrary multiplier X, 

{x-ay+{i/-^f-{ffx+hy+ky=X{ax'+hf+2cxi/+2a'a;-i-2b'y+c'), 

and, equating the coefficients of like variables, we get six equations, 

1 — g^ = Xa, — a — kg = \a\ 

1 ~ h^ ^\7j, - ^ - M = \h', 

- gh = 'Kc^ a^ + 13' - H' = Xc\ 

involving the six unknown quantities a, ,8, g, ?i, k, \. 

If wo eliminate g, h, h, X, we shall obtain two equations of 
the second degree in a, /3. 

From these two equations we may obtain four pah's of values 
of (a, yS) : two only of the pairs, however, are possible. 

Ex. Take the case of the ellipse referred to its axes, when 
its equation will be 

Tlieu '* = 4 , ?' = 4 , c = 0, rt' - 0, ?/ - 0, o' = -l: 
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MISCELLANEOUS PROBLEMS, 
nd the six equationa become 

I - ^' = 1^ , ^ + -tA = 0, 

fjh = 0, a" + /S^ - F = - A, 

Hence we obtain two systems of values, 



k = B, h = A, 

a = 0, /3 = 0, 

y3 = - (S^ - ^')i. a = - (^^ - By. 

Since -4 and 5 Lave different values, it follows that one, 
and one only, of these systems of equations will give possible 
values to a and /3. 

Bret : Q-ergonne, Annales de MatMrnatiques, torn. Till. p. 317. 

4. To prove that the difference between the squares of the 
reciprocals of any two comcident semi-diameters of two conic 
sections, which have the same minor directors, is constant. 

Booth: Annals of Phihsophy^ 1845, vol. ii. p. 545. 
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APPEKDIX. 



The etymology of the names Parabola, Ellipse, Hyperbola, 
is ^ven by Eutochius in his Commentary on the first book 
of the Conies of Apollonius. 

'O Se Xeyei, tratfii^ •jroitfa-o/j.i 
ypa^wv. ecnm to §«i rov a^ovoi 
Ktovov Tpijcovov TO ABF, Kal rj-^Bio -rrj 
AB airb TV')(6vro<i avjfjieiov rov E vpo^ 

Op$U<i IJ AEZ, KOi TOTS StO TO AZ 

i-TTiTreSov ifi^Xn^Okv op6ov irpoi t^ AB 
Te/iveVw TOY Kavov 6p6i] apa 
eKUTepa twv vtto AEA, AEZ, 7(0t 
Tov Kccvov, teal opQfj'i Bi/Xovort r^s 
virb BAr •yavia'i, m? eir\ t^5 "Trpatriji 
KaTa'ypatf>rj<;, Svo opOal etrovrat, ai 
vtrh BAr, AEZ, jcovlai. wo-ts ira- 
paXXi/Xo? etTTty tj AEZ jfj AT, koX 
yiverat iv -rp eVt^ai'et^ tov kcovov 
ro/MTi 7) KaXov/ievT} Ylapa^oKrj, 
K\7jSei<Ta itwo rov TrapdXkiiXov 
TO AEZ, ^Tis ka-rt Kotvi) ro/it/ 
ToO 8(a TOV a^ovo^ rpiiyoivav, 
Tt) AF irXevpa rov rptyaivov. 
eav Sk ap.0\vya>vtov ^ 6 icmvo';, 
W9 iirl T^s Bevrepa'i Kara- 
ypatpij^, a/tffXela^ S^Xovort 
ovvi)'; ttJ? Wo BAF, op^^5 
Z^ T^? WTTO AEZ, Svo opd&v ^, 
p-el^ov^ ea-ovrat at Wo BAF, 
AEZ, ymviai- wtTTf o(> o-v^tt- 
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AEZ Tij Ar -TrXevpa e-rrl t^ irpoi TOii; Z, F, 
/Mipr/, aX\a eVi to irpo^ Tots A, E, vpocreic^aWo/teyiis 
SfiXoyoTi T^? FA STrl to A- •jrotri<rei o3c to Tkpivov 
iwiirehov ev rrj lin^aveia tov kwvov Top,r}v hnKaKovp^evjV 
'"C-Trep^oKijV, oinm KXtjOeitrav utto toO v-jrep^aXkeiv Tas elpi)- 
fieva^, TovTetTTi tuv vtto BAT, AEZ, Bvo op8ai, ^ Sia to 
inrep^uXKeiv ttjv AEZ TrfV Kopv^i-qv rov Kiavov, xal (rup-Tiirretv 
Tp TA €kt6v' iav hk o^vywvto^ y 6 Ka>vo<;, 6^eia.<i hrjXovQTi, 
ova'Tji T^? inro BAT, at BAF, AEZ, eaovTat B6o opdSw 
iXda-a-ovev re, Kal at EZ, AF, eK^aXKo/ievai a-vfnrea-ovPTai 
oTTOvSijiroTe- Trpoaav^fja-ai. 'yap Svvap.ai tov Kmvov. earai 
o5c iv Ty e-7rt<f>av£lq, To/ii}, ^Tt? KoXelTai "EXXec^ts, ovTto 
KKijdelffa ^ Ztci TO eKKemeiv 8vo bpBat'i Tai; 'n-poeiptjp-ii'ai 
yaivla'!, ^ Bta ro ri]v eWeit^iv kvkXov etvai eWetir!}- oStw 
fiev oSv ol iraXatol, virodk/jbevoi to ri/xvov iirlTreBov to Sia 
T^v AEZ Trpo? opda'i tjj AB ifkevpS. tov Sia tov a^avo^ 
TOV Ktdvov rpijoiyov, ical ert StaipopoVi Tou? Kchvov^ iOeaiprferav, 
Kal eirl exdaTov ISlav ToprjV 6 Be 'ATToWcofto?, ii-jrodepevoi 
kS>vov Kal opdov Koi c-KaXrjvov, t^ Sia(j)6pai tov eirtirihov 
KXicret Bia<f>6pov^ itroiijcre ri? To/j,d^. 
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